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Abstract

We investigate the dynamic game between equity and debt holders in a tradeoff model
of capital structure with proportional debt issuance costs. There is an optimal cap-
ital structure as well as debt maturity both with and without ex ante commitment.
Creditors discipline equity holders not to issue debt too aggressively and therefore in
equilibrium the firm only issues infrequently and in a lumpy fashion. This result holds
even without issuance costs and firms retain positive tax benefits in contrast to recent
dynamic capital structure models allowing additional debt issuance. High credit risk
firms cannot always issue debt without commitment whereas low credit risk firms are

practically indifferent between committing or not.
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1 Introduction

The current price of a firm’s debt is dependent upon the debt issuance policy of the firm.
As observed in practice, with repeated debt issuance debt holders dynamically revalue
debt based on the observed actions of the firm. Equity holders take this dynamic repricing
into account when determining their optimal debt issuance policy. We investigate the
strategic interaction between the debt issuance policy of the firm and the price reaction
of debt holders and show that in equilibrium equity holders refrain from issuing debt too
aggressively even without commitment and issuance costs. Our findings complement and
contrast with recent work by DeMarzo and He (2021) and Benzoni, Garlappi, Goldstein,
and Ying (2022).

This paper introduces a dynamic capital structure model where the firm’s cash flows follow
a lognormal process. The model allows for the tax benefits of debt, partial bankruptcy
costs, and proportional issuance costs. The firm can dynamically issue incremental debt
that is pari passu with its existing debt. The optimal debt issuance policy as well as debt
maturity are determined by a tradeoff between the tax advantage of debt, bankruptcy

costs, and issuance costs resulting in an optimal dynamic capital structure.

Our equilibrium debt issuance policy implies that the firm only issues debt when its in-
terest coverage ratio' exceeds a threshold and otherwise does not issue. The firm never
voluntarily buys back its debt consistent with the leverage ratchet effect (Admati, De-
Marzo, Helwig, and Pfleiderer (2018)). If debt has finite maturity, previously issued debt
shrinks mechanically with time due to contractual mandatory repayment. When its inter-
est coverage ratio exceeds the threshold, the firm instantaneously issues a sufficiently large

amount of debt to revert the ratio back to the threshold. This is in contrast to the optimal

'The interest coverage ratio is a widely used measure of financial soundness in practice. It is the ratio
of the firm’s operating cash flows (EBIT) to its total outstanding coupon obligation of its debt.



continuous issuance policy found in DeMarzo and He (2021) but similar to the lumpy debt

issuance in Benzoni et al. (2022).

The key difference between our model and that of DeMarzo and He (2021) is our assumption
that lenders can observe when and if the firm issues debt. Put differently, consistent with
market disclosure rules, lenders know if they are buying debt in the primary market or in the
secondary market. If equity holders deviate from the equilibrium issuance policy, lenders
react by lowering the price of the newly issued debt relative to the price in the secondary
market prevailing prior to the surprise issuance. This mechanism prevents equity holders
from deviating to more aggressive issuance polices. We thus obtain a lumpy debt issuance
policy as opposed to the issuance policy obtained by DeMarzo and He (2021) where the
firm issues continuously in time. Benzoni et al. (2022) attribute their lumpy debt policy to
having a fixed component to debt issuance costs proxying as a commitment device not to
issue continuously as in DeMarzo and He (2021). In contrast, we show that the disciplining
effect from debt holders being able to revalue debt based on observed issuances is sufficient

for the lumpy equilibrium to sustain even without issuance costs.

Firms can commit to an ex ante debt issuance policy by including covenants in debt
contracts. We allow for an interest coverage ratio carveout to a debt issuance covenant
whereby a firm commits only to issue when this ratio is above a given threshold. All firms
in our model can issue debt with commitment and thereby receive positive tax benefits.
However, without commitment, some firms cannot issue debt in our model. This occurs
for those firms where lenders realize that equity holders’ marginal benefit of issuing one
more unit of debt is always greater than the marginal cost of servicing this extra unit of
debt. Lenders realize that there is no limit as to how much debt these firms would like
to issue and therefore dilute each unit of debt to zero value. Hence, lenders would not

be willing to buy debt issued by these firms at any positive price, resulting in a de facto



market breakdown.

Surprisingly, however, for most firms there is a saturation point at which equity holders’
marginal benefit of issuing one more unit of debt equalizes to the marginal cost of servicing
this extra unit of debt. These firms can issue debt without commitment and the saturation
point determines the interest coverage ratio threshold at which these firms, out of their
own self interest, stop issuing additional debt. This is a surprising result as most papers
in the literature argue to include debt covenants precisely to prevent equity holders from
issuing debt without limit and because DeMarzo and He (2021) show within their smooth
Markovian framework? that this type of issuance policy cannot be sustained in equilibrium.
We detail how the arbitrage argument applied in DeMarzo and He (2021) is not sufficient

to prompt firms in our model to issue debt continuously.

It is still the case for firms issuing debt without commitment that equity holders’ marginal
benefit of issuing one more unit of debt when sufficiently close to bankruptcy again becomes
greater than the marginal cost of servicing this extra unit of debt. Hence, at this point,
these firms will be incentivized to begin issuing debt without limit, similar to those firms
who could not issue debt at all without commitment. However, as explained previously,
no lenders in this situation would be willing to buy this debt at any positive price and so
in equilibrium these firms will not issue debt when close to bankruptcy. For this reason,
our model allows bankruptcy costs of any size and debt still trades at positive prices in the
secondary market when the firm approaches bankruptcy. Positive debt prices are sustained

because equity holders do not have an incentive to issue additional debt as they know that

20n a technical note, the model of DeMarzo and He (2021) is Markovian in their two state variables,
the firm’s cash flows and the total outstanding face value of its debt. This does not allow debt holders to
directly observe whether the firm is issuing debt or not. In our model, by contrast, we allow debt holders to
distinguish between whether the firm is issuing debt or not. Hence, our model is Markovian in a larger state
space where equity and debt holders can observe the firm’s cash flows and the total outstanding coupon
level, equivalent to the total outstanding face value of the firm’s debt, and the issuing activity of the firm.



the moment they would announce a debt issuance, the price of debt would instantaneously
drop to zero. The incentive to start issuing debt without limit close to bankruptcy is
also recognized by DeMarzo and He (2021) and forces them to set bankruptcy costs to
100%. If bankruptcy costs were less than 100%, their continuous issuance policy could
not be sustained as an equilibrium. With 100% bankruptcy costs, debt prices go to zero
as the firm approaches bankruptcy and hence the marginal benefit of issuing more debt

disappears.

Issuance costs are an important friction for maturity choice and leverage. With no issuance
costs, the optimal solution in our model is an interesting but unrealistic corner solution
where the firm finances itself with 100% infinitely short maturity debt which it rolls over at
every instant. The firm never defaults and the resultant tax benefits can easily double firm
value relative to an all equity financed firm. With positive issuance costs, however, there is
a unique optimal finite maturity of debt. Both with and without commitment, increasing
proportional issuance costs lengthens optimal maturity as it becomes more costly to roll
over debt. Longer maturity increases the risk of default as the firm has less flexibility to
adjust its debt load. Therefore, the firm optimally chooses a slightly lower leverage ratio

still resulting in a higher credit spread compared to a firm with lower issuance costs.

Comparative statistics from our model show that a firm that would optimally issue in-
vestment grade debt is practically indifferent between issuing with commitment or without
commitment. However, a firm that would optimally issue speculative grade debt with
commitment may not be able to issue debt without commitment. In general, issuing debt
with commitment results in lower leverage and a lower credit spread than if issuing without
commitment. In the model we consider the counterfactual of an investment grade issuer de-
ciding, alternatively, to commit to a debt issuance policy as well as the counterfactual of a

speculative grade issuer deciding, alternatively, to not commit. We show that if speculative



grade issuers do not commit, not only will their firm values fall, potentially precipitously,
but, in addition, creditors will demand far higher yields or even refuse to lend. Investment
grade issuers will enjoy marginally higher firm value by committing. However, in practice,
they may want to avoid the costs of writing the necessary indenture provisions and retain

flexibility.

The model closest to our setup is Benzoni et al. (2022). They investigate a dynamic capital
structure model with fixed issuance costs in which equity holders cannot commit to a future
debt issuance policy. In their no commitment equilibrium, firms issue discrete amounts of
debt at infrequent intervals and extract positive tax benefits doing so. Altinkilic and
Hansen (2000), however, provide evidence that fixed costs are not a large portion of the
costs of underwriting debt issues, accounting for only approximately 10% of the underwriter
spread. For the more relevant case of proportional debt issuance costs, Benzoni et al. (2022)
claim that firms’ recapitalization decisions are no longer lumpy and obtain the equilibrium
developed in DeMarzo and He (2021) in which firms follow a smooth debt issuance policy
and no tax benefits are extracted. However, we show that with proportional issuance costs
our resulting equilibrium is very different from the one obtained in DeMarzo and He (2021)

and Benzoni et al. (2022).

Our model deviates from the existing literature in allowing the firm to issue incremental
debt in addition to its existing debt without repaying or calling the existing debt. Earlier
models, e.g., Leland (1994), fix the absolute level of a firm’s debt and prohibit the firm
from issuing additional debt. This assumption is justified by the fact that the issuance of
additional debt is typically proscribed by bond covenants. Extensions, for example, Fischer,
Heinkel, and Zechner (1989), Leland (1998), Goldstein, Ju, and Leland (2001), Dangl and
Zechner (2021), assume a firm maintains a constant level of debt until asset values rise

sufficiently at which point the firm increases the face value of its debt outstanding but only



by first repurchasing all existing debt subject to a call premium. Hence, firm debt level
changes occur infrequently and are lumpy, but in practice firms do not call all existing debt
whenever they take additional loans. Our model also implies infrequently and lumpy debt

issuance but based on more realistic assumptions.

Empirically, debt contracts recognize the costly nature of covenant renegotiation (Gamba
and Mao (2020)) and consequently often include so-called baskets and carveouts (Ivashina
and Vallee (2020)) that permit the firm access to additional debt but subject to specific
conditions and negotiated limitations based on observable information, such as financial
ratios, designed to protect the value of existing debt in the face of the firm’s additional
indebtedness. Commitment to the optimal debt issuance policy in our model corresponds
to an agreement between equity holders and lenders to include a carveout to existing
debt’s covenant limiting additional debt which is triggered whenever the firm’s interest
coverage ratio reaches a contractually specified threshold given by the interest coverage

ratio prevailing when the existing debt was originally issued.

The plan of this paper is as follows. Section 2 sets up the dynamic capital structure model.
Section 3 investigates the properties of the model emphasizing the role of issuance costs in
determining a firm’s optimal capital structure and the optimal maturity of issued debt. A
firm’s decision to commit to a predetermined debt issuance policy is explored in Section 4

and, finally, Section 5 concludes.

2 The Model

2.1 Lognormal Cash Flows

We derive explicit solutions for a firm’s debt and equity in the widely used framework

of a lognormal process for the firm’s cash flows. In particular, the firm’s assets-in-place



generate earnings before interest and taxes (EBIT) at a rate of Y which evolves exogenously

according to geometric Brownian motion with drift ;4 and volatility o:

dY; = Yiudt + Y,0dZ;. (1)

Let P(Y,C) denote the endogenous value of all debt issued by the firm where C' is the total
coupon rate promised to the firm’s bondholders while V(Y,C) denotes the endogenous
value of the firm’s equity. Like Leland (1994), we rely on the total coupon rate C' to keep
track of the firm’s overall amount of debt outstanding. To do so, we normalize a bond
to have a coupon rate of one per unit time. The firm’s debt also contains an exponential
sinking fund provision whereby the firm continuously buys back its debt at par, denoted

by P, at a constant rate £ > 0. As a result, the average maturity of the firm’s debt is
1/¢€.

The firm is organized at ¢ = 0 when debt can initially be issued. Subsequently, the firm
can issue incremental pari passu debt?, determined by the control g, or, alternatively, vol-
untarily buy back outstanding debt, determined by the control h. Therefore, the dynamics

of the firm’s total coupon rate C' are given by

dCy = (gt — hy — £CYy)dt. (2)

Note that the controls for issuing debt, g, and for voluntarily buying back debt, h, are

over and above any contractual buy back due to the existing debt’s sinking fund provision.

3 Pari passu incremental debt explicitly excludes the possibility of (i) contractual subordination—issuing
incremental debt that is more senior than the bond itself; (ii) collateral subordination—issuing incremental
debt that is secured by collateral and so would effectively rank senior to the bond itself; and (iii) temporal
subordination—issuing incremental debt which matures or is otherwise payable prior to the bond and would
also be effectively senior to the bond itself. Incremental debt is discussed in more detail in the Internet
Appendix.



per unit of coupon, while

Incremental debt is issued at its prevailing market value, %

any debt voluntarily bought back by the firm is assumed to be at par, P.

Using standard no arbitrage arguments, the values of the firm’s equity, V(Y, C), and debt,

P(Y,C), can be shown to satisfy the following partial differential equations (PDEs):

1
rV(Y,C) = §azy2v11(y, C)+ uYV1(Y,C) + (g — h — EC)Wa(Y, O)

F(1—1)Y — (1—7.)C — £PC + g(1 — k;)mé’c) _aP (3)
and
PPV, C) = %&y%lm C) + pYPL(Y,C) + (g — h — ECYPL (Y, C)
+ (1= 7)C +€PC — gmgc) P (4)

where r is the exogenously determined risk free rate of interest, 7; is the income tax rate paid
by debt holders on coupons received, 7 is the effective tax rate on dividends paid to equity

holders*, and k is the proportional transaction cost levied on any debt issuance.

2.1.1 No Commitment

To begin with, we assume that equity holders do not commit to a debt issuance policy.

Equity holders’ corresponding Hamilton-Jacobi-Bellman (HJB) equation is given by:

1
0= max {02Y2V11(Y, C)+ pYV1(Y,C) — ECVo(Y,C) —rV(Y,C) + (1 — 7)Y
g>0,h>0 | 2

P(Y,C)

—(1—7)C —EPC + g((1 s (Y, 0)) — h(P (Y, C)) }

e =T+ (1 — 7¢)7a where 7. is the corporate tax rate paid by the firm and 74 is the tax rate paid by
equity holders on dividends received. There is a tax advantage to debt as long as 7. > 7.



When the firm is initially organized at ¢ = 0, equity holders decide how much, if any, debt
to issue. Given the linearity of the objective in the control g, the optimal debt issuance is

bang-bang (see, for example, Davis and Norman (1990))°:

oo it (1-k)2ED 4 vy, 0) > 0
g= (5)
0 if (1-k2ED L wy,0) <o.

Therefore, it is optimal for equity holders at origination to instantaneously issue debt so
that the resultant total coupon rate, C, satisfies the first order condition

P(¥,C)

(1- 12

+ W2 (Y),C) = 0. (6)

That is, equity holders issue debt infinitely fast so long as the marginal proceeds received
from issuing additional debt net of issuance costs, (1 — l{:)w, exceeds the marginal loss

in equity value from their obligation to service this additional debt, —Vs(Yp, C).

Equity holders do not, in general, have an insatiable appetite to issue debt under a no
commitment policy. It is not optimal to issue additional pari passu debt if the loss in equity
value resulting from the obligation to service this additional debt exceeds the additional

proceeds received.

An internal solution, C*, to the first order condition, equation (6), exists for most realistic
parameter values and our subsequent analysis will concentrate on this typical case. How-

ever, there are parameter values for which the first order condition is not satisfied. In this

Relying on a no arbitrage argument, DeMarzo and He (2021) rule out a bang-bang debt issuance
policy in the case of lognormally distributed firm cash flows. Their argument, however, assumes that the
equilibrium debt price does not react to a change in the debt issuance policy. But, as we show later, if the
leverage change alters creditors’ beliefs about future debt issuance, creditors will update out-of-equilibrium
debt prices and invalidate the no arbitrage relation in DeMarzo and He (2021) and consequently their
uniqueness proof.



case, equity holders not committing to a debt issuance policy may not be able to issue debt
at all. See Appendix A for more details on solving equation (6) and whether a firm can

issue debt without commitment in our model.

Because the firm’s cash flows are lognormally distributed and all model parameters are
proportional to the cash flows, we conjecture that the value functions P(Y, C) and V(Y, C)
are homogenous of degree one in Y and C' and the internal solution to the first order
condition, equation (6), is linear in Yp. That is, there exists an optimal debt issuance
parameter v*, independent of Yp, such that Cj = v*Yy. The firm’s interest coverage ratio

when debt is initially issued is therefore given by 7%

At a later date, t > 0, the firm’s coupon rate absent recapitalization may be strictly less
than v*Y; or, equivalently, the firm’s interest coverage ratio may exceed 7—1* This can occur
because the firm’s cash flow rate Y; has increased or because the firm’s coupon rate has

decreased due, for example, to the contractual repayment of maturing debt.

Since the model is time homogeneous with only proportional issuance costs and any incre-
mental debt issued is pari passu, equity holders will now optimally issue incremental debt
so that the resultant total coupon rate of all outstanding debt C} equals v*Y;. Doing so,

the firm’s interest coverage ratio reverts back to 7%

It should be noted that debt issued by the firm in our model, initially or incrementally, is
always at the same price per unit of coupon. That is, since the total coupon rate is v*Y;,

for all those dates, t > 0, when the firm issues debt, debt is always issued at the price

P,y P(L,Y)
v*Y; 7

10



per unit of coupon. Hence, we will define this price to be the par value, P, of debt:

p=PLT) (7)

,y*
With this definition, all debt in our model is indeed issued at par and, consistent with the

U.S. tax code, there are no adjustments or limits to the full tax deductibility of coupon

payments at the firm level.

Having investigated the case when ¥*Y; exceeds C;, we turn our attention to the case
when C; may be strictly greater than v*Y; or, equivalently, the firm’s interest coverage
ratio may be less than 7% because the firm’s cash flow rate Y; has decreased. In this case,
equity holders will not issue incremental debt. Rather, they will either simply let the firm’s
existing debt mature according to its sinking fund schedule or, otherwise, buy back the
firm’s debt voluntarily using the control h. However, we now demonstrate that it is not
optimal for equity holders to buy back the firm’s debt voluntarily. That is, equity holders

find it optimal to set the control h equal to zero at all times.

From equity holders” HJB equation, the optimal buy back policy without commitment is
also bang-bang:

0o if P+ Vy(Y,C) <0
h= (8)

0 if P+ Vy(Y,C) > 0.

We will argue, using proof by contradiction, that P + Va(Y,C) is never strictly negative

and, hence, the control h should be set equal to zero at all times.

Assuming a Y and a C such that P+ Vy(Y,C) < 0, it would be optimal for equity holders

when the firm’s EBIT hits this Y to instantaneously buy back debt infinitely fast so that

11



the resultant total coupon rate, C, satisfies the first order condition
P+W(Y,C)=0.

That is, equity holders would buy back debt infinitely fast so long as the marginal increase
in equity value per unit decrease in coupon owed by the firm, —Vs(Y, C), exceeds P, the
cost the firm incurs in buying back the debt at par value. This leads to a trigger policy
similar to that just explored when the firm issues additional debt. In other words, there
would exist an optimal debt buy back parameter, f, such that whenever C exceeds fY,
the firm would buy back debt at par value until C' = fY. That is, debt buy back would

be triggered when the firm’s cash flow rate, Y, falls to a lower boundary %

Consequently, as Y falls, the firm would buy back all of its debt before Y ever hits the even
lower strategic default boundary, implying that the firm never defaults. By holding out,
therefore, creditors would always get their promised coupons under the assumed debt buy
back policy. Because equity holders must offer creditors who accept to be bought out the
same price as creditors who decide to hold out, equity holders can only buy back debt by
offering the risk free value of the promised coupons. Hence, the par value must be equal
to the risk free value of debt:
o 1l-7

P = .
r

By contrast, because the debt is risk free, the marginal benefit to equity holders of reducing
its coupon obligation by one unit would only be I_TTE and so it will always be the case that
P +V5(Y,C) > 0, hence contradicting that the first order condition held and proving by
contradiction that equity holders would never voluntarily buy back debt and that h = 0 at

all times.

Since equity holders never find it optimal to voluntarily buy back debt under no com-

12
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Figure 1: Graphical illustration of the model. Here v*, the optimal debt issuance param-
eter, is equal to the slope of the line separating the issue infinitely fast region from the
inactive region, and b, the bankruptcy parameter, is equal to the slope of the line separating
the inactive region from the default region.

mitment, the strategic default of the firm will be triggered if the firm’s cash flows fall
sufficiently. In particular, when the firm’s cash flows fall below a lower trigger, Y;(C),
equity holders will stop servicing the debt and the firm will default. Once again, this de-
fault trigger is conjectured to be linear in C because the firm’s cash flows are lognormal
and all parameters are proportional to cash flows. As a result, there exists a bankruptcy

parameter, b, independent of C' such that Y,(C) = %.

Figure 1 provides a schematic representation of our model. For simplicity, we ignore the
effect of debt maturing due to the sinking fund provision. Given an initial EBIT of Yp, the

firm at its origination issues debt so that Cj = 7v*Yy. The firm does not recapitalize if its

13



EBIT subsequently does not exceed Yy. However, if the firm’s EBIT falls sufficiently and
hits the bankruptcy boundary Y, = % then the firm immediately defaults. Alternatively,
the firm issues incremental debt if its EBIT subsequently evolves to exceed Yy. Here Y; is
the firm’s subsequent maximum EBIT and the firm issues incremental debt at each new
maximum EBIT realized along EBIT’s sample path from Yy to Y;, following the green
arrow along the line with slope 7*, so that, as a result, the firm’s total coupon accumulates
to C} = v*Y;. Notice that with the now larger debt load, the firm’s default is triggered at

a correspondingly higher bankruptcy boundary, Y;, = %.

To keep track of the firm’s total outstanding debt over time, we introduce the variable
M, = max Y,e (=) 9)
s<t

which represents the firm’s maximum cash flow rate through time ¢ > 0, but adjusted for

its existing debt’s sinking fund provision.

The previous discussion gives that under no commitment the firm follows a debt issuance

policy that ensures the firm’s total coupon rate satisfies
Cy =~ M, (10)

for all t > 0.9

New debt is incrementally issued only when M increases. As we show later, M is char-

5We have now described the debt issuance policy when the model is originated at date zero, t = 0, where
the EBIT is Yy for a firm that has no coupon obligations at origination. For completeness, we also specify
the debt issuance policy, if we originate the model at an arbitrary date, to, where the EBIT is Y;, and the
firm’s total coupon rate is (already) C, (due to past debt issuance). Define M, to be My, = % at this
arbitrary date, to. If now Y;, > M;,, then the firm should issue additional debt infinitely fast until the
total coupon rate is Cy, = v"Ys, and then My, should be redefined to be My, = Y;,. On the other hand, if
Y, < % = %Mto, then the firm should default. Finally, if % = %Mto <Y, < C,;t,? = M,, then the

firm should stay passive, i.e., it should neither issue additional debt nor default, but just let time pass.

14



acterized by a continuous sample path but the set of time points where M increases has
measure zero (see Section 2.2 below). Therefore, our debt issuance policy without commit-
ment follows a singular process: a jump in the firm’s leverage at its origination followed
by the continuous but singular (“devil’s staircase”) issuance of incremental debt when M

increases at distinct time points of measure zero.

2.1.2 Commitment

Equity holders can, alternatively, commit to the firm’s future debt issuance choices. Doing
so, equity holders agree to a debt issuance policy maximizing the value of the firm, V(Y, C')+

P(Y,(C), as opposed to maximizing the value of their equity.

From the corresponding HJB equation, obtained by simply adding the HJB equations for

equity and for debt,

_ 1 2y 2
0= max 0{20 Y2 (Vu(Y.0) + Pu(¥.0)) + u (Wi(¥.0) + P1(Y.C))

- fC(VQ(Y, C) + Pa(Y, 0)) . T(V(Y, C) +P(Y, c))
P(Y, C))
C

- h(Vg(Y, C) + Pa(Y, C))},

F(1=7)Y + (7o — 1)C + g(Vg(Y, C) + Po(Y,C) — k

the optimal debt issuance policy with commitment is once again bang-bang:

0o if Po(Y,C) + Va(Y,C) > kL)
g= (11)
0 if Po(Y,C) +Va(Y, C) < kPZE),

Now it is optimal for equity holders at origination to instantaneously issue debt so that

15



the resultant total coupon rate, C, satisfies the first order condition

P(Y()v C)

PQ(}/E),C)+V2(}/(),C)21€ c

(12)

Satisfying this first order condition in C' gives the first best debt issuance policy that

maximizes total firm value.

Similar to the no commitment case, with commitment there exists an optimal debt issuance
parameter, denoted by v**, independent of Yy such that Cj* = v**Yy. The firm’s interest
coverage ratio when debt is initially issued with commitment is given by 7% Furthermore,
whenever Cy < v**Y;, the firm commits to issue incremental pari passu debt instantaneously

up to Cf* = v**M,."”

Since P(Y, C) is a concave function in C' and P(Y,0) = 0, it follows that Pa(Y,C) < %
and hence v** < v*. That is, equity holders are expected to borrow less aggressively with
commitment or, equivalently, the firm will borrow less and at a higher interest coverage

ratio with commitment than without commitment.

This debt issuance policy with commitment can immediately be seen to correspond to the

1

S In our

issuance of ratio debt with a contractually specified interest coverage ratio of
model, the interest coverage ratio is equivalent to a fixed charge coverage ratio as interest
payments are the only fixed charge payable by the firm. In other words, equity holders
and lenders agree to a carveout of the covenant limiting additional debt triggered at an

1
yEE

interest coverage ratio of For example, in the absence of a sinking fund provision,
when a new maximum EBIT is reached given a firm’s existing debt outstanding, the firm’s

interest coverage ratio increases beyond ,Y%, and the firm incrementally issues pari passu

"Footnote 6 also applies to explain how to complete the debt issuance policy with commitment if we
originate the model at an arbitrary date #o.

16



DeMarzo-He base case parameters. 50% bankruptcy costs 25% bankruptcy costs

10 ~—— no commitment
oA | = commi itment

(a) Base case (b) a = .50 (¢c) a=.25

Figure 2: First order condition.

debt so that after its issuance, the firm’s interest coverage ratio is consequently reduced to

the contractually specified trigger value of W%

As in the no commitment case, bankruptcy will also be triggered when the firm’s cash
flow rate hits a lower boundary Y;(C), now lower than in the no commitment case as the

issuance policy is less aggressive.

2.1.3 TIllustrative Examples

To illustrate properties of our model, we choose parameter values used by DeMarzo and He
(2021) in the case where the firm’s cash flows follow a lognormal process: r = 5%, u = 2%,
o =40%, 1, = 0%, 1. = 30%, £ = .2 (corresponding to 5-year average maturity debt), and
finally, we also assume, like DeMarzo and He (2021), no issuance costs, k = 0, as well as a

zero recovery value in bankruptcy, a = 100%.

For these parameter values, Panel (a) of Figure 2 plots the first order conditions for opti-
mal debt issuance, with commitment (yellow line) versus without commitment (blue line),
against potential 7y values, equations (12) and (6), respectively. We see that our model’s
optimal debt issuance parameter without commitment, v* = 0.551, exceeds its optimal
debt issuance parameter with commitment, v** = 0.404. While equity holders borrow

more without commitment, they clearly do not have an incentive to follow a debt issuance

17



policy characterized by any issuance parameter greater than v* because the decrease in the
value of equity due to the resultant increased future debt burden will exceed the proceeds

received from issuing the additional debt.

To further investigate properties of our model, bankruptcy costs are reduced to o = 50%
in Panel (b) of Figure 2 and further reduced to a = 25% in Panel (c) of Figure 2, while
holding all other parameter values the same. Intuitively, reducing bankruptcy costs results
in higher recovery values for debt in bankruptcy and, all else being equal, increases the
current value of debt and lowers the credit spread at which debt holders are willing to lend.
The marginal proceeds of issuing another dollar of coupon are now higher, incentivizing

equity holders to pursue a more aggressive debt issuance policy.

The incentive to issue more debt given lower bankruptcy costs in the case where the firm
commits to its future debt issuance policy is evident in Figure 2. As compared to an optimal
debt issuance parameter with commitment of 7** = 0.404 for o = 100% in Panel (a), the
optimal parameter increases to v** = 0.530 for @ = 50% in Panel (b), and increases even

further to v** = 0.667 for a = 25% in Panel (c).

By contrast, if equity holders do not commit to a future debt issuance policy, thereby ignor-
ing how their actions affect existing creditors, lenders understand that the lower bankruptcy
costs may trigger an insatiable appetite by equity holders to issue additional debt and
prompt lenders not to lend to the firm at all. Equivalently, lenders in this case would only
be willing to buy additional debt from the firm at a price of zero and so de facto preclude

equity holders from issuing additional debt.

To see this, consider Panel B of Figure 2 where for lower bankruptcy costs, a=50%, we
now have two solutions of equity holders’ first order condition for optimal debt issuance

without commitment as the corresponding first order condition crosses the horizontal axis
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twice. As we argue below, the debt issuance policy corresponding to the first crossing
point, v*=0.848, represents the only Markov equilibrium issuance policy as lenders believe
that equity holders are incentivized to adhere to this policy. If the firm attempts to issue
debt too aggressively, consistent with the second crossing point, lenders believe that equity
holders here have an incentive not to adhere to this policy but to continue to issue debt

until bankruptcy and so respond by not lending.

To understand why these are rational responses by lenders, assume the firm chooses a
particular debt issuance policy indexed by a value of . If lenders believe that equity
holders will adhere to this policy, they will price the firm’s debt according to this v value.
In equilibrium, equity holders have no incentive to deviate from this issuance policy nor do
lenders have an incentive to change the price they are willing to offer for the firm’s debt,

taking as given the other’s decision.

Figure 2 simply plots equity holders’ first order conditions, with commitment and without
commitment, as a function of v for the assumed model parameters. It does not take into
account whether any of the two parties have incentives to deviate from the proposed debt
issuance policy. That is, whether equity holders would deviate by choosing a different
issuance strategy than given by the assumed v or whether lenders would deviate by setting
a different price at which they would accept to buy the debt the firm is issuing than the

price corresponding to the policy 7.8

In the case of Panel B of Figure 2, lenders understand that for all « values to the left
of the first crossing point, equity holders will increase the aggressiveness with which they

issue debt until the issuance policy v* = 0.848 is reached. Once here, lenders recognize

8We extend our debt and equity value functions in Appendix B to accommodate the possibility of out-
of-equilibrium debt issuance by a firm’s equity holders. We also confirm that our model’s debt issuance and
debt buy back policies represent Markov perfect equilibrium policies as equity holders prefer not to issue
incremental debt in the continuation region nor do they have an incentive to buy back their debt.
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that equity holders do not have an incentive to deviate from this issuance policy and so
are willing to lend to the firm at the debt price corresponding to v*. For example, if Y
were now to increase, effectively reducing the firm’s debt issuance parameter below ~v*,
lenders recognize that equity holders are incentivized to issue more debt but not alter their
issuance policy until their first order condition is re-established at a total coupon rate of
v*M. Alternatively, if Y were to decrease, as we have shown earlier, lenders understand
that in this case equity holders have no incentive to buy back their debt and so will also

not alter their issuance policy.

By contrast, the debt issuance policy corresponding to the second crossing point in Panel
B of Figure 2 is not a Markov equilibrium issuance policy. Lenders recognize that equity
holders have an incentive here to deviate from this policy and so will not lend to the firm
at the debt price corresponding to this debt issuance parameter. In fact, they will not lend
additional debt to the firm at all. To see this, assume Y were now to decrease, effectively
increasing the firm’s debt issuance parameter above the debt issuance parameter corre-
sponding to the second crossing point. Given the positive first order condition here, equity
holders now have an incentive to increase the aggressiveness with which they issue debt.
Furthermore, there is no upper bound to their incentive to increase issuance aggressiveness.
Lenders understand that this behavior by equity holders will lead to the firm’s bankruptcy
and respond by not lending to the firm, or equivalently, only willing to buy newly issued
debt at a price of zero. At a debt price of zero, equity holders’ first order condition is no

longer positive and, hence, they will abandon this aggressive issuance policy.

This consequent breakdown in the debt market means the firm’s only feasible debt is-
suance policy without commitment corresponds to the lower debt issuance parameter,
v*=0.848, which, once again, exceeds the optimal debt issuance parameter with commit-

ment y**=0.530.
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Bankruptcy costs are further reduced to a=25% in Panel C of Figure 2. While the firm can
still borrow with commitment (7**=0.667), it no longer can borrow without commitment.
Lenders realize that in this case equity holders’ first order condition remains positive for all
potential issuance policies v. As in the prior case, lenders respond to equity holders’ un-
bounded incentive to increase debt issuance by refusing to lend to the firm or, equivalently,
only buy newly issued debt at a price of zero. In the face of this market breakdown, the
firm will remain all equity financed, consistent with the zero-leverage puzzle of Strebulaev

and Yang (2013).

2.2 Model Solution

It will be convenient to work with cash flows scaled by M;,

ye = Y /M, € (0,1]. (13)

Note that unlike DeMarzo and He (2021) or Benzoni et al. (2022), we do not scale cash

flows by total issued principal F', which is an endogenous control variable.

Within our setting, debt and equity values are homogenous of degree one so that

e Gy
P(Y:, Cy) = Mtp(ﬁta ﬁt) = Mip(ys,7) (14a)
and
Y, C,
V(}/tg Ct) == Mtv(ﬁttv ﬁtt) = Mtv(yt77)' (14b)

We provide explicit solutions for the scaled debt value p(y:,v) and scaled equity value
v(yt,y). To do so, requires we specify the evolution of the scaled cash flow rate y when the

firm’s cash flow rate Y evolves according to equation (1).
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From Shepp and Shiryaev (1995),° in general, the maximum of a geometric Brownian
motion is a nondecreasing process of locally bounded variation that only increases with
probability zero.!Y Specializing their results to our case, both M and y have continuous
sample paths, y is a Markov process, and y and M are diffusions that can be specified

as

dM, = —DMdt (15)

dy: = yi(p+&)dt + yodZ, (16)

with ;= 1 being an instant reflection point for y.

As equation (16) shows, scaled cash flows have the same volatility as the cash flows them-
selves, Y. This follows because M is locally deterministic. The drift of the scaled cash flow

rate is increased by the rate of debt amortization &.11

In our model, when the scaled cash flow rate reaches the upper boundary, y;=1, the
firm issues incremental pari passu debt instantaneously until Cy=vM;, v={~*,7**}. As
a result, Cy=~yM; at all times meaning that observing the total coupon rate C} reveals

My =<,
v

9See Shepp and Shiryaev (1995), in particular, pages 109-111. Shepp and Shiryaev (1995) are concerned
with the pricing of a “Russian” option where the underlying asset follows a lognormal distribution.

OMore precisely, f(f 1¢y,=1yds = 0 almost surely for any ¢.

"Scaled cash flows in our model evolve as in the DeMarzo and He (2021) model with lognormal cash
flows except for the fact their drift is also decreased by the rate of debt issuance. However, unlike DeMarzo
and He (2021), we only issue debt at the boundary y:=1 and so do not require this adjustment.
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Using equation (14b), we can derive the following partial derivatives:

_dacC Y oY o
Vi(Y,C) = riG 7”(70 ,Y) = (70 ) =0'(y,7) (17)
_d Y
Vnu(y,C) = dyv( C Y) = ol (v,7) (18)
d C Y 1 Y , 1 v,
W(Y,C) dc,yv( o ) Vv(y,v) o (y,7) ,Yv(zm) Vv(y,’y) (19)

Corresponding results hold for P when using equation (14a). Substituting these results
into equation (3) and multiplying through by % gives that the scaled equity value v for a

given ~ satisfies the following ordinary differential equation:

(r+&v(y,y) = %UQy?v”(y, V) + (Y (y,7) + (1-7e)y — (1=7)y — EPy (20)

where, as before, r is the exogenously determined risk free rate of interest, 7. denotes the
effective tax rate on dividends paid to equityholders and P is the principal balance of a
bond issued by the firm at par with a coupon of $1 per unit time. Similarly, the scaled
debt value p satisfies the following ordinary differential equation

(r+&)p(y,7) = %02y2p”(y7 v) + (u+E)yp (y, ) + (1—7)y + EPy (21)

where 7; denotes the income tax rate paid by debt holders on coupons received. Note that
both controls g and h are zero in the continuation region where these ordinary differential
equations apply as the firm only issues debt at the boundary y; = 1, never issues debt

when 3 < 1, and never buys back its debt.

When the scaled cash flow rate y; falls below the endogenous default boundary y,€(0,1),
equity holders are no longer willing to service the outstanding debt and choose to strate-

gically default. Debt holders take over the firm net of bankruptcy costs leading to the
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following lower boundary conditions for debt and equity:

v(yp,7) =0 (22a)

V' (yp,7) =0 (22b)
and

Pl ) = (1 — o) LT (22¢)

r—p

Equation (22a) is the equity holders’ value matching condition that equity is worthless at
default, while equation (22b) gives the corresponding smooth pasting condition. Equation
(22¢) is the debt holders’ value matching condition that debt holders receive the going

A=7e)yp
T—p

concern value of the firm , net of bankruptcy costs a > 0, at the default-triggering

level yp.

To determine the boundary conditions for debt and equity at the upper boundary y;=1, we
consider the case in which the firm issues additional pari passu debt when y;=14A and let
A—0. Given proportional issuance costs k>0, we have the following boundary conditions

aty =1+ A:

v(1+ A7) =14+ A)v(l,7)
—_———

scaled equity

A
— x (1 4+ A)p(1
T A (1+ A)p(L,7)
~— scaled total debt

+(1—k)x

fraction newly issued debt

p(l—i—A,’}/) = X (1+A)p(1a7)'

scaled total debt

1+A
fraction old debt
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That is, equity and total debt values are scaled up as the firm is issuing new pari passu
debt. The fraction of the total debt that is newly issued is sold at its market price and the
proceeds accrue to equity holders net of issuance costs. Existing debt holders hold only
the remaining fraction, ﬁ, of the total debt after the new debt is issued. Re-arranging
these expressions and dividing by A gives
v(l+ A y) —ov(l,7)

A

p(l + Av’)’) — p(l,’}/)
A

= v(1,7) + (1-k)p(1,7)

Letting A—0, the upper boundary conditions for debt and equity simplify to

v'(1,7) = v(1,7) + (1-k)p(1,7) (23a)

P(1,7) = 0. (23D)

Because of scale invariance, equity holders’ value matching condition, equation (23a), gives
that the marginal increment in the value of firm at the upper boundary totally accrues to
equity holders including the debt proceeds net of issuance costs. Existing bond holders do

not benefit, equation (23b), since the issued debt is pari passu.
Proposition

For a given debt policy parameter v and a given maturity structure parameter £, the debt
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and equity value functions can be solved as

(1—7,+&P)y < 1—7 (1—7+ §P)'y) 1Y — xoy™
A) =TS L (1~ a - 24
1—7, 1—7 (x1—1)y™ — (x2 — 1)y™
v(y,y) = — b 25
) = Y T T e Dy (@ D >
(=7 +&P)y (1 (w2 — 14 y,°)y™ —(x1—1+y§fl)y“>
r+¢ (1 = Dyy* — (v2 — Dy
T2, X1 _ ,,L1,,T2
+ (1 - k‘l)P’Y % ymg Y Y T
(r1 = Dy* — (z2 — Dy,
12___’_ +_l22+2+ 2 1 2 . e\ +_l22+2+ 2
N S8 18 e O R e GE

the default boundary y,(y, &) must be numerically solved for. O

These expressions value the firm’s total debt and equity explicitly taking into account
that the firm issues incremental debt as its earnings increase sufficiently but subsequently

defaults if its earnings decrease sufficiently.

To better understand the debt value function, rewrite it as

(I -7 +&P)y ((1—n+€P)’V 1—7 )
) = —2 2 (BT (1a Ci(y,
p(y.7) - - ( )(r—u)yb 1(y, yp)
Value of promised payments Loss due to default

where C; (y, yp) is the value given scaled earnings y of a claim paying $1 when scaled earnings
hit y,. This claim takes into account the fact that if scaled earnings hit the upper boundary
y=1 before hitting y;, then ¥, is correspondingly adjusted upwards due to instant reflection

(see Figure 1).
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In the case of the equity value function, we have

1-—r 1—r
v(y, ) = ‘y - “ysCa (Y, ys)
r—u r—u
Unlevered firm value  Loss of unlevered firm value due to default
- (1 —7e +EP)VC3(y, yb) + (1= k)PyCa(y, yp)

Vv Ve
Current and future payments to debt holders  Proceeds from future debt issues

Here Ca(y, yp) is the value given scaled earnings y of a claim paying $1 x % when scaled

earnings hit y, where % is the fractional increase in earnings between the time when the

claim was originated and when scaled earnings hit y,. The final payment is always $1

for C; when scaled earnings hit ¥, whereas for Cy the final payment is adjusted upwards

every time scaled earnings hit the upper boundary y=1 before hitting ;. In particular, if

M=M, when scaled earnings hit y, but My<M, when the claim was originated, then the
M,

contingent payoff is given by $1 x 775 This is not the case for C; where the payment is

always $1 when scaled earnings hit .

Similarly, Cs(y, yp) is the value given scaled earnings y of a claim paying a flow of payments
at the rate $1 x % per unit of time until the scaled earnings hit ;. The payment rate of
this claim is similar to that of Co in that it is adjusted upwards every time scaled earnings
hit the upper boundary y=1 before hitting y,. Moreover, this payment rate is adjusted
downwards over time according to the debt’s assumed sinking fund provision. This claim,
therefore, reflects the coupon and sinking fund obligations of the firm, both its original

debt as well as any incremental debt issued in the future.

dM;

Finally, C4(y, yp) is the value given scaled earnings y of a claim making payments of $1 x v

each time scaled earnings hit the upper boundary y=1 before hitting 1, and reflects the

incremental proceeds to the firm of issuing any incremental debt in the future.
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2.3 Comparison to the Debt Issuance Policy of DeMarzo and He (2021)

Motivated by the observation that firms often borrow incrementally, DeMarzo and He
(2021) do not allow for bang-bang controls but focus on a smooth (absolutely continuous)
issuance policy, denoted by G. It is optimal in their no commitment model for a firm to
always issue debt and hence G>0 always. By contrast, if a firm in our no commitment
model is able to borrow, the optimal debt issuance policy controls the firm’s total coupon

rate so that it always equals v* M.

DeMarzo and He (2021)’s smooth debt issuance policy follows from their claim that the
value of equity given any total coupon rate C’ must be at least as high as the value of

equity obtained by changing the total coupon rate to C, C' < C":

+73(Y, C)

V(Y. ) > V(Y,C) (C—C") = V(Y,0)- 2220 —-0) (26)

because equity holders always have the option without incurring transaction costs to issue

PY,C)

or buy back debt at the price —F= per unit of coupon. 2

If the inequality (26) holds strictly, DeMarzo and He (2021) demonstrate that the optimal
issuance policy is continuous (by their Lemma 1) and they then restrict their attention
to smooth policies as opposed to a nonsmooth policy like ours. Assuming equity hold-
ers find it optimal to adjust debt smoothly, maximizing their HJB equation gives that
W (Y,C) = —% everywhere in the non-default region.'® This optimality condition can

be anticipated from expression (26).

Restricting attention to the case that a firm’s cash flows are lognormal, like we do, DeMarzo

2Tnequality (26) corresponds to DeMarzo and He (2021)’s equation (4) after accounting for the fact that
a bond in our framework is normalized to have a coupon rate of one per unit of time.

13This expression corresponds to the optimality condition in DeMarzo and He (2021), their equation (8),
again after accounting for the fact that a bond in our framework is normalized to have a coupon rate of
one per unit of time.
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and He (2021) rule out any nonsmooth equilibrium in this setting. As before, their proof

is predicated on inequality (26) holding.*

However, whether or not inequality (26) holds depends critically on creditors’ expectations
regarding equity holders’ future leverage decisions. This arbitrage relation relies on a given
equilibrium issuance policy. That is, while the price of debt does react to a change in the
total coupon rate, it is implicitly assumed that equilibrium issuance policy going forward

remains the same.

If equity holders’ proposed leverage change from C’ to C' prompts creditors to alter their
expectations of future issuance policy, creditors will not accept prices based on the previous
issuance policy, thereby invalidating equation (26). For example, if increasing the rate of
debt issuance convinces creditors that equity holders will increase the future rate of debt
issuance by more than they had expected, creditors will only buy additional debt at a price
lower than prevailing under the previous issuance policy reflecting their anticipation that
bankruptcy will now occur sooner than previously expected. Alternatively, if equity holders
propose to buy back existing debt, any individual debt holder will prefer to hold onto their
debt in the hope that others will sell.'® If all existing debt holders collectively behave in
this manner, the firm will only be able to buy back debt at a price corresponding to the

debt being risk free and not the price prevailing under the firm’s issuance policy.

To the extent that a proposed leverage change results in creditors altering their expectations
of the firm’s future issuance policy, inequality (26) does not hold. As a result, DeMarzo
and He (2021) cannot rule out nonsmooth equilibrium, such as ours, when a firm’s cash

flows are lognormal.

14Gee DeMarzo and He (2021)’s Lemma A.1 and its proof. In order to rule out nonsmooth Markov perfect
equilibria, they impose the requirement that V2 (Y, C) = 7% holds everywhere at multiple steps within
their proof.

15See Berk and DeMarzo (2020), pages 607-609.
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Figure 3: Graphical illustration of apparent arbitrage opportunity.
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A numerical example using our valuation framework and its solutions for a firm’s total
debt and equity values will further clarify these issues. Consider the two firms illustrated
in Figure 3. The firms are identical save for the fact that Firm 2 has more debt than
Firm 1, Co>C1, because Firm 2 is older and at some time in the past experienced a higher
maximum EBIT, M, when compared to the younger Firm 1 whose maximum EBIT is
only M;<Msy. We once again rely on the parameter values assumed by DeMarzo and He
(2021) in the case where firm cash flows follow a lognormal process: r = 5%, o = 40%,
w=2%, 1 =0%, 7 = 30%, £ = .2, k =0 and a = 100%. Furthermore, both firms’
current EBIT is Y; = 2, while My = 2.2 and M> = 2.8.

The optimal debt issuance parameter without commitment in this case is v* = 0.551,
Firm 2’s total coupon rate is Co = 2.8 x .551 = 1.542 while for Firm 1 we have C; =

2.2 x .551 = 1.211. Solving for the equity and bond values of the two firms gives'®

, 2 P(2,1.211)  p(55,.551)

Firm 1: V(2,1.211) = 2.2 x v(=—, .551) = 34.1 =2 =15.2
irm V(2, ) X v(2.2, 551) = 34.175 T e 5.230
: 2 P(2,1.542)  p(F,.551)

Firm 2: V(2,1.542) = 2.8 x v(=—, .551) = 29.248 =2 = 15.031
rm 2: V(2,1.542) < v(gg 55 1.542 551

and it follows that

P(tha 02)

34175 = V(7. C1) < V(Y0 o)+ 5
2

(Co—C4) = 29.248+15.031 x .551 x .6 = 34.214,

thereby violating inequality (26). Hence, it would appear then to be advantageous for the

equity holders of Firm 1 to issue additional debt if they are able to do so at Firm 2’s debt

P(¥,Co2)

c, ber unit of coupon.

price of

However, debt holders value both Firm 1’s and Firm 2’s debt assuming that neither firm will

16The numerical solution to the bankruptcy threshold in this case is yp = .2365 and the par value of the
bond, which is also the price at which the firm issues debt, is P = 15.2439.
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issue additional debt unless the firm’s EBIT increases sufficiently so that a new maximum
EBIT is achieved. If Firm 1 were to suddenly announce an unexpected debt issuance
inside the continuation region, debt holders’ rational reaction to this out-of-equilibrium
move would be to conclude that the firm has changed its issuance policy (7*) to a more
aggressive policy (7*%2) illustrated by the orange line in Figure 3 and so are only willing
to buy the additional debt issued by Firm 1 at a much lower price. The proceeds the equity
holders would now receive from issuing the additional debt would be

P(Yi, Cosv*§2)
Co

(C2—Ch)

where we have augmented the notation of the bond price with the relevant issuance strategy

parameter. Taking the new bond price into account gives that!'”

My, P(Yi, C2:7" 77)
Y: Cs

34.175 = V(;, C1) > V(Y;, Cosv* (Cy — Cy) = 32.016

and there is now no incentive for Firm 1’s equity holders to deviate from the strategy of

not issuing additional debt inside the continuation region.

In our model without commitment, DeMarzo and He (2021)’s requirement that Va(Y, C) =

P()gC) is violated everywhere inside the continuation region where Y <M.'® But this

"Recalculating for an issuance policy parameter of v = 7*22%8 = .771 gives y» = .302 and P = 12.063.
The new equity value is V(2,1.542;.771) = 2xv(1,.771) = 28.030 and the new bond value is W =
2T — 12.063. Hence,

My P(Yi, Oyt 52)

V(%i, Caiy" 2) + . (Cy — C1) = 28.030 4 12.063 x .551 x .6 = 32.016.

8For example, continuing our numerical example, we have

1 2 2, 2 B P(2,1.211)
Va(2,1.211) = == (u(55,551) — 550/ (55,-551)) = ~15.117 # Lo = —15:230
! 2 2, 2 B P(2,1.542)
V2(2,1.542) = = (u(5 ¢, -551) — 5 gv'(55.-551)) = ~14.690 # L5 = 15031
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equality does hold when the firm actively issues debt (when ¢g>0) at the upper boundary
where Y=M and the total coupon rate satisfies C=~Y . To see this, using equations (23a)

and (19), we have

Vy(¥,7Y) = i(v(lm — (1)) = iwum —o(1,7) — (1 - B)p(1,7))

B p(L,y) P(Y,7Y)
R e (e

and the desired result follows given DeMarzo and He (2021)’s assumption that k=0 and

given that C'=~Y at the upper boundary.

The optimal issuance policy in our model without commitment maximizes the value of the
firm’s equity with respect to the issuance policy parameter v and not with respect to the
state variable C'. That is, when optimizing their issuance policy, equity holders internalize
debt holders’ reaction to what price they would be willing to buy the debt the firm issues.

Therefore, the relevant first order condition requires evaluation of

FV,C0) = VM) = T (Mol ) = Mo(a)

where the parameter « is varied for a given fixed Y and M.!” To more clearly see the =y
dependence in the first order condition characterizing the optimal issuance policy, equa-

tion (6), rewrite the equation as

The fact that for these specific parameter values Vo (Y,C) > —w is consistent with the apparent

arbitrage that equity holders could exploit by issuing additional debt if they were able to do so at the
given equilibrium debt price. However, as we have argued, this neglects the fact that issuing additional
debt changes the issuance policy parameter, -, and, as a result, debt holders will lower the price at which
they would buy the newly issued debt and thereby nullify the arbitrage opportunity.

9When applying our closed form solution for v(y,v), equation (25), it is important to take into account
the fact that y, and P are actually functions of the issuance policy parameter v. Even though we need to
solve for y, numerically, the equations determining y, and P (equations (22b) and (7)) are both explicit
equations and so the functional forms of y;(v) and P’(vy) can be derived in closed form by the implicit
function theorem.
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P(M,yM)

(1-K="

+ V2(Ma VM) =0
and applying the homogeneity property from equations (14a) and (14b), gives?

p(L,y)  d _
(1=K 4 el =0, (27)

It is the left hand side of this equation, for example, that we evaluate as a function of v to

derive Figure 2.

2.4 Out-of-Equilibrium Responses

As we have just seen, equity holders in certain situations may have an incentive to deviate
from our proposed issuance policy by issuing incremental debt if the additional debt could
be sold at a price assuming an issuance policy in which equity holders do not issue additional
debt until M increases. However, this incentive disappears if the price of debt is adjusted to
reflect the fact that lenders interpret any out-of-equilibrium issuance as evidence of a change
in the firm’s issuance policy. To complete the specification of our model, we extend our
debt and equity price functions in Appendix B to account for potential out-of-equilibrium

actions by equity holders.
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(a) State variables. (b) Percentage leverage ratio (c) Credit spread (bps)

Figure 4: Panel (a) displays EBIT Y; (orange curve), M; (red curve), the total coupon rate,
Cy (purple curve), and the bankruptcy trigger level (brown curve). Panel (b) displays the
corresponding percentage leverage ratio (debt value divided by total firm value). Panel (c)
displays the debt’s credit spread in basis points. The parameters used for the simulation
are r = 5%, o = 40%, u = 2%, 7 = 0%, 1. = 30%, a = 100%, £ = .1, and k = 0.

3 Leverage Dynamics

To illustrate the leverage dynamics and other properties of our risky debt model, we con-
tinue to rely upon DeMarzo and He (2021)’s base case set of parameter values. Assuming a
firm’s assets in place generate operating cash flows at a rate governed by geometric Brown-
ian motion with drift ©=2% and volatility c=40%, Panel (a) of Figure 4 displays a realized

sample path of the firm’s EBIT (orange curve) normalized to equal unity at ¢ = 0.

Assuming debt with an average maturity of 10 years (£=0.1), the firm’s optimal debt
issuance parameter without commitment is v*=0.503, resulting in the firm issuing debt at
origination ¢t=0 with a total coupon rate of Cy=0.503. Its leverage ratio at origination,
defined as the ratio of the value of debt to the sum of the values of debt and equity, is

26.71%, see Panel (b) of Figure 4, while the credit spread on the debt at origination is 229

20To see that Vo(M,yM) = %v(l,'y) note that

d d

—V(M,vM)) = M—=V(M,C)|c=ym = MV2(M,~vM)
dy dC

and therefore

1 d d
Vo (M, yM) = M%V(MWM) = a”(l,v)-
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bps, see Panel (c) of Figure 4.

In addition to the realized sample path of the firm’s EBIT, Panel (a) of Figure 4 also
displays the corresponding sample path of the firm’s maximum cash flow rate net of the
required sinking fund payments, M; (red curve). The sample path of the firm’s total
coupon rate, C; is also displayed in Panel (a) of Figure 4 (purple curve) and is simply the
maximum cash flow rate scaled by the firm’s optimal debt issuance parameter v*. When
the firm’s realized cash flow rate surpasses the prevailing maximum cash flow rate, the firm
incrementally issues debt as can be seen in the resultant increase in the firm’s total coupon
rate. If cash flows do not attain a new maximum, however, the firm does not issue debt and

the firm’s existing debt gradually matures according to its sinking fund schedule.

The implied bankruptcy trigger is also displayed in Panel (a) of Figure 4 (brown curve).
Notice that the firm’s EBIT (orange curve) crosses the bankruptcy trigger (brown curve)

at approximately t=20.5 years at which point the firm defaults.

The firm’s cash flow dynamics as well as its decision whether or not to incrementally
issue debt affects its leverage ratio and the credit spread on its debt. From Panel (b)
of Figure 4, we see that when the firm issues debt, its leverage ratio reverts to the ratio
prevailing at the firm’s origination. The firm’s leverage ratio in our model, however, can
never be lower than its leverage ratio at origination as equity holders always find it optimal
to issue incremental debt when cash flows increase sufficiently. As can be seen in Panel (c)
of Figure 4, the credit spread on the firm’s debt after issuing debt also reverts to the credit
spread prevailing at the firm’s origination and cannot be narrower than the spread at the
firm’s origination. Otherwise, when the firm’s cash flows are decreasing or are at least not
increasing sufficiently to trigger the issuance of incremental debt, the firm’s leverage ratio

increases and the credit spread on its existing debt widens, reflecting a higher likelihood
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of default.?!

3.1 Optimal Debt Maturity

Unlike DeMarzo and He (2021), our model admits an optimal debt maturity structure.
When issuing debt, a firm’s optimal debt maturity is determined by finding that value of

¢ which maximizes total firm value at ¢t = 0:

&= argznax v(1,7(8))+(1=k)p(L,7(§)). (28)

The optimization here must account for the fact that corresponding to each possible ma-
turity £ is an optimal debt issuance policy parameter v. Having determined the optimal ~
for each maturity &, we choose from amongst these that maturity which maximizes total
firm value. This optimal debt maturity depends on all of the model parameters including

prevailing tax provisions as well as proportional issuance costs k.

Equity holders, all else equal, prefer shorter maturity debt. Shorter maturity debt leads
to higher leverage to take advantage of debt’s tax benefits while the resultant leverage can
be rolled over quickly because of the shorter maturity. In the absence of issuance costs,
it would be optimal for a firm to be 100% financed with infinitesimally short term debt
thereby maximizing tax benefits while eliminating the possibility of bankruptcy and its
attendant costs. Issuance costs, however, dampen equity holders enthusiasm to issue debt

too aggressively.

Table 1 investigates the effects of issuance costs in our model on a firm’s optimal debt
maturity and corresponding optimal leverage. Both the commitment and no commitment

cases are considered. The underlying parameters are, as before, r=5%, u=2%, c=40%,

2Leverage ratios and credit spreads after the firm defaults should be ignored.
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7.=0%, 7.=30%, and a=50%. We now also vary volatility, c=35% and c=45%, and

introduce proportional issuance costs of k:%% and k=1%.

We see from Table 1 that with commitment, all else being equal, the firm’s optimal debt
maturity is longer, optimal leverage is lower, and the credit spread on the firm’s debt at
issuance is correspondingly narrower than without commitment. As expected, the firm’s

debt policy is always less aggressive with commitment.

In both the commitment and no commitment cases, increasing issuance costs k, holding
volatility o fixed, lengthens the optimal maturity of the firm’s debt, lowers its optimal
leverage and concomitantly widens the credit spread on the firm’s debt at issuance. For
example, assuming equity holders follow a debt policy without commitment, increasing
issuance costs from k::%% to k=1% for 0=45%, lengthens optimal maturity from approx-
imately 1 year to 1.8 years, decreases optimal leverage from 54% to 46% and doubles the
credit spread on the firm’s debt at issuance from 54 bps to 108 bps. The firm is also seen
to issue debt less aggressively when issuance costs increase, 7*=0.81 at k:%% to v*=0.70
at k=1%. The conclusion that the firm issues debt less aggressively when issuance costs

increase holds both in the commitment as well as no commitment cases.

Higher volatility o, holding issuance costs k fixed, is seen from Table 1 in both the com-
mitment and no commitment cases to shorten the optimal maturity of the firm’s debt and
decrease its optimal leverage. The credit spread on the firm’s debt at issuance widens and
the aggressiveness with which the firm issues debt, with or without commitment, is seen
to dampen in the face of higher volatility. For example, if equity holders commit to a debt
policy, increasing volatility from 0=35% to 0=45% for issuance costs of k=1%, shortens
optimal maturity from approximately 2.8 years to 2.6 years, decreases optimal leverage

from 42% to 32% and widens the credit spread on the firm’s debt at issuance from 30 bps
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to 51 bps. The firm issues debt more aggressively at c=35%, v**=0.62 than at c=45%,
v**=0.46.

4 Commit or No Commit

As discussed earlier, high yield indentures typically include covenants by which the issuer
commits to limit the issuance of additional debt subject to negotiated carveouts of these
restrictions designed to preserve the issuer’s ability to pay principal and interest on the
existing debt. Investment grade indentures, by contrast, typically do not restrict the
issuance of additional debt and, as such, the issuer is not committed to a predetermined

debt issuance policy.

We now apply our model to investigate why equity holders of a high yield firm would
contractually agree to such a debt issuance policy while equity holders of an investment
grade firm typically do not. We demonstrate that if high yield issuers did not commit,
not only would their firm values fall, potentially precipitously, but creditors would demand
far higher rates of interest or, worse still, would otherwise refuse to lend to them. While
investment grade issuers could increase firm value by committing to a debt policy, by not
doing so they avoid the costs of writing necessary indenture provisions and are also able to

lever more.

We focus our attention to ten year U.S. corporate bond spreads reported by Standard and
Poor’s as of December 31, 2022. In particular, the ten year AAA credit spread stood at 58
basis points, the ten year BB credit spread at 3.08% while the high yield (HY) spread, for

U.S. corporate bonds rated C and below, was much wider at 11.70%.

Since AAA rated corporate bonds are clearly investment grade, we assume issuers able to

command a AAA rating do not commit to any debt issuance policy. Because BB and HY
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are not investment grades, these issuers, by contrast, are assumed to have committed to a

debt issuance policy.

We next use our model to investigate the counterfactual of the investment grade issuer
deciding, alternatively, to commit to a debt issuance policy and the counterfactual of the
non-investment grade issuer deciding, alternatively, to not commit. Doing so allows us to

gauge the implications of an issuer’s decision to commit or not commit.

In particular, we calibrate our model at a ten year maturity (£=.10) to fit an observed
credit spread, assuming no commitment in the investment grade case and commitment
otherwise, by varying the volatility of the firm’s operating cash flow rate, o, for alternative
expected operating cash flow growth rates, u=+2% (positive growth), p=0% (no growth),
and p= — 2% (negative growth).?? Once calibrated for an assumed debt issuance policy,
we use the resultant fitted parameter values to solve our model for the corresponding
counterfactual debt issuance policy, commitment in the investment grade case and no

commitment otherwise.

The results are tabulated in Table 2. We see that a AAA-rated firm whose operating cash
flows are expected to subsequently grow (u= + 2%) would increase its value by 2.47% by
committing to a debt issuance policy while decreasing the credit spread on its debt at
issuance from 58 bps to only 25 bps. However, given the less aggressive debt issuance
policy, the AAA-rated firm’s leverage ratio at issuance would decrease to 58.62% from
64.04%. Alternatively, a B- or HY-rated firm whose operating cash flows are expected
to subsequently grow but does not commit to a debt issuance policy could lever more, a
34.80% ws 24.26% leverage ratio at issuance for a BB-rated firm and a 22.48% wvs 17.74%

leverage ratio at issuance for a HY-rated firm, but would do so at much wider credit

22We also assume r=5%, 7,=0%, 7.=30%, and a=50%. Issuance costs are ignored k=0%.
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spreads, 565 bps vs 308 bps for a BB-rated firm and 1464 bps vs 1170 bps for a HY-rated
firm, and experience a decrease in firm value, -4.81% for a BB-rated firm and -1.78% for a

HY-rated firm.

If a firm’s operating cash flows are not expected to subsequently grow (u=0% or u=—2%),
our model cannot be calibrated under no commitment to fit the observed AAA credit
spread of 58 basis points. As a result, we cannot in these cases investigate the implications

of a AAA rated firm committing to a debt issuance policy.

By contrast, we can calibrate our model with commitment to fit both the observed BB and
HY credit spreads if a firm’s operating cash flows are not expected to subsequently grow
(1=0% or p=—2%). However, in the case of a BB rated firm, at the volatilities needed to fit
the observed credit spread of 308 bps with commitment, 0=46.4% for u=0% and 0=44.3%
for u= — 2%, the first order condition corresponding to a no commitment debt issuance
policy has no solution, implying that creditors would not lend to the BB rated firm without
commitment.?® But creditors would lend to a HY rated firm without commitment at the
volatilities needed to fit the observed 1170 bps credit spread with commitment, c=81.5%
for u=0% and 0=79.3% for p= —2%. Intuitively, volatility needs to be sufficiently high so
that the firm’s upside is large enough before creditors find it credible that equity holders
would not have the incentive to issue debt so aggressively as to ultimately bankrupt the
firm and render lenders’ claims worthless. In this case, a HY-rated firm whose operating
cash flows are not expected to subsequently grow and which chooses not to commit to a
debt issuance policy could lever more, a 34.80% wvs 24.26% leverage ratio at issuance for
1=0% and a 22.48% wvs 17.74% leverage ratio at issuance for u= — 2%, but at much wider

credit spreads at issuance, now 1781 bps for =0 and 2254 bps for u=— 2% and the firm’s

23The decrease in firm value reported in these cases is obtained by comparing the levered firm value with
commitment to the unlevered firm value without commitment.
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value would decrease significantly, -4.33% for ;=0 and -8.60% for u= — 2%.

5 Conclusions

The current price of a firm’s debt depends on a variety of factors including the firm’s future
debt issuance policy. Dynamic capital structure models differ widely in how a firm’s debt
issuance policy is modeled, ranging from prohibiting outright the issuance of additional

debt to, at the other extreme, always smoothly issuing incremental debt.

This paper provides a dynamic capital structure model with a debt issuance policy consis-
tent with how incremental debt is actually issued. In particular, in our model it is optimal
for a firm to borrow incrementally only when triggered by a sufficiently large increase in
its interest coverage ratio and never before. Commitment to this debt issuance policy cor-
responds to an agreement between equity holders and lenders to include a carveout to a
covenant limiting additional debt which is triggered whenever the firm’s interest coverage

ratio reaches a contractually specified level.

We recognize that in the absence of commitment creditors will not act passively in the face
of equity holders’ decision to recapitalize. Therefore, recapitalizations in our model may
affect how creditors value a firm’s debt by prompting creditors to alter their expectations
of the firm’s debt issuance policy going forward. In fact, if equity holders propose to issue

debt extremely aggressively, lenders may not lend to the firm at all.

In our tradeoff model, a firm can, in general, extract tax benefits from issuing debt and
an optimal maturity typically exists. With or without commitment, issuance costs mat-
ter. Increasing proportional issuance costs, holding all other model parameters constant,
lengthens optimal maturity, lowers the optimal leverage ratio, and widens the credit spread

on issued debt.
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Appendix A

It is optimal under no commitment for equity holders to instantaneously issue debt so that
the resultant total coupon rate is given by C' = v*M where v* satisfies the following first

order condition (equation (27)):

(1- k)p(lﬁ)

d
+ —uv(l,v) =0.
gl dv( )

We now analyze the left hand side of this first order condition as a function of v in more
detail. It should be emphasized, as discussed in Section 2.1.3, that this first order condition
ignores lenders’ reactions to equity holders’ incentives to potentially deviate from the pro-
posed issuance policy. Lenders’ reactions to equity holders’ potentially out-of-equilibrium

deviations from the proposed issuance policy are investigated in Appendix B.

As a first observation, the expression

(1- k)p(yﬁ)

is positive but decreasing in . Since @ is the value of a bond with a coupon rate of one

per unit time, it clearly will always be positive. As the firm issues debt more aggressively,
this value decreases because debt is issued pari passu and default occurs sooner as the

default trigger, 3, increases in +.

As a second observation, the limit of the second expression of the left hand side of the first

order condition is

d 1 1 1—-7+&P

lim —uo(1 = 1-k)P—-(1
7%(1’70( ) 1’1—1( ) ( +x1—1 r+&

43



Here we have used the fact that iy, converges to zero as v converges to zero and that
lim, 0 y;(y) = 0. Moreover, as  converges to zero, the principal of the debt converges to

its risk free value % Therefore,

4 mmemw) (@ (-k)(-m)
L Rl P | A CE

Combining these results gives

lim ((1 — k)M + iv(l,’y)) _ 1‘1(7’3 - TZ'> B k’.’L‘l(l — Ti)

=0 v o dy (r1=D(r+&)  (z1-1r

_ <Te—n - k(1—n)>_

(t1—1)\ r+¢ r

This result tells us where equity holders’ first order condition as plotted in Figure 2 com-

mences for v = 0. When k = 0, the value of this first order condition at v = 0 is positive.

Te—Ti 1-7;
r+§ < r

However, since , the first order condition at v = 0 will become negative for a
sufficiently large k < 1. That is, for low issuance costs here, it is beneficial for equity holders

to issue debt without commitment but it is not for sufficiently large issuance costs.

The subsequent behavior of equity holders’ first order condition as - increases relies on our
third observation that

. d
ng{)lo av(l,y) =0.

Numerical calculations reveal that d%v(l,’y) is decreasing in v for low levels of v and
subsequently becomes negative. But at a certain level of v prior to default, the expression
commences increasing but remains negative. Taken together, differences in this behavior
as v increases, depending on the model’s parameter values, differentiate whether equity
holders’ first order condition eventually becomes negative as in Panel (b) in Figure 2 from

Panel (c) in Figure 2 where it remains positive throughout.

44



Appendix B

We now extend our debt and equity value functions to accommodate the possibility of
out-of-equilibrium debt issuance by a firm’s equity holders. This requires that we take into
account lenders’ reactions to equity holders’ proposed financing decisions. To do so, in
addition to observing the prevailing values of the state variables Y and C, we also assume
that lenders are able to determine whether equity holders are issuing additional debt. That
is, lenders can discern whether ¢ = 0 or g > 0. This additional assumption is consistent
with the fact that firms discuss their financing plans with potential lenders and announce

their plans for issuing additional debt.

Define FOC(v) as the equity holders’ first order condition given by the left hand side of
equation (27)

_ pl,y)  d
FOC(y) = (1 - k:)T + %v(l,'y).

The Case with Debt

To begin with, we assume that the firm is able to issue debt without commitment and focus
on the case displayed in Panel (b) of Figure 2 in which bankruptcy costs are realistically
assumed to be less than 100%. This requires that FOC(0) > 0 and that there exists a v*
such that FOC(y*) = 0 and FOC'(v*) < 0. Typically, for v > ~v* sufficiently large, it will
be the case that FOC(+y) > 0. If this is the case then we denote the second solution to the
first order condition as 7, which satisfies FOC(y,) = 0 and FOC'(v;) > 0. That is, v* is
the left most point where the equity holders’ first order curve crosses the horizontal axis
and 7y, is the point of the second (upward) crossing of the horizontal axis, as in Panel (b)

of Figure 2.24

%For example, v* = 0.848 and v, = 1.588 in the no commitment case in Panel (b) of Figure 2.
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We extend the value function of issued debt in this case to cover all values of Y > 0 and

C > 0 as follows:

(1 a)(lr_TZ)Y 1f%<3—’iandg:
*y %

Sp(%r ) iR <E<Landg=

=p(1,9%) 1f%<%andg:0
PY.0)=1" !

0 1fY<max{*,7}andg>0

Yp(l,%) if max{% *,7 % < % and g >0

%p(l,y*) if7%<% and g > 0.

According to the first expression, when y = % = 7% is less than 3, the firm is bankrupt

and debt holders take over the firm net of bankruptcy costs. The second expression is the
equilibrium value of debt inside the continuation region y € [yp, 1]. The third and sixth
expressions reflect the fact that debt is selling at par at the upper boundary whether or not
the firm is issuing new debt. Debt holders here expect that the firm will issue debt up to
C = ~*Y and therefore the price per unit of coupon reflects this and sells for (7 1) which
is the par value of the debt P. The fourth expression accounts for the case where equity
holders attempt to issue debt so aggressively that their issuance policy parameter exceeds
~p or when they attempt to issue debt even after the firm is already bankrupt. Lenders
can detect equity holders’ issuance policy as they observe that the firm is attempting to
issue debt (g > 0) and by calculating v = % Therefore, lenders foresee that equity holders
would be willing to issue new debt at any positive price per unit of coupon and that the
firm will consequently be driven to immediate bankruptcy. Thus the only rational reaction

from the lenders’ point of view would be to set the price of debt to zero.?” Finally, the

25This then leads to the result that the price of all debt must also be zero even though there is still the
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fifth expression captures the situation in which equity holders attempt to issue debt so
aggressively that their issuance policy parameter exceeds v* but not so aggressively that
it also exceeds 7,. Again, lenders can calculate equity holders’ issuance policy parameter
v = % and so lenders price the debt assuming that % is the new debt issuance policy

parameter.

For completeness, we also extend the price of one unit of debt, P(}(E’C), to make precise how

this price behaves in the limiting cases as C' goes to either zero or infinity. Relying on the

previous expressions, we have:

((1 —a) ((iiﬁ))g if & < g—i and g =0
Lp() < hskandg=0
M _ V%p(l,,y*) if (,Y% < % and g = 0) or C=0 (20)
¢ 0 if%<max{%,%} and g > 0
Ip(1,$) if max{Z, %} <& < 71* and g > 0
V%p(l,y*) if (7% < % and g > 0) or C=0.

Note that the limiting case of C' going to infinity in the first expression corresponds to a
bankrupt firm that in the past experienced an extremely high EBIT Y so that M =~ oco.
The price of one unit of debt will therefore be approximately zero at bankruptcy as there
will be approximately an infinite number of bond holders to share the bankruptcy proceeds.
Also, even if C = 0 in the third and sixth expressions, the firm’s debt will not be priced
at its risk free value of % but rather will be priced to reflect the fact that lenders still

expect the firm to instantaneously issue debt up to C = *Y.

(A-7e
—

value (1 — «) H)Y to be shared among debt holders. But since debt holders fear C' will approach infinity,

the only rational reaction from an individual lender’s point of view is to value debt at a price of zero.
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Finally, we also extend the equity value function:

0 if & < %b and g =0
So(TE ) if 4 <¥<Landg=

VY0 = Yo(1,9%) + (7Y — C),Yi*p(l,fy*) if Vi* <Landg=0 (30)
0 if%<max g—i,%}andg>()
Yv(l,%) if max g—i,% S%gv%andg>0
Yo(l,v*) + (v*Y — C)ﬁ/%p(l,fy*) if wi* < % and g > 0.

The first expression reflects the fact that when y = % = V*CY is less than yp, the firm

is bankrupt and equity is worthless. The second expression is the equilibrium value of
equity inside the continuation region y € [yp,1]. The third and sixth expressions give
that at the upper boundary it is optimal for equity holders to issue additional debt up
to C' = ~*Y at the par value P = % per unit of coupon and if C is currently less
than v*Y, the price of equity captures the proceeds from the still not yet issued debt.
In the fourth expression, equity holders attempt to issue debt so aggressively that their
issuance policy parameter exceeds 7, leading lenders to set the price per unit of debt to
zero in reaction to the prospect of immediate bankruptcy. Hence, there are no proceeds
from issuing additional debt and the value of the equity is zero. This expression also covers
the case when equity holders attempt to issue debt when the firm is already bankrupt.
Finally, the fifth expression reflects the situation where equity holders try to issue debt so
aggressively that their issuance policy parameter exceeds v*, but still not so aggressively
that it also exceeds 7. This would lead debt holders to conclude that the issuance policy

going forward will be governed by v = % and, as a result, equity will be priced assuming

that % is the new debt issuance policy parameter.
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The Case with No Debt

The remaining case is where the firm is not able to issue debt without commitment; see
Panel (c) of Figure 2. This corresponds to either FOC(0) < 0 or, alternatively, FOC(v) > 0
for all v > 0. In the former, equity holders do not find it optimal to issue debt because
issuance costs are too high. In the latter, equity holders are incentivized to issue debt if
there would exist lenders willing to buy the debt at any positive price. However, lenders
foresee equity holders’ incentives here and realize that if they were to offer to buy the debt
at a positive price then equity holders would continue issuing debt, thereby prompting
the firm’s immediate bankruptcy. Lender’s only rational reaction in this case would be to
set the price of debt to zero. Therefore, we extend the value function of issued debt as
follows:

P(Y,C) = 0.

That is, the price of debt is zero either due to the fact that C' = 0 or because any attempt

by equity holders to issue debt will lead to immediate bankruptcy.

For completeness, we also extend the price of one unit of debt, P(}(E’C), to make precise how

it behaves in the limiting cases as C' goes to either zero or infinity:

The price of one unit of debt is zero even in the case that C' = 0 because, otherwise,
equity holders would be incentivized to continue issuing debt and thereby drive the firm

to immediate bankruptcy.
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1;_—7; ifC=0and g=0
vy, 0) =

0 ifC>00rC=0andg>0.
This expression reflects the fact that the firm either will not or cannot issue debt. If the
firm will not issue debt then the equity is priced as the present value of all future earnings
without any tax benefits of potential debt financing or bankruptcy costs. Alternatively,
any attempt to issue debt in this case will lead to immediate bankruptcy and render the

firm’s equity worthless.

Incentives to Deviate

We can now establish that our equity holders’ equilibrium issuance policy without commit-
ment represents a Markov perfect equilibrium. We continue to consider the case displayed
in Panel (b) of Figure 2 in which bankruptcy costs are realistically assumed to be less than

100%.

To begin with, we show that equity holders prefer not to issue additional debt within our

model’s continuation region. That is,

7)g>0 (Y, C)

Vo=0(Y, Co) 2 Vg0 (Y, C) + (1 = k)(C — Co)——F

(31)

for all Y and Cy and all C > ;.26

Additionally, we also ensure that equity holders do not have an incentive to buy back debt

26For ease of exposition, we now amend the notation for the equity and debt value functions to include a
subscript indicating whether the corresponding value is evaluated assuming that equity holders issue debt
(g>0) versus do not issue debt (g=0).
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at par value. That is,
Vy=0(Y, Co) = Vy=0(Y,C) — (Co — C)P
for all Y and Cy and all C' < Cj.

Incentives to deviate by issuing additional debt We first investigate whether equity
holders have an incentive to issue additional debt up to a level C where C > Cj for all Y
and all Cp. If this were to be the case, then the inequality (31) would be violated.

Ify= % < yp, we are in the “bankruptcy” region giving that Vy—o(Y, Co) = 0 from the
extended definition of equity, equation (30). Moreover, as % < CLO < g—i, it follows that

the right hand side of the inequality is also zero from equations (29) and (30). Hence, the

inequality holds with equality in this case.

If Cy < 4*Y, we are in the “issue infinitely fast region” and therefore debt holders expect

the firm to issue additional debt.

For C < ~+*Y, the inequality above holds with equality. That is,

Vyeo(Y, Co) = Yo(1,77) + (1 — k)(7Y — Co)—p(1,~")

*

=2

— Yo(Ly) + (1 - K) (7Y — C)—p(1,7*) + (1 - k)(C — 00)71*1?(1,7*)

*

= VyrolY,0) + (1~ B)(C — Co) P2,

2

using the extended definitions of debt and equity, equations (29) and (30), respectively.

For C' > ~*Y, we split the proposed debt issuance into two sequential debt issues. First,
the firm issues additional debt up to C' = v*Y which is covered by the preceding case. Now

we can “reset” Cy so that Cp = 4*Y. Since C' > +*Y = (y, the second issuance of debt
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from v*Y up to C now occurs inside the continuation region which is the next situation

we consider.

We are inside the continuation region when y = % € [yp, 1] and so the firm in equilibrium
should not issue debt. Using the extended definitions of debt and equity, equations (29)

and (30), respectively, the inequality (31) can be rewritten as

Co, VY ¢ Yp(L, §)
—v(==—,Y)>Yv(l, = 1—k — —_
Dividing by Y and substituting y = % and v = %, we have
1 . v\ p(L,y
L") 2 (1) + (1= B - TP (32)

Equity holders prefer not to issue additional debt if this inequality holds for all y € [ys, 1]
and for all v > 77 The right hand side of this expression is zero for v > =, by equations (29)
and (30) and so the inequality is fulfilled in this case as the left hand side of this expression

is always non-negative.

Therefore, it only remains to check the inequality (32) for y € [y, 1] and for v € [Vy—*,’yb].

To do so, we rely on the following:

Lemma. For vy,v € [v*, 1] with v > o we have that

p(L,7)

v(1,7%) > v(1,7) + (1 = k)(v — ) (33)

Proof. Using that the first order condition, equation (27), is negative for v € [y*, 3], we

have that

p(1,7)
ot

va(1,7) = jyvu,v) <—(1-k)
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for v € [v*, 7). By the fundamental theorem of calculus, we have

i
o(1,7) = v(1,70) + / va(1,79)d5
Yo B
< o(170) — (1— k) / p“j)da
< o(170) — (1— k) / p“j)cw
p(1,7)

for 70,7 € [v*, %] with v > 9. The second inequality follows by observing that @ is

positive and decreasing in v. Rewriting this result, we have that

p(1,7)

v(1,70) = v(1,7) + (1 = k)(v = 70)

for v0,v € [v*, v with v > 7. O

The Lemma demonstrate that a discrete issuance of debt in the continuation region will
never be optimal for equity holders. Figure 5 provides an illustration. Here the firm is
initiated at ¢ = 0 when its EBIT is Y; and instantaneously issues debt so that the total
coupon rate is Cj = v*Yy. Without loss of generality, assume that Yy will also be the firm’s
highest EBIT level and, for simplicity, ignore the effect of debt maturing due to a sinking
fund provision. Assume that the firm’s EBIT subsequently falls to Y; and posit that equity

holders find a discrete issuance of debt from Cjj to C7 to be optimal here:

C; Y, Cy Vip(l, )
(] I A" < Yiu(l, -2) + (1 — k)(CF — o) Y7
vt < YL )+ (1= = G
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Figure 5: Graphical illustration of a potential model with a discrete issuance inside the

continuation region.
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However, the Lemma gives that

c*

O C* Yip(1, 3-)

Yio(l, 22) > Yyu(l, <2) + (1 - k)(C] — Cf) it
J Y, J Y; J 0 Cj

That is, instead of a discrete debt issuance up to C; and subsequently following the issuance

c*
policy v; = 7;7 equity holders are even better of maintaining the firm’s coupon rate at

Cy and updating their issuance policy going forward to . = %f. Notice that this new

issuance policy is more aggressive than equity holders’ original optimal policy v* = g,g but

less aggressive than the issuance policy v; and, as can be seen in Figure 5, does not involve

a discrete issuance of incremental debt.

We now use the Lemma to help establish that equity holders prefer not to issue additional
debt within our model’s continuation region. In doing so, we explicitly recognize that
equity holders may switch to the aforementioned more aggressive debt issuance policy if

the firm’s EBIT declines sufficiently to near bankruptcy, .

Recall that our remaining task is to ensure that the inequality (32)

;’U(y77*) > U(l,’}/) + (1 — k‘)(f}/ _ ’Z)p(lp;’}/)

holds for y € [y, 1] and for v € [%, ). The Lemma gives that

v 7 p(1,7)
v(l, —)2v(l,y)+ (1 —-k)(v——
( y) (L,7) +( )( y) S
and so if we can show that
1 ~y*
—v(y,y") > v(l, — 34
y( ) = o y) (34)

for y € [y, 1], we will have also shown that inequality (32) holds. Notice that for y < 77:
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then v(1, %) = 0 whereas v(y,~*) > 0 implying that we only need to show inequality (34)

holds for y € [:;—Z, 1]. Equivalently, we can re-parameterize this inequality to
v(1,7) (35)

for all v € [v*, ).

The inequality (35) is satisfied for many assumed parameter values but not all. For example,
it is violated for the parameter values underlying Panel (b) of Figure 2: r = 5%, pu = 2%,
o =40%, 1, = 0%, 7. = 30%, £ = .2, k = 0, and a = 50%. In this case, v* = 0.848 and
v = 1.588 and for v = 1.5 we have U(%,v*) = 4.114 while %0(1,1.5) = 4.271 and so

violating inequality (35).

For these parameter values, this example suggests that when the firm’s EBIT falls suffi-
ciently, equity holders have an incentive to switch to the more aggressive issuance policy
v = 1.5. However, as we now demonstrate, the implications of implementing this aggressive
issuance policy in our valuation framework will dissuade equity holders from deviating to

this issuance policy.

To see this, we continue to rely on the previously assumed parameter values and refer

to Figure 5 to fix matters. For simplicity, at ¢ = 0 assume that Yy = M = 1. The

firm then instantaneously issues debt with a coupon rate of Cy = +* = .848 at a par
p(17%)

value of S = 13.1254 and the value of equity at origination is v(1,7*) = 15.185.

Consistent with our numerical example, assume that the firm’s EBIT subsequently declines

toY; = 5 = .566 and the value of the firm’s equity under the original issuance policy is now

only v(%,fy*) = 4.114. If equity holders here were to switch to the aggressive issuance

policy v, = % = 1.5 then recasting our valuation procedures using Y; = M = .566

and maintaining the current coupon rate of Cy = .848 gives the higher equity value of

o6



Yju(1,1.5) = 4.271.

But simply comparing the value of equity after switching to the more aggressive issuance
policy to its value prevailing under the issuance policy at origination ignores the fact that
all debt issued in our model, initially or incrementally, must be at the same par value,
equation (7). Debt issued subsequent to the proposed switch to the more aggressive policy,
however, would be issued at a par value lower than the par value determined at the initial
debt’s issuance. To illustrate, in our numerical example, debt issued after the switch has
a par value of 17(117155) = 7.631 as compared to the higher par value of % = 13.1254
when the firm’s debt was originally issued. Therefore to be consistent with our valuation
framework requires that debt originated pursuant to the more aggressive issuance policy be
issued at a discount from the par value determined when the firm’s initial debt was issued.
Therefore, to properly determine whether equity holders have an incentive to deviate to this
more aggressive issuance policy, we extend our valuation framework to take into account
the fact that the debt issued at a discount after the proposed switch will be paid back at

a higher par value determined when the firm’s debt was initially issued.

The value of equity in the extended model is denoted by ve(y,¥*;yc,y) where y is the
firm’s current scaled EBIT, ~* is the issuance policy determined when the firm’s initial
debt was issued, y. is the scaled EBIT where the firm switches to the more aggressive
issuance policy, and finally, v is the new issuance policy after the switch. Equity holders
now have no incentive to issue additional debt in our model’s continuation region if the
following holds:

Yo Y v*
U{—,7 Z’U Y s
(,y ) 6(7 5 )

for all v € [v*, v

Based on extensive numerical calculations, there appear to be no parameter values of
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Figure 7: Comparative Statics 2

our model that violate this expression. We illustrate the robustness of this conclusion in
Figures 6, 7, and 8 where we plot for varying values of our model’s parameters the smallest

value of ~ that solves

* *

o
0777* = Vel—»7 » —>»7
(7 ) e(7 5 )

and compare this numerically determined value, denoted by 7., to the corresponding value
of 5. Recall that lenders will not lend to the firm for issuance policies more aggressive than
7p. As can be seen in these Figures, 7. reliably exceeds ;, for all reasonable parameter values
meaning that equity holders have no incentive to deviate to the more aggressive issuance
policy in our model’s continuation region. The Figures also display the corresponding
optimal issuance policies, both with (7**) and without commitment (7*), and therefore

provide additional comparative statics of our model with respect to its parameters.

o8



a7 A k
P i 02 06 08 10 t o0l 002 005

04 0.03 001

(a) Bankruptcy costs, infinite (b) Maturity parameter (c) Issuance costs
maturity
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Incentives to deviate by buying back debt We also need to ensure that equity

holders do not have an incentive to buy back debt at its par value. That is,
Vo=0(Y, Co) > Vy=o(Y,C) — (Co — C)P

for all Y and for all Cy and all C < Cp.2"

To begin with, for Cy < v*Y, we are in the “issue infinitely fast” region and the relation

holds here with equality

*

V(Y. Co) = Yo(L,v7) + (1 - K)(1"Y — co>,y1p<1,fy*>

= Yo(1,77) + (1 - k)(yY — c>71*p<1,v*> — (1= k)(Co - c>j*p<1,v*>

= VY.0) (b= C)p(Ly) = V¥.C) - (Co = C)P

for C' < Cp using the extended definition of equity, equation (30), and the assumption that

new debt is issued at par, equation (7).

For the more interesting case when 7*Y < Cj, using the fundamental theorem of calculus,

2TGoing forward, we omit the subscript ¢ = 0 from the equity value function’s notation as we are
investigating equity holders’ incentives to buy back debt at par and there are no strategic considerations
on the part of debt holders as to what price to sell back their debt.
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we have
Co o
V(Y,Cy) =V(Y,C) + W (Y, C)dC
C

for C' € [v*Y, Cy]. Note that this relation holds even when Cy > C—by, e.g., when Cj is so
large that the firm is bankrupt, if we extend the definition of Vo (Y, C') so that this derivative
is equal to zero for C' > % Because V(Y, C) is convex in C, that is, the marginal loss

of an extra unit of C falls as C' increases, for a given fixed Y and a given fixed issuance

policy v?8, we have

for C' € [y*Y, Cy]. This calculation relies on equations (19), (23a), and (7). That is,

V(Y,Co) = V(Y,0) + “ Vo (Y, C)dC > V(Y,C) — (Co — C)P
C

for all Y and for all Cp > +*Y and all C € [y*'Y, Cy).

Taken together, these calculations show that equity holders do not have an incentive to

deviate by buying back debt at its par value P.

*8Note that this means that —V2(Y,Co) < —Va(Y, C) for C € [yY, Co] as the marginal loss is —Va(Y,-).
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Table 1: Proportional Issuance Costs

No Committment:

Committment:

k=3% o = 35% o = 40% o =45%
maturity 1.22373 years 1.10374 years 1.00478 years
leverage 61.7867% 57.8934% 54.3598%
credit spread 37.188 bps 45.7807 bps 54.8712 bps
y* 0.952591 0.876936 0.812929
k=1% o= 35% o = 40% o= 45%
maturity 2.14191 years 1.94799 years 1.80246 years
leverage 53.8066% 49.6988% 45.9393%
credit spread | 69.5737 bps 87.2825 bps 107.526 bps
y* 0.817032 0.753585 0.701417
k=3% o = 35% o = 40% o =45%
maturity 1.38239 years 1.26953 years 1.18457 years
leverage 54.7426% 49.7005% 44.9844%
credit spread | 14.4068 bps 17.2332 bps 20.3924 bps
y** 0.824719 0.730831 0.648749
k=1% o= 35% o = 40% o = 45%
maturity 2.79033 years 2.72468 years 2.60624 years
leverage 42.2228% 36.3393% 31.6281%
credit spread | 29.9735 bps 40.0588 bps 50.5693 bps
¥ 0.617312 0.527491 0.45819
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Table 2: Fitting prevailing credit spreads

BB HY
commit no commit commit no commit commit no commit
25 bps 308 bps 565 bps 1170 bps 1464 bps
w=2% 58.62% 24.26% 34.80% 17.74% 22.48%
+2.47% -4.81% -1.78%
- 308 bps NA 1170 bps 1781 bps
w=0% - 26.00% 0% 19.38% 29.09%
- -9.33% -4.33%
- 308 bps NA 1170 bps 2254 bps
w=—2% - 27.18% 0% 20.38% 36.52%
- -7.00% -8.60%
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TIA.A Limitations on incurring indebtedness

The circumstances under which a firm can incur additional indebtedness are detailed in
the covenants to its existing debt. Limitations on incurring indebtedness differ depend-
ing on whether the debt issue is investment grade or high yield.? High yield indentures
often include covenants by which the issuer commits to limit the issuance of additional
debt whereas investment grade indentures do not include such limitations. Under certain
circumstances, however, high yield indentures do permit the firm to incrementally issue

additional debt.

TA.A.1 Investment grade debt

Investment grade bonds typically do not include covenants limiting a firm from incurring
additional debt.?> However, investment grade indentures often will limit the amount of
secured debt an issuer can incur that would effectively be senior to the investment grade
bonds. The effectiveness of the negative pledge covenant in preventing the subsequent is-
suance of secured debt is, however, limited (see, for example, Bjerre (1999) and Donaldson,
Gromb, and Piacentino (2020)) because it can only be enforced against the issuer and not

against the lender who takes a security interest in the firm’s assets.

TA.A.2 High yield debt

In contrast to investment grade indentures, high yield indentures typically include numer-
ous covenants designed to preserve the issuer’s ability to pay principal and interest on the

bonds when due. Not only do these covenants limit incurring additional indebtedness, they

2See, for example, PEI (2014), page 58.

3For example, Apple’s Prospectus accompanying its 2013 issuance of $17 billion in notes states that
“The indenture for the notes does not ... limit our ability to incur additional indebtedness that is secured,
senior to or equal in right of payment to the notes.” Page S-5.



also restrict, among other actions, the issuer’s ability to grant liens on assets, make certain
payments, such a dividends and stock repurchases, sell assets and enter into transactions

with affiliates.

Ivashina and Vallee (2020) argue that the effectiveness of these provisions in high yield
indentures* is frequently weakened by the inclusion of carveouts to particular restrictions
as well as “baskets” which impose thresholds up until which a restriction does not hold.
In particular, carveouts and baskets in high yield indentures typically permit the issuer
access to additional debt but subject to specific conditions and negotiated limitations
designed to protect existing lenders’ claims. Issuers justify relaxing limitations to incurring
additional indebtedness by the fact that they require the ability to incur additional debt
in the ordinary course of business.” Without additional debt, a firm may not be able to
pursue additional investment opportunities and the failure to do so could diminish the

value of the existing debt.

As a result, high yield indentures typically permit issuers to subsequently increase indebt-
edness by incurring ratio debt. That is, the issuer is prohibited from incurring additional
debt unless a specific financial ratio, often a fixed charge coverage ratio, is met, typically
at least a 2 to 1 ratio after accounting for the incurrence of the incremental debt.® Meeting
the specified financial ratio is designed to ensure the issuer’s ability to continue paying

principal and interest on the high yield bonds in the face of the additional indebtedness.

4Ivashina and Vallee (2020) focus on leveraged loan credit agreements. High yield indentures include
similar contractual qualifications that weaken their various covenants.

5See, for example, PEI (2014), page 57.

SFor example, the indenture, dated March 19 2021, of Mattel’s 3.75% Senior Notes due 2029 states “The
Issuer and any Restricted Subsidiary may incur Indebtedness ... if the Fixed Charge Coverage Ratio for
the Issuer and its Restricted Subsidiaries, calculated as of the date on which such additional Indebtedness
is incurred . .. would have been 2.00 to 1.00 or greater.” But “provided, further, that the aggregate amount
of Indebtedness . .. that may be Incurred ... pursuant to the foregoing . .. shall not exceed the greater of (x)
$150 million and (y) 2.5% of Consolidated Total Assets, at any one time outstanding ...” Section 3.3(a),
page 48.



Ratio debt permitted by a high yield’s indenture can be either pari passu or subordinate

to the high yield issue.

If an issuer is unable to incur ratio debt, high yield indentures may also allow issuers to incur
certain types and amounts of “permitted indebtedness”. Among the various categories of
permitted debt identified in a high yield bond’s indenture, the largest and most important
is the credit facilities basket that allows for debt under credit facilities to be incurred and

secured, typically ranking senior to the bond itself.”

Lien covenants are also relevant to determining whether a high yield issuer has capacity to
secure new debt. Like investment grade indentures, high yield indentures typically include
a permitted liens basket that allow the issuer to pledge collateral to secure a limited amount

of additional debt.®

“For example, the indenture, dated June 9 2020, of Royal Caribbean’s 9.125% Senior Notes due 2023
states that the Incurrence of Indebtedness covenant “shall not, however, prohibit the incurrence of ...
Indebtedness of the Issuer under the Credit Facilities (which, for purposes of this clause, shall exclude
committed but undrawn amounts under the Existing ECA Facilities) in an aggregate principal amount at
any time outstanding not to exceed $11,375 million.” (page 56) where “the term Credit Facilities shall
include any agreement or instrument ... increasing the amount of Indebtedness incurred thereunder or
available to be borrowed thereunder.” (page 13)

8For example, the indenture of Mattel’s 3.75% Senior Notes due 2029 permits “other Liens securing
Indebtedness in an aggregate principal amount which, together with the aggregate outstanding principal
amount of all other Indebtedness of the Issuer and its Subsidiaries secured by Liens permitted under the
terms of this clause ... does not at the time such Liens are incurred exceed 10% of the Issuer’s Consolidated
Net Tangible Assets as shown on the most recent audited consolidated balance sheet of the Issuer and its
Subsidiaries. (page 22)
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