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Abstract

In this paper, we demonstrate that demandable debt provides an effective solution to
the leverage ratchet effect without requiring any additional information beyond that
assumed in the existing literature. Demandable debt-holders have an option to request
full repayment of debt at any time. If the firm’s leverage exceeds its target debt ratio,
debt-holders will exercise their option and sell this excess debt back to the firm. This
mechanism efficiently disciplines the firm to maintain the target debt ratio, except under
extreme negative shocks leading to inevitable bankruptcy. Furthermore, we show that
as the model’s time intervals shorten, the firm can asymptotically achieve the full tax

shield benefits without incurring any bankruptcy risk.
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1 Introduction

Admati, DeMarzo, Hellwig, and Pfleiderer| (2018) suggest that when a firm cannot commit to
future leverage choices, it tends to resist reductions in leverage, even when reducing leverage
would increase firm value. In contrast, the firm ex-post prefers to increase leverage further,
which can decrease firm value. Admati and coauthors call this force the leverage ratchet
eﬁectﬂ arguing that it arises from an agency conflict between equity-holders and debt-holders.
As increasing leverage makes the existing debt riskier, thereby reducing its market value, it
may benefit equity-holders, even if such an increase ultimately destroys overall firm value.
Conversely, equity holders stand to lose from leverage reductions, as the benefits accrue
disproportionately to the bond-holders. Thus, the firm’s equilibrium leverage rises above the
optimal leverage predicted by static trade-off theory, leading to higher default costs. At the
extreme, under the leverage policy described in |DeMarzo and He (2021), the increment in
expected default costs completely offsets the tax-shield benefits of issuing any debt.

Notably, the existing papers on the leverage ratchet effect restrict attention to straight
debt, as the only instrument that is tax exempt. However, in practice many other forms
of debt, which for instance include covenants or optionality, are routinely issued by firms
and generate tax shields. In this paper, we ask whether other forms of debt can be used
to mitigate the leverage ratchet effect without additional information requirements beyond
those already assumed in the existing literature. We find that demandable debt, or demand
deposits, are an effective solution to the leverage ratchet effectﬂ

In our analysis, we demonstrate that giving debt-holders the right to sell the debt back to
the issuing firm at face value disciplines the firm and prevents excessive debt issuance. With
demandable debt, the firm maintains a more conservative leverage ratio, which lowers default
risk and benefits equity holders, as the tax shield advantages now outweigh the expected costs
of default. Importantly, to enforce the demand clause one needs the exact same information
structure required for straight debt, such as in Leland| (1994). That is, enforcing the demand
clause only requires: 1) that the leverage ratio is publicly observable, a standard assumption
in the literature for debt pricing based on leverage; and 2) that bond-holders can demand the
repayment of their principal invested at any time, triggering bankruptcy if the firm refuses.

We construct a dynamic model with discrete yet short time intervals to precisely capture
the timing and information available for all firm actions. In our model, the firm operates
a cash-generating asset that produces taxable cash flows influenced by normally distributed

shocks and faces the classical trade-off problem of optimal capital structure. The firm can

!The concept of a leverage ratchet effect builds on earlier studies such as [Black and Scholes| (1973)), [Bizer
and DeMarzol (1992)), and [Leland| (1994).
“From now on, we are going to use demandable debt and demand deposits interchangeably.



issue demandable debt with tax-deductible coupon payments, but it retains the option to
strategically default on any payment—a decision that incurs significant costs and, for sim-
plicity, results in the cessation of the asset’s operations. The firm acts in the interest of its
equity holders.

The intuition behind the optimality of demandable debt is as follows: as leverage rises,
the debt’s market price falls, due to the presence of default costs. Eventually, the price of
debt will fall below its face value, prompting the debt-holders to exercise their demand clause
and sell their debt back to the firm. Anticipating this response by the debt-holders, the firm
is deterred from increasing its leverage above the target level. This mechanism results in
a target debt ratio that always maintains the debt price at its face value, except when an
extreme negative shocks precipitates the firm’s default. This target ratio provides two main
advantages to the firm. First, as the firm’s asset base expands, it can issue additional debt
to harness the tax shield benefits linked to asset growth. Second, by honoring the demand
clause and adjusting its leverage following moderate cash-flow shocks, the firm reduces its
leverage before these adverse shocks accumulate, thereby mitigating its risk of default.

The discreteness of time in our baseline model allows us to study the consequences of
shortening the time intervals on firm value and default risk. We find that, as the time inter-
vals shorten, the firm improves its capability to respond to shocks with near-instantaneous
adjustments to its leverage level. This allows the firm to increase debt immediately after
a positive cash flow shock, in order to capture nearly the full tax-shield benefits, and to
promptly decrease leverage to minimize default risk after negative shocks. Asymptotically,
as time becomes continuous, the firm achieves its full tax shield benefits without incurring
default costs, reaching a valuation comparable to that of a fully committed, non-defaulting
entity. Thus, we conclude that the leverage ratchet effect arises due to the restriction to

straight debt, not due to the limited commitment friction per se.

Relation to the Literature. Our paper contributes to the literature on addressing the
leverage ratchet effect. Starting from the seminal paper by [DeMarzo and He, (2021)), both |Q1
(2018) and [Malenko and Tsoy| (2020) rely on non-Markov equilibria to resolve the leverage
ratchet effect. Specifically, these papers use the equilibrium similar to that described in
DeMarzo and He| (2021)) as a self-sustaining credible threat to punish any deviation from the
target leverage policy. As a result, if the firm follows the target leverage policy, the threat is
not used, allowing the firm to maintain a higher equity value. However, if the firm deviates
from the target leverage policy, the self-sustaining credible threat is used, which severely
decreases equity value. Rather than using an equilibrium that is highly history-dependent,

our paper demonstrates that the leverage ratchet effect can be resolved within the framework



of a classic Markov equilibrium.

Donaldson, Koont, Piacentino, and Vanasco| (2024)) explores how a credit line can prevent
a firm from issuing additional debt. Their paper proposes that a credit line leads to what
they term the “ratchet anti-ratchet effect,” which effectively restricts the firm from leveraging
further. Specifically, the lender anticipates that acquiring additional loans from the firm will
incentivize the firm to draw on the credit line, which would significantly dilute the value of the
additional loans. Consequently, the lender is unwilling to purchase these additional loans at
a price acceptable to the firm, thereby preventing further leverage. However, while the credit
line is effective in preventing leverage increases, it does not ensure that the firm can efficiently
adjust its debt level—a critical capability when cash flow is volatile rather than constant,
as assumed in their paper. In contrast, the demandable debt in our paper enables efficient
debt adjustment. For instance, if the firm experiences negative cash flow, demandable debt
incentivizes the firm to repurchase debt to mitigate excessive bankruptcy risk, whereas the
credit line discussed in |Donaldson et al. (2024) cannot provide this flexibility, and works in
their environment only because the firm’s cash flows are constant.

This paper also contributes to the literature on the adoption and implications of demand-
able debt. A significant focus in financial economics has been the role of demandable debt
in providing liquidity insurance to investors when liquidity shocks are non-contractible. |Di-
amond and Dybvig| (1983) underscores demandable debt can effectively offer such insurance.
Extending this discourse, [Jacklin| (1987) examines the conditions under which demandable
debt outperforms dividend-paying securities in mitigating liquidity risks, emphasizing that
the effectiveness hinges on the presence of trading restrictions. Further, Diamond and Rajan
(2001)) argues that demandable debt enables relationship lenders to commit to utilizing their
specialized skills for collecting returns even after transferring holdings to other investors,
thereby enhancing liquidity without sacrificing performance. Additionally, |[Calomiris and
Kahn| (1991)) illustrates that demandable debt can attract deposits by giving creditors the
option to force liquidation when there is a risk of bankers misappropriating funds. In such
cases, debt-holders, upon receiving adverse signals, may exercise early withdrawal to safe-
guard their investments. Building on these insights, our paper introduces a novel function
of demandable debt: aiding firms in sustaining an optimal capital structure and curbing
excessive debt issuance. This mechanism offers a practical tool for aligning the interests of
shareholders and debt-holders, contributing to financial stability by preventing over-leverage
and mitigating default risks.

Our paper is also related to the literature on how trading frequency can enhance welfare.
For example, |[Kreps (1982)) and Duffie and Huang (1985) discuss how more frequent portfolio

re-balancing allows investors to construct Arrow-Debreu securities with fewer assets. Our



comparative static as time-intervals shorten shares a similar flavor: shorter period lengths
and more frequent re-balancing imply that shocks in each period are likely smaller, allowing
the firm to adjust its leverage ratio more promptly to capture the tax shield benefit and
avoid default costs, resulting in a more efficient outcome. This contrasts with the standard
intuition in commitment problems such as Coase (1972), where a shorter time period reduces

the firm’s commitment power, leading to greater welfare losses.

The paper is structured as follows. Section [2| presents the economic environment and the
equilibrium concept. Section [3| describes the conjectured equilibrium strategies, pins down
two necessary conditions of the equilibrium, and proves the existence of equilibrium. Section
[4] discusses the implementation conditions and the welfare implication of using demandable

debt. Section [B] concludes.

2 Model Setup

2.1 Economic Environment

We analyze a discrete-time model with periods indexed by t = 0,1,2,.... All players are risk-
neutral and discount future payoffs using the factor exp(—rA) per period, where A represents
the length of each time period.

The firm, acting in the interest of its shareholders, operates a cash-generating machine
that produces a pre-tax cash flow of X;A at time ¢ > 1. The cash flow level X; follows a

log-normal distribution, given by:
Xt = g9(Zt) X1, (1)

where g(Z;) = exp ((,u - %2> A+ o*\/ZZt) such that p < r is the percentage drift, o is the
percentage volatility, and Z; is a standard normal random variable. The cash flow is subject
to taxation at a rate 7.

After observing and collecting the pre-tax cash flow, the firm can issue new long-term
debt or repurchase non-maturing long-term debt at any date ¢ > 0 in a competitive financial
market. Let us denote the amount of newly issued or repurchased debt in period ¢ as I',
where I'y > 0 indicates that new debt is issued, and I'; < 0 indicates that non-maturing
long-term debt is repurchased in this period. This debt pays a coupon each period at a rate
of cA and matures at a rate of 1 — exp(—&A) starting from the next period after issuance.
The coupon payments are tax-deductible up to « fraction of the cash flow. We assume that

c and ¢ are chosen so that the following condition holds:



. — . exp(rA)—1
Assumption 1. ¢ > ¢:= — .

Violation of Assumption implies that the present value of the debt remains below its
face value even when the firm has a negligible chance of default, prompting all debt-holders
to exercise the demand clause—discussed later—resulting in the trivial outcome where no
debt remains outstanding when the debt is competitively priced. To see this, note that the

discounted sum of all payments to a debt-holder with a unit face value is bounded by

> exp(—(r + §)At) exp(§A) (cA + 1 — exp(—£A))

= exp(—rA) (cA + 1 —exp(—£A)) :

1 —exp (=(r+£)A)’

which represents the present value of the debt assuming no default, and is less than 1 if
Assumption fails.

The key distinction of this paper from the classical literature is the inclusion of a demand
clause in the debt, which grants the debt-holder the option to demand full repayment of
the principal at any time after the debt has been issued. Specifically, at any date ¢, after
observing the realization of the cash flow level and the newly issued or repurchased amount
of debt, a debt-holder with non-maturing debt can request the firm to repay the face value
of the debt early, in addition to the coupon payment for that period. Once the firm honors
the early repayment, the debt is put back to the firm and immediately retired. Following
the literature, we assume that each debt-holder is atomless, making each one a price taker
who cannot change the debt level by exercising the demand clause individually. However, the
aggregation of the debt-holders’ actions will change the debt level. We denote the amount of
debt for which the debt-holders have exercised the demand clause at date t as D;.

Let us denote the outstanding level of debt at the end of period ¢ as F;. Since the
outstanding level of debt at the beginning of period t equals the outstanding level at the
end of the previous period, we know that the outstanding debt at the beginning of period
t is Fi_1. In addition, we assume that the firm does not have any debt outstanding at the
beginning of ¢ = 0, prior to the initial issuance. With a slight abuse of notation, we denote
the amount of debt outstanding at the beginning of t = 0 as Fy_ := 0. Given that debt
matures at a rate 1 — exp(—£A), the firm issues or repurchases I'y, and Dy is put back by
the debt-holders through the exercise of the demand clause, the dynamics of the outstanding

debt can be expressed as:
Fy = exp(=§A)Fy—1 + Ty — Dy (2)

The firm has the strategic option to default, meaning it can choose to forgo its tax obli-



gations to the government and debt payments to debt-holders. These debt payments include
coupon payments, maturing debt, and any debt that is put back due to debt-holders exer-
cising the demand clause. In this case, the firm declares bankruptcy and incurs significant
bankruptcy costs. For simplicity, we assume that bankruptcy costs equal the continuation
value of the firm going forward. That is, the firm forfeits all future cash flows after it declares
bankruptcy.

To summarize, we can decompose any period ¢ into the following four stages:

1. The current cash flow level X; is realized and publicly observed. The firm collects X;A

as pre-tax profit.
2. The firm determines the amount of debt to issue or repurchase, denoted as I'.

3. Non-maturing debt-holders (including those who just purchased the debt in this period)
decide whether to exercise the demand clause, which we denote as 1¢, where 1¢ = 1
indicates that the demand clause is exercised, and 1¢ = 0 indicates that it is not. The

aggregate amount of debt put back in this period is denoted as Dj.

4. The firm decides whether to default, which we denote as 1?2, where 12 = 1 indicates

that the firm honors its obligations, and 12 = 0 indicates that it defaults.

(a) If the firm honors its obligations:
e It pays the coupon for the existing debt, cF;_1 A,
e It pays taxes TX;A — 7 min(aXy, cFi_1)A,
e It repays the maturing debt (1 — exp(—§A))Fi_1,
e It repays the put-back debt Dj.
After these payments, the game moves to the next period.
(b) If the firm declares bankruptcy:

e The game ends with zero continuation value for all players.

2.2 Equilibrium Concept
2.2.1 Strategy

In this paper, we focus on the Markov Perfect Equilibrium (MPE). Formally, at any date
t, the firm determines its debt issuance or repurchase policy I'; based on the current cash
flow level X; and the previous period’s outstanding debt F;_;. That is, I'y = I'(Xy, F1_1) is a
random variable over the interval [— exp(—§A)F;_1, 00), where the lower bound ensures that

the firm cannot repurchase more debt than the outstanding non-maturing amount.



After observing the realization of F,El, together with X; and F;_1, non-maturing debt-
holders decide whether to exercise the demand clause at date ¢. Formally, their decision to
put back the debt is denoted by 1¢ = 19(X,, F;_1,T}), a random variable taking values in
{0,1}. Since each debt-holder is atomless, and by the law of large numbers, the aggregate
amount of debt put back at time ¢, denoted by Dy, is given by:

Dy = D(Xy, Fi—1,Tt) = (exp(—€A)Frq + THE[L? | X3, Fr—q, T, (3)

where exp(—§A)F;_1 + I'; represents the total amount of non-maturing debt outstanding
after issuance or repurchase, and E[1¢ | X;, F;_1,T] represents the expected fraction of
debt-holders who exercise the demand clause at time ¢.

After that, the firm then makes its default decision based on the current cash flow level
X;, the outstanding debt from the previous period Fi_i, the amount of newly issued or
repurchased debt I'y, and the amount of debt put back by debt-holders D;. Formally, the
firm’s default choice is represented by ]lf; = ]lb(Xt,Ft_l,Ft,Dt), a random variable taking

values in {0, 1}.

2.2.2 Payoff

Given this Markovian structure, we can express the payoffs for equity-holders and debt-
holders recursively. To be more specific, at the beginning of period ¢, we can denote the
equity value as V" (Xy, Fi—1), and market-to-par ratio of debt as V" (X, F;_1). Similarly,
at the end of period t, conditional on the firm not declaring bankrupcty, the equity value
at the end of date ¢ as V" (Xy, F}) and the market-to-par-ratio of (non-maturing) debt as
V(X F).

Throughout this paper, we assume that the debt is competitively priced by the market.
As a result, the debt price at the end of date ¢ equals the fair value of debt, which depends
only on X; and F}, conditional on the firm not declaring bankruptcy. We denote this debt
price as P(Xy, Fy) =V (X, Fy).

Given initial states (X¢, Fi—1), the strategies (I‘, 14, ]lb), and the price policy P, let us con-
sider the firm issues/repurchases I, amount of debt, which may possibly be a deviation. The
price at which the debt is issued /repurchased is calculated based on the debt-holder’s strategy
of exercising the demand clause and the firm’s strategy of whether to default. To be more
specific, by competitive pricing, the price level of debt at which the debt is issued /repurchased
at date t is:

3With slight abuse of notation, we use I'; to denote its realization as well.



P'(Xs, Fo1,Ty) = E{1°(Xe, Fiot, T, D) P(Xe, )| X, Fiot, T (4)
where
D} = (exp(—¢A)F,1 +T}) E |:]ld|Xta Ft-l,Fi} ;

and

E] = exp(—¢A)F;_y + T, — D;.

As aresult, the equity value at the beginning of date ¢, with possible deviations (F;, D;, ﬂi’/) ,

can be written as

Vo (Xt, Fr_y,T, D, ]12’) = X,A + P'T} + 17 | (=X, + rmin{aX;, cF) 1}

()
- Cthl)A — (1 —exp(—€A)) Fr1 — Dy 4+ V.5 (X4, FY)

)

where

F{ = exp(—§A)Fyy + Ty — Dy,

represents the debt level at the end of date ¢, given the potential deviation I', and Dj.

For any debt at the beginning of date ¢, with probability 1 — exp(—£A), the debt matures
at this period, and with probability exp(—£A), the debt does not mature at this period. As
a result, with possible deviations (Fg, Dj, ]lf), the market-to-par ratio of debt held by an

atomless debt-holder, who chooses ]lf/, at the beginning of date ¢t can be written as

v (Xt,Ft_l,r;,Dg,]lg’ | ]1;1’) o
= ]l?, <CA + 1 —exp(—EA) + exp(—EA) (]lf/ +(1 - ]lf/)VdJr(Xt, Ft’))) .

By definition, the equity value and the debt value at the beginning of period ¢, V.~ (V;, F;_1)
and V, (V;, F;_1), can be calculated from equations and @ with equilibrium strategy
(F, 19, ]lb) and D calculated from 1%:

Vo (X, Fyy) =E {V; (Xt, F_1,T,D, nb) | X, FH} , (7)



and
Vi (X0 F) =E{V; (X0 Fia, 1D, 10 [ 19) X0, Fa ) (8)

The corresponding values at the end of the period can be written as the values at the

beginning of the next period:

VN (X, Fy) = E{exp(—rA)V, (Xiq1, F)| Xy, Fi}, 9)
and
V) (Xe, Fy) = E{exp(—rA)V; (Xiq1, Fr)| Xe, Fy} (10)

2.2.3 Equilibrium Conditions

By the one-shot deviation principle, the strategies (F, 14, ]lb) construct an equilibrium if and
only if for any (X3, Fy—1, Fy, T}, D)),

1. Optimality of Equity Holder

e (Optimality of Debt Policy) Given any (X, F;_1), we have

VE (X Fion) = max BV (X0 B T D) K B TEY )
t

e (Optimality of Default Policy) Given any (X, Fy_1,1}, D}), we have

E{Ve (Xe Fior, T}, D, 1Y) | X, Fio T, D}

1 " 12
= maxE{Ve_ (Xt,Ft,l,r;,Dg,nf ) | X, Fy_1, T, Dl 10 } (12)
]l?”
2. Optimality of Debt Holder Given any (X, F;_1,I}), we have
E{Vi (X Pt T, DAY [ 17) [ X, B, T
1 7 ].3
= maxE{V; (X, Fiy, T3, D00 [ 0") X, By, T, 147 (13)
]1?//
3. Competitive Pricing of Debt. Given any (X, F}), we have
P(Xy, F) =V (X, F), (14)

and 15'(Xt, Fi1,T}) is defined as in Equation '

10



Equation describes the firm’s optimal decision regarding debt issuance or repurchase,
which aims to maximize equity value. Equation characterizes the firm’s optimal de-
fault decision. We will later show that the firm defaults optimally if and only if its various
obligations exceed its continuation value. Equation captures the debt-holders’ optimal
exercise of the demand clause. Intuitively, they will refrain from exercising the clause if the
market price of debt exceeds its face value and will exercise it if the market price falls below
the face value. Finally, Equation states that the market price of debt at the end of the

period is fairly determined by the prevailing cash flows and debt levels.

3 Equilibrium

3.1 Conjectured Equilibrium

In this paper, we show that as A — 0, there exists an equilibrium that depends crucially on

the debt ratios f, = F)t{tl and ft+ = % at any time ¢, given a properly designed coupon

rate c. Before we formally start the discussion, we normalize I'; and Dy in a similar way by
Ve = % and d; = % for notational purposes.

Specifically, in this section, we show that there exists a threshold f such that the firm
adjusts its debt level to maintain a target debt ratio of 7, and subsequently chooses not to
default at date t if f,” < f, and maintains the current debt level and defaults otherwise. On
the other hand, the debt-holders use their demand clause as a disciplinary tool to ensure that
the firm adheres to this equilibrium strategy. We demonstrate that debt-holders will exercise
their demand clause if f;‘; > 7, thereby forcing the firm to reduce leverage ratio to the target

level, where

fy, = exp(=EA) fy +

represents the post-adjustment debt ratio. Conversely, if f;t < & debt-holders will not

¢

exercise the demand clause.

Normalized Values

Given the conjecture that what matters for the equilibrium strategies and values are the debt

ratio f,~ and the debt ratio f,", the cash flow level X, serves only as a multiplier for equity

Valuesﬁ As a result, we can define V.7 (f;), V; (f;), V" (fi"), and V;/ (f;") to represent the

equity values per unit of cash flow and the debt value as functions of debt ratios as follows:
Vo (X, Fi1)

Vo (fy) = X, Vi (fe) =V (X, Fr),

“Notice that we already normalize the debt value by defining it as the debt value per face value.

11



Vo (X, F)
VE(fh) =~ X, Vi (f5) = Vi (X Fy).
Similarly, we can normalize the amount of debt issuance/repurchase and the amount of
debt for which the demand clause has been exercised with respect to X;, the firm’s current

cash flow. Specifically, we define:

F(XtaFt—l) D(Xt7Ft—17’YtXt)

Y(fy) = X, d(fy ) = X, -

With some abuse of notation, we represent other strategies as functions of debt ratios as

follows:

]ld(Xtv Fi 4, ’YtXt)
Xy

]lb(Xu Fy 1, X, tht)
Xy

]ld(ft_77t) = ) ]lb(ft_v%f?dt) = ) P(f;_) - Vd+(ft+>'

3.1.1 Equilibrium Conjecture

With all the above notation in place, we can now formalize the equilibrium conjecture as
follows:

We conjecture the threshold f to satisfy

V() =T (f,v(f), d (o)) + Vi (exp(—=€A) f +~4(f) —d (f,7(f))) =0, (15)

where the function IT represents the payment burden after the debt issuance/repurchase and

is calculated as
II(f; 7y, dt) :=TA — 7min {a, cft_} A+cff A+ (1 —exp(—EA)) f; + di.

The debt issuance policy v(f; ) and the amount of exercised demand clause d(f, , ) will
be formally defined in the conjectured strategies section below. We will show later that
Equation has important implication on the optimal decision of the firm and serves as
one of two important identities which characterizes the equilibrium.

Given this conjectured threshold, we propose the following strategies as part of the con-

jectured equilibrium.

1. Debt-Holders’ Strategy:

t_«a
1 with probability Lﬁr <
B i fE >
d/r— . . a ’ 7t
19(f;, ) = 0 with probability A

vt

ol

0, if ff <

ol

12



Debt-holders use the demand clause as a disciplinary tool, exercising it with a proba-
bility proportional to the excess of the post-adjustment debt ratio above the target 2.

If the debt ratio is at or below the target, they do not exercise the demand clause.
2. Firm’s Strategies:

(a) Strategy for Optimal Default:

b( ) 1, if H(ft_77t7 dt) < ‘/e+ (eXp(—fA)ft_ + 7 — dt)
1 ft_77t7dt =

0, otherwise

This strategy follows from Equation , which implies that the firm will choose
not to default if and only if the total payment burden—comprising tax obligations

and debt-related costs—is less than the continuation value of equity.

(b) Strategy for Debt Issuance/Repurchase:

S —exp(=EA) f, if fi < f
0, if f7>f

The firm issues or repurchases debt to maintain the target debt ratio & whenever

its current leverage is below the default threshold.

Given the above-conjectured threshold f and the associated strategies, we can readily

conclude that the firm will default if and only if f, > f.

3.2 Two Supporting Conditions

To establish our conjecture as an equilibrium, we require that the coupon rate ¢ and the
conjectured threshold f satisfy two supporting conditions. We will subsequently demonstrate
that (1) there exists a pair (f,c) such that these supporting conditions hold, and (2) given
these conditions, our conjectured equilibrium indeed constitutes an equilibrium.

The first condition corresponds to Equation and ensures the optimality of the debt-
holders’ strategy. Specifically, it guarantees that the debt is traded at par when the debt
ratio equals %, rendering the debt-holder indifferent between exercising the demand clause or
continuing to hold the debt. We refer to this as the supporting condition for optimal demand
clause exercise.

The second condition is a restatement of Equation and ensures the optimality of

the firm’s strategy. Intuitively, the firm can always guarantee a continuation value of zero

13



by maintaining its current debt level and subsequently defaulting. This condition ensures
that, when the beginning-of-period debt ratio f;” is at the default threshold f, the firm
breaks even by repurchasing debt according to the debt issuance strategy specified in
the conjectured equilibrium and choosing not to default. We refer to this as the supporting
condition for optimal default. We will verify later that this condition guarantees the firm’s
indifference between defaulting and continuing when the debt ratio is exactly f, taking into
account the debt issuance decision and the corresponding exercise of the demand clause by

debt-holders in equilibrium.

Supporting Condition for Optimal Demand Clause Exercise

In order to establish this necessary condition, it is important to conjecture the subgame
equilibrium at period t + 1, given f;” at the end of date ¢t. This characterizes the value of
debt if the debt-holder chooses not to exercise the demand clause. In other words, it provides
the outside option for the debt-holder and therefore plays a crucial role in determining the
optimality of the decision to exercise the demand clause.

Subgame Equilibrium at Period ¢ + 1: Given our equilibrium conjecture, we know
that the firm will not default at date ¢ + 1 if and only if f, | < f. According to the debt
issuance strategy , the firm will issue or repurchase debt such that ft+1 = ¢ at period
t + 1 if it does not default. Specifically, let us define

N 1 Al o2
200w (= (- %) 2)
Given Equation (1)), the dynamics of the cash flow, we have Jip1 < f if and only if the cash
flow does not experience a large negative shock. That is, Z;11 > Z(f;7). As a result, Jiz1 < f
occurs with probability 1 — ® (Z(f,")), where ®(-) represents the normal distribution.

Deriving Supporting Condition: By our conjecture that the debt-holders will exercise
the demand clause to maintain the debt ratio f;" = 2 if the debt ratio after the issuance is
too high ;; > 2, and the equilibrium condition , the debt-holders should be indifferent
to exercising the demand clause or not, given the market price P (%), which implies that
P (%) equals its face value of 1.

In addition, according to the firm’s conjectured strategy , the firm will issue or repur-
chase non-maturing debt to maintain the level ¢ as long as f;,; < f at date t+1. As a result,
any non-maturing debt at the end of date ¢t 4 1 is also traded at par, provided the firm does
not default. Therefore, the value of the debt at the beginning of date ¢ + 1 when f,_; < f
equals cA + 1, where cA is the coupon payment and 1 is the principal value, regardless of

whether the debt is repurchased, retired, or held—so long as the firm does not default.
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Given any f; at the end of period t, if the firm experiences a large negative cash flow
shock, Z(f;) < Z41, the firm will default, and the debt-holder will receive nothing; otherwise,
the firm will not default. In the latter case, the debt-holder with a unit of face value will
receive cA + 1, as discussed. Given the probability of the cash flow shock, the price of debt
at the end of period t is

P(f;) =exp(—rA) (1= @ (Z(f1))) (cA+1). (16)

By Equation , f and ¢ play important roles in determining the debt price. f, which
is the bankruptcy threshold, determines how likely the firm is to receive the next period’s
payments through Z( ft“L ), and ¢, which is the coupon rate, determines the amount of payment,
given there is no default. Let us denote Q1(f,c) = P (%) to explicitly express how f and ¢
impact the debt price when the firm has ¢ debt outstanding at the end of the period. Given

P (%) =1, f and ¢ must necessarily satisfy the following relationship:

O1(F, ¢) = exp(—rA) (1 — P (z (9))) (cA+1)=1. (17)

c
Supporting Condition for Optimal Default

This supporting condition rewrites Equation . By plugging the conjectured debt issuance
strategy and the conjectured debt-holder’s strategy into the left-hand side of Equa-
tion , we obtain the following expression, which crucially depends on f and ¢:

Qu(F.) = (5 —exp(~£A)]) — (7 — rmin (a.cf) +ef) A= (1~ exp(~€A) [+ V" (7))
= — (7 — 7min (a, cf) —{-cf)A—}—%—f-{-Vj (%)
(18)

The quantity Qa(f,c) carries strong economic meaning. It represents the value of the firm
when it chooses not to default and adjusts its debt to the level 2, starting from an initial
debt level of f.

e The term — (T — 7 min (a, cf)) A captures the tax burden incurred this period.

e The term —cfA represents the instantaneous coupon payment on the existing debt
level f.

e The term 2 — f reflects the payment associated with adjusting the debt level.

e Finally, V" (%) denotes the continuation value of the firm at the end of the period.
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Since f is the threshold at which the firm is indifferent between defaulting and continuing,

this value must equal zero:

Qg(f,c):—(T—Tmin(a,cf)—|—cf)A—|—%—f—|—Ve+(%):0. (19)

This gives us the second supporting condition.
Determination of V,"(-): Notice that Equation crucially depends on V_ (%), which
is endogenously determined in equilibrium. Specifically, by Equations and @, for any

fi7, we can write V" (f;") in the following recursive forms:

V) = e (-ra)a [ " H(Ze)H(Zs1) AT

o0

+exp (—rd) A ~79(Zs) + T min{cf;, ag(Ze)} = of) 6(Zer1)dZsi

Z(f1) (

+ exp (—TA)

)

oo o N -
_f+/ P Zer1)dZery + (T Vel D / 9(Zes1)$(Ziy1)dZ
¢ 25 (Zi11)dZs 41 (C e(c)) 24 (Z141)O(Zt41)d 2111

(20)

where ¢(+) represents the density function of a standard normal distribution. To interpret the
equation, the first line represents the firm’s pre-tax income for the next period, the second
line represents the firm’s tax and coupon payments, and the third line represents the firm’s

payoff from debt level adjustment and its future continuation value.

Let us define . )
c o
450~z (o (5) = (- 5) 2)

to represent the cash flow shock such that ¢ ft+ = ag(Zi41), and

Z(f;") = max{Z:(f;"), Z(f;")}

to better capture the tax shield calculation.
Therefore, the firm is going to default if it experiences a negative cash flow Z;11 < Z(f;");

it collects a tax shield ag(Z41) if Ziy1 € (Z(f;r), Z(f;7)|; and it collects a tax shield 7 f;" if
Ziy1 > Z(ft+>
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By properties of the normal distribution, we have:

VE(S) =exp (—rA) | Aexp(u) — TAexp(ud) [1 = @ (Z(f) — ov/A )|

+ raA exp(pA) [cp (Z(fj) - NZ) —® (Z(f;) - a\/ﬁ)}
+reff A L= (Z()] = (efif a+ 1) [1 - @ (2(5))]

[z e (2t [0 (2571 o))

(21)

To interpret each term in Equation :
o Aexp(uA) represents the expected cash flow next period.

o —7Aexp(uA) [1 - o (Z(f;‘) — U\/Z)} represents the expected tax payment (without
tax shield).

o TaA exp(uA) [fl) (Z(f;r) - O'\/Z) - o (Z(f;r) - 0\/5)} +refit A {1 - (Z(fzf))} rep-

resents the expected tax shield.
e — ft+A [1 - (Z ( ftJr ))] represents the expected coupon payment.

o —fT[1—=2(Z(f"))] + Lexp(ul) [1 -0 (Z(f;r) - a\/Z)} represents the expected

payoff from debt level changes (maturing, repurchase, or issuance).
o V7 (2)exp(uA) [1 - o (Z(fj) - O’\/Z)] represents the expected continuation value.
Plugging f;” = ¢ into Equation (21)), we can derive V" (2):

Loy _ exp(—rA)
v (%) 1—exp(~(r—w)a) [1-@ (2 (2) - oVA)]

Aexp(uA) — TAexp(ul) [1 - (Z <%> - U@)]
+ TaA exp(pd) [CD (Z (%) - gﬂ) — P (Z (%) _ aﬂ)} (22)

rrad[1-e (2 ()] - (o +5) 1= (#(3))]

+ Sexp(ud) [1- @ (2(2) —oVa)]

c

In addition, we derive the value of lima o V" (£), lim7_o V;" (2), and lim7_, V.t (2) in

Lemma [I These results will be useful in the following analysis. To simplify the expressions,
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we define the following notations:

1
VA0 ::7(1—7'4-7'04—044‘%#),
r— i c

VT 0(c) i= exp(—(r — p)A)A,
and

f—o0 L exp(—?“A)
V) = i = A

- %(1 +cA) + %exp(,u,A)]

[exp (LA)A — 7(1 — a) exp(LA)A

Lemma 1. For any f > 2, lima_,o V' (2) = V,F270%c). In addition, limg o Vo" (9) =

V;’f_’O(c), which is positive, and limj_, . V¥ (2) = ‘/é+f_>oo(c)7 which is bounded.

Existence of (f,c) Satisfying Two Supporting Conditions

Now, we need to establish that there exist (f,c) such that two supporting conditions, Equa-
tions and , hold.

First, we show that for any c satisfying Assumption |1} there exists a function f@1(c) such
that (1 (c),c) satisfies Equation (I7). The intuition is that, given Assumption [l the firm
receives a coupon payment larger than the discounting factor, making the present value of
the debt strictly greater than the face value in the absence of default risk. In this scenario,
if the default boundary f is very high, the firm is highly unlikely to default, approximating
a no-default situation and resulting in a higher expected present value than the face value.
Conversely, if the default boundary f is very low, the firm is highly likely to default, rendering
the debt nearly worthless and leading to an expected present value significantly below the
face value. To satisfy Equation , there exists an intermediate f representing a moderate
default risk, ensuring that the expected present value precisely equals the face value. Given
the continuity of Q1(f,¢), f?'(c) can be constructed as continuous.

Second, when A is not large, we show that for any ¢, there exists a function f%2(c) such
that (f92(c),c) satisfies Equation (I9). In this case, when the debt level is low, the firm
has a manageable debt burden, resulting in a continuation value that exceeds its liabilities,
including both taxes and debt, thus dissuading default. Conversely, when the debt level
is high, the firm faces a significant debt burden, which incentivizes default. Consequently,
there exists a medium level of debt burden f®2(c) at which the firm is indifferent between
defaulting and continuing operations. Given the continuity of Q2(f,c), f@2(c) can also be
constructed as continuous.

Therefore, as long as we can have a ¢ > ¢ such that f@1(c) = f%2(c), this ¢ and f :=
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@1 (c) = f?(c) will satisfy both supporting conditions. We show that such a ¢ exists when
A is close to zero. The intuition is as follows:

First, when A — 0, f92(c) — £ + V,;7270(c). This is because the firm needs to retire
f@2(c) — 2 amount of debt and gains a continuation value converging to V,"27%(c). The
instantaneous payments of tax and coupon are negligible since each time period is very short.
Consequently, the firm breaks even at f92(c) — ¢ 4+ V,F270(c) > 2.

Second, given a small A, f@1(c) rapidly decreases from infinity to e

as ¢ increases from
¢. This is because, when c slightly exceeds ¢, the firm must have a significant probability of
default for Equation to hold. In this case, with A being very small and the probability
of any large shock approaching zero, the default boundary le(c) should approximate < to
ensure the firm defaults with a significant probability. On the other hand, when c is nearly
equal to ¢, making the present value of debt almost equal to the face value in the absence of
default, the default boundary f%!(c) must be very large to ensure minimal default risk and
uphold Equation .

Given that f92(c) converges to ¢ + V,;F279(c) and f9(c) rapidly decreases from infinity
to ¢ when ¢ > ¢, f@1(c) must intersect with f%2(c) for some ¢ > ¢ This implies that we can
find (f, c) satisfying both Equations and when A is small.

The above intuition is illustrated in Figure In this figure, the blue line represents f@(c),
while the green line represents f@2(c). The blue line decreases rapidly from infinity, whereas
the green line decreases much more gradually. Consequently, they intersect at the point
(26.143,0.05143).

Lemma 2. We can find A such that for any A < A, there exists (f,c) such that the two
supporting conditions, Equations and , hold.

3.3 Equilibrium Verification

In this section, we are going to verify that as long as (f, c) satisfy the supporting conditions,
the conjectured strategies indeed constitute an equilibrium. We establish this result by
verifying the equilibrium conditions in each period through backward induction.

First, the firm’s conjectured default strategy in Equation satisfies the optimality
condition given in Equation . This follows directly from the conjectured form: the firm
will not default if and only if its required payment is smaller than its continuation value,
thereby confirming the strategy’s optimality.

Second, the debt-holders’ strategy satisfies the optimality condition given in Equation ,
as implied by the debt price function in Equation and the supporting condition in
Equation . Specifically, Equation shows that the debt price is decreasing in ft+,

since a higher debt ratio increases the likelihood of default in the next period. Together
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Existence of Two Necessary Conditions
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Figure 1: This figure demonstrates that there exists a pair (f, c) satisfying Equa-
tions and . The parameters used are: p = 0.02, ¢ = 0.4, r = 0.05,
7=0.21,a=0.3,and A = 1.

with Equation , it follows that if ftJr > 2, the debt price is less than 1; if ft+ < 2, the
debt price exceeds 1; and if f," = <, the debt price is exactly 1. When the post-adjustment
debt ratio f;g < 2, debt-holders anticipate that the firm will not default. In this case,
the final debt ratio at the end of the period remains f;" = ;’; , since the demand clause is
not exercised according to the equilibrium strategy. Consequently, the debt price satisfies
P(f") = P(ft) > P (%) = 1, which justifies the debt-holders’ decision not to exercise the
demand clause and instead hold the debt to receive its full value. In contrast, when ,;; > 2,
debt-holders understand that, under the equilibrium strategy, the effective debt ratio at the
end of the period—after the exercise of the demand clause—will be reduced to 2. If the
firm does not default, the debt price equals P (%) = 1, matching the face value. If the firm
defaults, the debt-holders receive nothing regardless of whether they hold or redeem the debt.
Therefore, they are indifferent between exercising the demand clause or not, justifying the
conjectured mixed strategy.

Third, we verify that the firm’s debt issuance strategy satisfies the optimality condi-
tion stated in Equation ([11)).

To begin, consider the non-default region, where f,” < f. In this case, the firm is expected

to maintain a debt level equal to %. We first show that the firm cannot profitably deviate by
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underissuing or overrepurchasing debt—that is, choosing

%<%—waMﬁ

is not profitable. Specifically, such a deviation is dominated by the equilibrium strategy

W) =5 —exp(—EA)

in the limit as A — 0. The intuition is as follows: choosing a debt level that is too low reduces
the firm’s tax-shield benefits. Meanwhile, as A — 0, the probability of a sufficiently large
shock that would trigger bankruptcy becomes negligible. Therefore, the gain from reducing
expected bankruptcy costs by having less debt is minimal, while the loss in tax benefits
becomes relatively more significant. As a result, having too little debt—that is, choosing
~¢ strictly below the conjectured strategy—is suboptimal. We formalize this argument in

Lemma Bl

o

Lemma 3. When f; < f, the firm cannot benefit from a deviation where vy < < -
exp(—&A)f; as A — 0.

Meanwhile, overissuing or underrepurchasing debt in this case is also suboptimal. That
is, choosing

%>%—WMfMﬁ’

is not profitable. In this case, the debt-holders will exercise the demandable clause and put the
debt back to the firm. If the firm does not default after this deviation, the demandable clause
effectively un-levers the excessive leverage, rendering the deviation irrelevant. If the firm
does default following the deviation, it receives nothing, since the debt-holders—rationally
anticipating default—will not pay for the newly issued debt, and the continuation value of
the firm drops to zero. Since the firm’s value was positive prior to the deviation, such a
deviation is not profitable.

Now, let us consider the default region, where f,~ > f. In this region, the firm will
default and receive zero under its equilibrium strategy. If the firm does not default after the
deviation, debt-holders, rationally anticipating non-default, will price the debt accordingly,
implying a high debt price. Given the debt-holders’ strategy, the firm must adjust the debt
level from f;~ to weakly below 2 following the deviation—either through debt repurchase,
debt maturing, or put-back from the demandable clause—all of which are costly. Together
with the definition of the default boundary, the firm receives a negative payoff from such an
action. Therefore, this deviation is not profitable. If the firm still defaults after the deviation,

then as discussed in the previous paragraph, the firm again receives zero from the deviation.
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Thus, this deviation is also not profitable. We formalize this argument in Lemma [4]

Lemma 4. As A — 0, the firm cannot profit from any deviation -~ from the equilibrium

1ssuance strategy.

Since all the proposed strategies are shown to be optimal, we establish that they collectively

form an equilibrium.

Proposition 1. The strategies outlined in Section[3.1] constitute an equilibrium when A — 0.

4 Discussion

The demand clause serves as an important tool to discipline the firm from accumulating
excessive debt. The intuition is that if the firm holds an excessive amount of debt exceeding
the targeted debt level, the debt-holders will immediately exercise the demand clause, forcing
the firm to repay and subsequently retire the excess debt. This mechanism helps break the
leverage ratchet effect, where the debt ratio continues to increase. There are two important
issues to discuss. First, whether the demand clause requires strong conditions to implement,
challenging the notion that the firm has no dynamic commitment power. Second, whether
the demand clause enhances the firm’s welfare, making the firm willing to adopt this clause

from the outset.

4.1 Implementation Conditions

To effectively implement the demand clause, two key conditions must be met. First, debt-
holders need to observe the firm’s debt ratio. Second, debt-holders must have the ability to
request repayment, and if the firm refuses, it must face bankruptcy. Both of these implemen-
tation conditions are widely assumed in the literature on debt pricing.

The first condition, that debt-holders can observe the debt ratio, is necessary for the
market to competitively price the debt based on this ratio. If debt-holders cannot observe
the debt ratio, they can no longer base their bids on it, and there would be no market forces
to ensure the debt price reflects its true present value.

The second condition, allowing debt-holders to request repayment and impose bankruptcy
if denied, parallels the situation where debt-holders can demand coupon and principal pay-
ments when the debt matures, leading to bankruptcy if the request is rejected. This condition
is essential for the debt to have any value, as without it, the firm could avoid repayment with-
out consequence, making it difficult to incentivize repayment of any debt.

Thus, the demand clause can be implemented as long as we have a well-functioning debt

market where the debt is fairly priced, and the firm is disciplined by the threat of bankruptcy,
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both of which are commonly assumed in the literature.

From a practical perspective, demand clauses are widely used in reality. For example,
depositors can withdraw their deposits at any time. They are likely to do so when they
observe negative news about the bank, and the bank does not manage the situation properly,

a scenario predicted by our equilibrium (as an off-equilibrium path action).

4.2 Welfare Analysis

As argued in the Leverage Ratchet effect, the firm loses a significant amount of equity value
when it cannot restrain itself from issuing more debt. The intuition is that the firm incurs
excessive bankruptcy costs as it continues to increase its leverage. For example, [DeMarzo
and He (2021) argues that equity holders do not benefit from issuing additional debt. The
equity value without any commitment power is essentially the same as if the firm could not
issue any debt.

In contrast, in the equilibrium we have constructed with the demand clause, we show that
the equity value asymptotically achieves the equity value as if the firm had full commitment

power when A — 0.

4.2.1 Asymptotic Equity Value with Full Commitment Power

Given any A < A, let us denote (f,c) satisfy two necessary conditions as (f(A),c(A)). By
our construction of f@2(c), we have f(A) — ) +VFA70(¢(A)), when A — 0. This implies
that f(A) > ﬁ. By Equation (L7)), we have ¢(A) — r when A — 0. Figure [2| illustrates
the convergence of ¢c(A) to r as A approaches zero.

Lemma 5. We have lima_,oc(A) =7 and ima_ f(A) = ¢ + VF220(r).

As a result, the equity value given f;" = ﬁ — & can be calculated as:

e () - e

Proposition 2. As A — 0, the firm value with demandable debt converges to #, which
represents the firm value with full tax shield benefits and zero bankruptcy costs in the limit.

More specifically, the equity holders receive o in cash from the demandable debt issuance, and

i v (0 )2 lz(=ar o
A0 c(A) r— r

as the remaining equity.
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Coupon Rate as Time Interval Shrinks
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Figure 2: This figure demonstrates how ¢(A) converges to r when A converges to
0. The parameters used are: u = 0.02, o = 0.4, r = 0.05, 7 = 0.21, and o = 0.3.

Notice that w represents the present value of all future after-tax income along with
the tax shield per unit of current cash flow, and 2 represents the value of debt per unit of
current cash flow. Because the firm can adjust its debt level frequently and adheres to the
targeted debt ratio ¢ — <, it can fully capture the tax shield and asymptotically avoid any
possibility of default. Figure [3] depicts how the default probability converges to zero when A
converges to 0.

Given that the initial amount of debt is issued at par value, according to our first necessary
condition, Equation , the equity holders receive %
the equity value as if the firm could commit to maintaining the debt level, fully achieving the

Xy from this firm, which equals

tax shield, and never defaulting. Figured|illustrates how the firm value with demandable debt
converges to the firm value as if the firm possesses full commitment power when A approaches
zero. The blue line represents the firm’s value under our mechanism with demandable debt. In
contrast, the green line illustrates the firm’s value assuming full commitment power, enabling
the firm to fully capture the tax shield benefits while incurring zero bankruptcy costs, as
derived in Proposition

Since the equity value is higher with the demand clause, the firm will optimally adopt the

demand clause from the outset.
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Default Probability as Time Interval Shrinks
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Figure 3: This figure demonstrates how the default probability converges to zero
when A converges to 0. The parameters used are: u = 0.02, 0 = 0.4, r = 0.05,
7=20.21, and a = 0.3.

4.2.2 Frequent Issuance of Debt

In the literature, the ability to frequently issue debt typically leads to a significant commit-
ment problem and destroys firm value. As a result, if the firm can trade more frequently, it
tends to lose more value, similar to the implications of the Coase Conjecture. However, this
is not the case in our model.

In our case, the firm can credibly adjust its leverage ratio to the targeted debt ratio
% provided the debt ratio remains below the default threshold. Thus, frequent trading
actually works in the firm’s favor. Specifically, if the firm can trade very frequently, it can
immediately respond to any cash flow shocks before those shocks accumulate. That is, when
the firm experiences a positive cash flow shock, it can increase its leverage to maximize the
tax shield benefit. Conversely, if the firm experiences a negative cash flow shock, it can
immediately decrease its leverage before the negative shock becomes too large for the firm to
handle comfortably. In the limit of continuous trading, the bankruptcy probability converges
to zero. Consequently, the firm can fully capture tax shield advantages without incurring
default costs, achieving first-best efficiency.

This idea that the frequency of trading enhances efficiency is also discussed in the literature

on market completeness, such as Kreps| (1982)) and Duffie and Huang| (1985)).
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Firm Value as Time Interval Shrinks
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Figure 4: This figure demonstrates how the firm value with demandable debt
converges to the firm value as if the firm has the full commitment power when A
converges to 0. The parameters used are: g = 0.02, 0 = 0.4, r = 0.05, 7 = 0.21,
and a = 0.3, and Xy = 1.

5 Conclusion

This paper has shown that demandable debt is an effective mechanism for addressing the
leverage ratchet effect. By incorporating a demand clause, debt-holders gain the ability to
discipline the firm, ensuring that the debt ratio remains within targeted levels and default
risks are minimized. This approach enables firms to secure tax shield benefits while reducing
the likelihood of excessive bankruptcy costs, thereby approximating the optimal outcomes
obtained in full commitment scenarios.

Moreover, our findings indicate that demandable debt can be implemented under condi-
tions that are already standard in the existing literature. This insight suggests a potential
evolution in how firms and regulators approach the structure of debt. Given that our re-
sults demonstrate the potential for firms to enhance their welfare through the adoption of
demandable debt, such a shift could be driven by market forces.

Future research should focus on empirical evaluations of demandable debt’s effectiveness.
Additionally, examining variations of the model across different economic contexts would help

determine its broader applicability and potential impact.
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6 Proofs

6.1 Math Preparation

In this paper, we focus on normally distributed shocks, which are widely adopted in the
literature. These shocks have very nice analytical properties that serve as an important tool
to smooth our analysis. Additionally, they converge to a geometric Brownian motion as the
length of each period, A, converges to zero. This implies that it becomes increasingly unlikely
to experience a large shock within one period as A shrinks, providing the firm an opportunity
to adjust its debt level and absorb the shock. As a result, we can asymptotically achieve the
equity value as if the firm had full commitment power.
By the property of normal distribution, for any = > 0, we have 1-®(x) € ((1 — %)ﬂ, M)

xT T x

As a result, for any x — oo, we could write

|- o) = 2@ (1 + 0(3312)> , (24)

T

where the notation O(x—lg) refers to an order of magnitude in terms of the variable x—g Simi-

larly, for any * — —o0, we could write

o) =~ (14 00). (25)

Let us consider the case where f; > fo. When A — 0, we have

= 2 (B (- 2) ) = ()L (o) va
PR CUAE R T T oA\ CR) e\

(26)
In addition, we have
- 9(Z(fi,f) .1 Z (1, f2)? 1 _
A R f) D A = e (‘ 2 ) 7 Y (27)

Q(Z(f1,f2))
A

As a result, we have lima_,q = 0. By the same logic, we have for any constant A,

im0 PEULEIAVE) _

In addition, if there exists any C' > 0 such that

f

< 5
1+C

olQ

(Z(f1,f2)) (Z(f1,f2)+AVA)
A A

we have lima_yg converges to 0 uniformly. This is true for lima_,q



as well.

With a slight abuse of notation, we define

O(f2) =2 (Z(f1,f2)),

and

¢(f2) = ¢ (Z(f1, f2)),

The derivative of ®(f2) with respect to fs is given by

00(f) _ o0 11
8f2 - ¢(f2) U\/Z f2’
and the derivative of % is
0 (2(fo) 1 1
8f2( A >_¢(f2)0'A3/2f2

Therefore, we have

_0P(f2) _ 0 (e(fa)) _
A e O ilinoah( A )‘0'

For any f1 > fo > f4, by Rolle’s Theorem, there exists some f} € [f}, f2] such that

_ 0%(f7)

B(12) @) = g

e, M0 (WD) g

Hence, we conclude that

[ D(f
o) —0(fy) TR
f2— f3 ’ f2a— f3 ’

uniformly as A — 0.

Similarly, for any fixed constant A, we have

@ (Z(f1, o) + AVE) — & (2(f1, ) + AVA)

— 0,
fa—1fs
(Z(f1.f2)+AVA)  B(Z(J1,f5)+AVA)
A A
— 0,
fo— 1y

uniformly as A — 0.
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6.2 Proof of Lemma 1

Let us first derive lima_,o V," (%) given any ¢ and f such that f > <. Let us decompose
lima 0 V" (%) into several different terms. The first term is

exp (—rA) A 1 7 (28)

A0 _exp (—(r — p)A) [1—@(Z (%)—a\/ﬁ)} T

which resembles the cap rate in a perpetuity formula.

The second term is

C

s raep(ua) [0 (2(2) - oVE) -8 (2 (%) - ovE)|

craien ()] -a[-2 ()

=1-7(1-0a)—a,

iiino <exp(uA) — 1exp(ud) [1 - o (Z (g) -0 A)}

which represents the after-tax income and coupon payment for the initial outstanding debt.

The last term is

bz (-3 (-2 (2(9)] + Semtuar [1-2 (2(3) - ovE)])
= Jm, 5 (-5 + o) =

(30)

which represents the value collected from issuing debt because the firm grows. In addition,

all three terms converge uniformly when ¢ > r and ¢ < I with some C' > 0.

1+C
As a result, we have lima_,o V" (2) = I/Y;_A_)O(C) = Tiu (1-7+7a—a+%u). The
convergence is uniform for ¢ > r and ¢ < 1—%0 with some C' > 0.

The derivations for limy_,, V.* (%), and limg, V. (2) can be directly completed from
the given functions. The steps are straightforward and are left as an exercise to the reader

to verify.

6.3 Proof of Lemma [2

In this section, we prove that there exist (f, ¢) such that two supporting conditions, Equations

and , hold.

First, Q1(f,c) is increasing in both f and c¢. The intuition is twofold: 1) with a larger
f, the firm will only default after experiencing a more significant negative shock, reducing

the likelihood of default and increasing the probability that debt-holders will be paid; and 2)
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with a larger ¢, debt-holders receive more coupon payments when the firm does not default.

Furthermore, for any c satisfying Assumption [l we have

lim Q1(f,c) = exp(—rA)(cA+1) > 1, lim Qi(f,c)=0.

f—oo f—=0
That is, if f is very large, the firm is unlikely to go bankrupt, and under Assumption [l the
present value of the debt exceeds its face value. Conversely, if f approaches zero, the firm
will almost surely go bankrupt, and the present value of the debt approaches zero. By the
continuity of Q1 (f, c), for any c satisfying Assumption there always exists a f that satisfies
Equation .

As a result, for any ¢ satisfying Assumption [l there exists a function f@!(c) such that
Equation holds for the pair (f?'(c), c). Furthermore, f%!(c) is a decreasing and contin-
uous function of c. Intuitively, to maintain the debt price at 1 when the debt ratio is <, the
firm must be more prone to default as the coupon payment c¢ increases. This ensures that
the expected present value of the debt remains equal to 1.

Second, by Lemma [T we have

lim Q(f,c) = A + = +exp(—(r = mA)A, (31)
which is greater than 0 given any A < A’ for some A’. Intuitively, when f is too small,
implying a small debt burden, the firm should strictly prefer to honor its various liabilities
given f.

By Lemma (1, we have lim , V¥ (2) bounded. As a result,

lim Qq(f,c) — —oo. (32)
f—oo
Intuitively, when f is too large, implying a large debt burden, the firm should strictly prefer
to default.

By continuity of Qa(f,¢), for any ¢, we can define a function f%2(c) such that (f92(c),c)
solves Equation . That is, there exists a medium level f such that the firm is indifferent
between honoring its liabilities and defaulting. In addition, f?2(c) can be continuous in ¢
given the continuity of Qa(f,c).

Now, we will show that Q2(f, ¢) can be constructed to converge to the value ¢ +V"270(c).

To start, for any f and ¢ such that f > 2, we have the limiting equity value:

1
T p

lim V,* (g> = VA0 =

(03
1-— 1— — .
lm v (2) =1 (1—a)a=7)+ 24| >0
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This convergence is uniform for ¢ > r and % < H% with some C' > 0. As a result,

lim Qo(f,0) = = = f+ VA7),

and this convergence is uniform for ¢ > r and ¢ < 14%0 with some C' > 0.

For any ¢ > r and € € (0,3), let us consider f' = 2 + (1 — €)V,"270(c) and f" =

2+ (14 )V, 27%0c). As aresult, f/ > f' > (1+(1- e)riu,u)%, and we have Q2(f,c)
converges to ¢ — f + V7270(c) uniformly in ¢ > r and f € [f’, f’]. This implies that
lima 0 Q2(f',c) = eV;F270%(c) > 0 and lima 0 Q2(f",¢c) = —eV,;F270(c) < 0. As a result,

there exists some A” > 0 such that, for any A < A”, we can construct a continuous function

FEE ) = (5 +0-agVa7), S + 1+ V2700 ).

In order to establish that there exist (f,c) such that two supporting conditions hold, we
just need to show that there exists ¢ such that f@1(c) = f%2(c). We are going to show that
there exists some A such that we can find the qualifying ¢ for any A < A. To show that, we
first establish that f@1(c) > f@2(c) for ¢ close to ¢, and f¥(c) < f%2(c) for much larger c.
Then we conclude that these two functions must intersect.

To be more specific, given any ¢ > r and f = & + SV, F2470(¢/), we have

I
Alino A A—0 A

Quf.d) -1 exp(-rA) (A +1) — 1 (1-2(2(2))) - tm ®(2(2))

c A—0 A

=cd —r>0.

Therefore, for any ¢’ > r, we can have A(¢’) such that for any A < A(c/), Assumption [1]is
satisfied and
FQ1( .t @ 1 +A—=0/ / @ +A—0/ 4 Qo
FO) < & QU < S g (1= VA < ),
Intuitively, when A — 0, f@1(¢/) should be very close to 7. Otherwise, given that it is very
unlikely to have a large negative shock and ¢’ > r, the present value of the debt is larger than
1. On the other hand, f@2(c/) converges to & + V,"27%(¢/). Therefore, f92(c/) > f91(c).
In addition, Qi(f,¢) < 1 for any f and A. Therefore, for any A < A(¢) and f =

& 4 2V FA20(p), we can find ¢ — € such that Q1 (f,c”) < 1. As a result, we have

«

FO) > 24 SV > Sk (L V) > o),
T C

Intuitively, when ¢’ — ¢, the firm should be very unlikely to default to keep the present value
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of debt equal to 1. In this case f@!(¢”) should be way larger than f%2(c”) which is close to
% 4 VJA%O(C//).

By the continuity of f@!(c) and f@2(c), we can have ¢ € (¢”, ¢/) such that f@1(c) = f@2(c).
As a result, we can find A such that for any A < A, there exists (f,c) such that Equations

and hold.

6.4 Proof of Lemma [3]

By deviating to v < v(f; ) = € —exp(—£A)f;, the firm alters its payoff through changes in
the debt issuance/repurchase component and its continuation value. Other components—such
as coupon payments, tax obligations, and maturing debt payments at that period—remain
unaffected by the new debt level. As a result, we focus on the components of the payoff that

are impacted by the deviation:
WP(f) + Vi (£5) = yeexp(—rA) [1 =@ (Z(£1))] (cA + 1)

+ exp (—rA)

Aexp(pA) — TAexp(pA) [1 ) (Z(f;;) — o'\/Z)j|
+7A /Zi;t) min (cf,Z,aXt-H) O Z141)d 21 — (cf;;A + ;g) [1 - P (Z( ;))]

[z e (2ot [0 (257105

=exp (—rA)

Aexp(pA) — TAexp(uA) [1 - (Z(f,;g) — aﬂ)}
T+ A /oo min (cff, aXi11) ¢(Ziy1)dZig1 — (A + 1) exp(—=EA) fi [1— @ (Z(f))]
Z(f4,)

[z e (2ot [0 (2571 o)

(33)
Similarly, by adopting the equilibrium strategy v(f; ), the firm gets the according value
«@ «
OP(2) v Q)
’V(ft ) c + e c

Let us calculate the difference of the firm’s value between adopting v(f; ) and ~; and

normalize the difference. That is,
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It is important to carefully calculate the change in the tax-shield term.

TA o )mln (o, aXyy1) O(Zys1)dZp 1 — TA/ min (cf:{t,aXtH) O (Zy41)d 241
Z f’Yi
z(3)
=-TA min (c¢f, aXip1) ¢(Zep1)d 2

Z(fwt)
o0
+ TA/ [aXy1 —min (¢f, aXi1)] ¢(Ziy1)dZgn + TA/ - (a—cf}) ¢(Ziy1)dZ s
Zo(2

—TA Cf%(ﬁ(Zt—kl)dZt—&-l + TA/ Ck — Cf,j;) ¢(Zt+1)dZt+1
Z(f5,)
(%

= rer; (¥ (2(2)) N (2) 7 - er) (1- ¥ (2(2)).

After normalization, we have

Ao (N(Z(2) - N(ZU) . rA(a—ef) (=N (Z(2) _re
A=0 A2 =1 T AS0 A2 —fh) 2

alR

In addition, we have

; —7Aexp(pA) [1 - ® ( () - ofﬂ + 7Aexp(uA) [ (Z(fvt) — a\/Z)}
= A(E-H)

o (2(2)~ovVA) - (2(f5) - oVA)
—f

SN—

=0,

+

= i A
lim 7exp(pA)

olR
2
3

—(cA+1)exp(—EA) f; [1 — ( (%))] + (cA + 1) exp(—EA) f; [1 —® (Z(f,j;))]

Ay A (% - f)
L e
and
e o 1-0(Z(2)—ovVA ®(Z(/5) —ovA
f [T v (c)}e’q’(*‘m( ( >(>c —<f%) 2 )
o o S (Z(f)—ovVA)—@(Z(2)—aVA
= Jim [TV (T) ] ela) Gl A(>fj— fjg() a Lo
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As a result,

lim <
A—0 A (

)~ (P V() e

Therefore, we show that - is dominated by the equilibrium strategy v(f,” ) when A — 0.

6.5 Proof of Lemma [l

When f; < f, the firm gets (=7 + 7min(a,cf; ) —cf; ) A+ 2 — f7 + V5 (2) > 0 by

C
following its equilibrium strategy. If the firm deviates, we have the following cases:

L. If the firm deviates by setting v; > ¢ —exp(—£A)f;, the debt-holders will exercise the
demand clause so that d; = v + exp(—€A)f, — <

c*

(a) If v > (=7 + 7min(a,cfy ) —cff ) A+ 2 — f7 + V" (2), the firm subsequently
default. Anticipating this, the market prices ]5[ = 0 for 4 and therefore, the firm

gets 0 from this deviation, which means that this deviation is not profitable.

(b) If v < (=7 + 7min(a, ef; ) — ef; ) A+2— f7 + V" (2), the firm will not default.
Anticipating this, the market prices ]5{ =1 for ;. As a result, the firm gets
Yo = do+ (=7 + Tmin(,efy) = of7) A+ (exp(—€8) = 1) + Vi (2)

— (—7' + 7min(a, cf; ) — cftf) A+ % —fi + V€+ (%)
from this deviation, which equals its payoff from following the equilibrium strategy.

2. If the firm deviates by setting 73 < € — exp(—£A)f;, then, as shown in Lemma
such a deviation effectively reduces the tax shield benefit without generating sufficient

savings on distress costs as A — 0. As a result, this deviation is not profitable.

When f;” > f, the firm will default and receive zero under its equilibrium strategy. If the

firm deviates, we consider the following cases:

L If v > % — exp(=€A) f;, the debt-holders will exercise the demand clause, and the
payout is dy = 7y + exp(—EA) f; — <.

(a) If v < (=7 +7min(o, cf; ) —cfy ) A+ 2 — f7 + V" (2), the firm will not default

under the equilibrium strategy, and the market prices ]E’t’ =1 for ~;. As a result,
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the firm receives

Y — d + (_7' + 7min(a, cf; ) — Cft_) A + (exp(=€A) - 1) fe + Vj (%)
= (—T + 7min(a, cf; ) — Cft_) A+ % ot V‘j <%> =0,

where the inequality follows from the Supporting Condition for Optimal Default,
Equation . Thus, the deviation is not profitable.

(b) If v > (=74 7min(o, cf; ) —cfy ) A+ 2 — f; + V.7 (2), the firm will default,
and the market prices P/ = 0 for 7;. As a result, the firm receives zero and does

not benefit from the deviation.
2. If vy < 2 —exp(—€A) f;, the debt-holders do not exercise the demand clause, so d; = 0.

(a) If
(_7' +7min(e, cf;) — Cft_) A+(1 — exp(—£A)) fzt_"‘ve+ (exp(—éA)ft_ + 'Yt) >0,

the firm will not default under the equilibrium strategy, and the market prices

P/ =1 for ;. The firm then receives

Ve + (=7 + Tmin(e, ef;) — cf) A+ (exp(—€A) — 1) fi + V& (exp(—=EA) fi + )
< (—7’ + 7min(a, cf; ) — Cf{) A+ % —fi + /88 (%) <0,

where the first inequality follows from a similar calculation as in Lemma (3). Thus,

the deviation is not profitable.

(b) If
(_7' + 7min(a, cfy) - Cft_) A+(1 —exp(—€A)) fy +V.F (exp(—éA)ft_ + ’Yt) <0,

the firm will default under the equilibrium strategy, and the market prices ]5,5’ =0

for 7. As a result, the firm receives zero, and the deviation is not profitable.

6.6 Proof of Lemma [5]

By the proof of Lemma we have lima_,0 f(A) = C&) + VHA20(¢(A)) because of construc-
tion of f%2(c).

In addition, for any & > r, there exists a A such that for all A < A and ¢ > &, Q1(% +
V:+570(¢), ¢) > 1. This implies that for all A < A, ¢(A) € (r,&). As a result, when A — 0,
c(A) = r, and f(A) = 2+ VA0,
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6.7 Proof of Proposition

Given any c¢(A) = r and f(A) = 2+ V;F470(r), we have

) = 1

= - = I — < i (34)

fA)y S+ (0—rt+ra—a+gp) 1475
This implies that

a 1 oY) ( 02)
Z = log — — —— A | = —o0. 35

(o) wx( 2\ ()

Importantly, this converges at the same speed as ﬁ.

As a result, we have the probability of bankruptcy converges to 0 very fast. That is,

Similarly, we have

@ (2 () +AVA)
. c(A) _
lim =0
A—0 A
for any A. As before, we can decompose V" (%) into three parts and derive
_ 1 « 1-(1-a)7 «
] -2 ) = 1— - 2y =
Alglove <C(A)) r—u( THTe a+r,u) = r (36)

In addition, the firm issues ﬁ — o amount of debt at the price of 1 for any unit of the
1-(1—a)7

T—p
In addition, let us denote the firm’s value, given the time period A, when the firm can

cash flow. As a result, the firm value per unit of cash flow is

commit to maintaining a debt level and no default as V¢(A). Since the firm is able to get at

most (1 — (1 — a)7) X;A at time ¢, therefore

V(A)=E {Z (leA)t (1-(1—-a)r) XtA\Xo}

t=1
= "exp(—rAt) (1 — (1 — a)7) Xgexp(uAt)A (37)
t=1

exp ((p—1)A)
1 —exp ((u—r)A)

= (1-(1-a)r)XoA

Therefore, we have

lim ve(a) = L= =) Xo
A—0 r—u
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Therefore, we conclude that the firm asymptotically achieves its full commitment value as

the length of the time period approaches zero.
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