Present Bias and Discount Rate Risk

Abstract

Recent evidence in the psychology literature suggests that individuals’ degree of present
bias is time-varying and increases under stress. We first document, using survey data on
individuals’ expected and realized consumption, predictability in their own consumption
forecast errors consistent with this notion. Next, we consider an asset-pricing model where
a subset of investors has a time-varying degree of present bias. Their presence causes sub-
stantial priced discount-rate risk that has first-order effects on the level and time variation
of asset risk premia. The mechanism is distinct from models with time-varying preference
parameters and from models with biased expectations about aggregate outcomes.
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1 Introduction

Present bias, or hyperbolic discounting, is one of the most widely documented and studied biases
in economics (e.g., Phelps and Pollack 1968; Laibson 1997). Agents that suffer from this bias
value the present too much relative to the future in a time-inconsistent manner. Although present
bias alters consumption—savings choices and hence equilibrium discounting, the prevailing view
is that the bias is not important for understanding standard asset pricing puzzles (e.g., Luttmer
and Mariotti 2003).

We incorporate recent experimental and neuroscientific findings on present bias into a stan-
dard asset-pricing framework and show that present bias has first-order effects on the level and
variation of asset risk premia. First, we model the degree of present bias and agents’ abil-
ity to forecast their future tastes as time-varying. Evidence from neuroscience and psychology
shows that stress impairs individuals’ executive functions (planning and self-control), amplify-
ing present-biased behavior (Arnsten 2009; Sapolsky 2017). Consequently, shifts in economic or
technological conditions, recessions, and traumatic events can exacerbate cognitive distortions,
raising present bias. Second, we assume that agents recognize others’ time inconsistency but
not their own, consistent with Fedyk (2025). This misperception generates forecast errors about
their own future consumption, which allows us to calibrate the time variation in bias using survey
data.

Our first contribution is empirical. We show that individuals’ expectations about their own
consumption growth display systematic, state-dependent pessimism consistent with time-varying
present bias and time-varying awareness of that bias. To see the link between present bias
awareness (often referred to as partial naiveté) and expectational errors, consider the following.
A present-biased agent overconsumes today. If naive about this bias, the agent forecasts that
future selves will not overconsume; when the future arrives, overconsumption recurs. Thus,
consumption growth forecasts appear pessimistic as expected growth on average is below realized
growth. If stress amplifies this bias, agents will exhibit more pessimistic forecasts of their own
consumption growth in bad times. A fully sophisticated agent anticipates future overconsumption

and therefore does not exhibit systematically pessismistic forecasts.



We test for systematic forecast errors using the New York Fed’s Survey of Consumer Expecta-
tions (SCE). The SCE provides roughly ten years of panel data with individual-level expectations
and realizations of real consumption growth. These data allow a direct test of predictability in
individual forecast errors. Under the rational expectations benchmark forecast errors are orthog-
onal to information available at the time of the forecast and thus are not predictable.

Individuals’ realized consumption growth exceeds their own forecasts, yielding an average
annual forecast error of about 2 percentage points. The bias is concentrated among more bias-
susceptible groups, notably those with lower education and income. Using a cross-sectional
difference-in-differences design, we show that forecast pessimism intensifies in periods of economic
stress for these groups, consistent with evidence on stress-induced present bias. For the most
susceptible agents, the average annual error is about 6 percentage points and ranges from 2
to 10 percentage points across stress states; for the least susceptible agents, mean errors are
statistically indistinguishable from zero. The pattern is inconsistent with simple extrapolation,
which would generate both predictably positive and negative forecast errors, whereas we observe
predominantly predictably negative forecast errors.

At first glance, these errors need not imply asset-pricing consequences. The evidence concerns
expectations about own consumption, not aggregates. If agents understand others’ present bias,
they will not misperceive aggregate outcomes or payoffs.! Nevertheless, we show, as a second
contribution of the paper, that this bias gives rise to a novel source of discount rate risks that
can have first-order asset pricing implications.

We first analyze the implications of this bias in the simplest possible setting: agents have log
utility, aggregate consumption is constant, and there is a continuum of agents with time-varying
degree of present bias. At time ¢ an agent assigns probability €, that her ¢ + 1 self remains
present-biased and probability 1 — 6, that from ¢ 4+ 1 onwards she becomes time-consistent with

exponential discounting.? We allow 6, to vary over time and to be common across agents,

'This is not to say the literature has not found evidence of bias in expectations about aggregate outcomes
(see, e.g. Hirshleifer, Li, and Yu 2015; Nagel and Xu 2022), but the effect of naive present-biased agents is on
their individual consumption expectations which is the focus of this paper.

2This modeling choice follows the literature on partial awareness of the present bias, except that we allow the
subjective probability to be time-varying. In particular, the agent displays partial naiveté as in O’Donoghue and
Rabin (2001), Eliaz and Spiegler (2006) and Heidehues and Kd&szegi (2010). In the setting of Eliaz and Spiegler



capturing systematic movements in awareness. Thus, the effect of an increase in 6; is that all
agents believe they are more likely to remain present-biased in the future which raises economy-
wide impatience. In reality, all agents remain present-biased forever.

Even though there is no aggregate risk in this economy, a risk premium on the aggregate
wealth claim arises. The driver is agents’ beliefs about their own future consumption. In real-
ity, all agents consume a constant amount as no agent ever actually switch type. Subjectively,
however, an agent does consider the possibility that they will change type. If an agent were to
become time-consistent next period, she would choose to consume a fixed share of wealth given
the standard log utility preferences; hence, when an unexpected rise in ;,; raises impatience
economy-wide, discount rates rise, asset values fall, and wealth declines. Conditional on switch-
ing, the agent would then consume less because consumption is proportional to wealth. Thus,
the agent subjectively believes that her own consumption growth comoves positively with the
return on aggregate wealth, implying a positive premium on the aggregate claim for markets to
clear. Moreover, the premium is time-varying as the subjective probability of switching is 1 — 6,.
For example, if 6, = 1, the agent is sure they will not switch type, and therefore the previous
mechanism is not at play so the risk premium is zero. By contrast, conventional hyperbolic
discounting with a constant bias (e.g., Luttmer and Mariotti 2003) and standard time-varying
discounting with rational agents and constant aggregates (e.g., Albuquerque et al. 2016) deliver
risk-neutral pricing in this environment.

The economic mechanism put forth in this paper delivers a novel discount-rate risk. Beyond
this baseline model, we analyze (i) a heterogeneous-agent log-utility economy with a rational
subset that discounts exponentially, and (ii) an overlapping-generations model with Epstein—Zin
preferences and aggregate consumption risk. We also in the online appendix consider a limited-
participation setting in which present-biased agents do not trade equities, and different speci-
fications with time-varying present-bias, including a case where agents are sophisticated about
their bias. The core intuition survives in all environments. Calibrating the level and dynamics of

present bias to the survey evidence, even a small wealth share of present-biased agents generates

(2006) agents with § = 0 are defined as fully naive, while agents with § = 1 are sophisticated.



large, priced discount-rate risk and improves the fit for the equity premium, excess volatility, the
positive slope of the real term structure, and return predictability. Similar asset-pricing results
obtain when present-biased agents are fully sophisticated, although a model with agents that are
sophisticated about their bias cannot account for the survey evidence we document. We conclude
that time-varying present bias is a plausible first-order driver of asset risk premiums.

Related literature. Research on present-biased preferences and hyperbolic (or quasi-hyperbolic)
discounting dates to Strotz (1956) and Laibson (1997). A core prediction is that sophisticated
agents demand illiquidity as a commitment device to curb overconsumption. Recent work refines
this link between present bias and intertemporal choice: Maxted (2025), building on Harris and
Laibson (2013), analyzes consumption and illiquid-asset demand and the welfare implications
in a general consumption—savings environment; Maxted, Laibson, and Moll (2025) show that
present bias amplifies the effect of monetary policy while slowing its transmission. These stud-
ies keep the degree of present bias fixed. Complementary microfoundations can generate state
variation in the strength of present bias. Gabaix and Laibson (2022) model imperfect foresight
in which delayed consequences are harder to anticipate than immediate ones, producing as-if
hyperbolic discounting whose intensity varies across states. Hertzberg (2024) shows that even
time-consistent household members can exhibit overconsumption through a dynamic commons
problem, with stronger incentives to pool savings when intra-household relative-wealth risk is
high. If stress increases imperfect foresight or intra-household risk, these mechanisms rational-
ize time-variation in present bias. Our survey evidence indicates that forecasting one’s future
decisions is harder in bad times.

Our paper also relates to asset-pricing models with present-biased agents. Luttmer and
Mariotti (2003) show that constant present bias does not affect risk premiums. Khapko (2023)
theoretically studies state-dependence in both present bias and risk aversion in a representative
agent setting, where the agent is sophisticated about their bias and does not make forecast
errors. Andries, Eisenbach, and Schmalz (2024) analyze time-inconsistence in risk aversion and
address the term structure of risk premia. Contract-theoretic models with time inconsistency and

partial naiveté examine principal-agent interactions and menu design rather than competitive



asset trading and aggregate price dynamics (e.g., DellaVigna and Malmendier 2004; Eliaz and
Spiegler 2006; Heidhues and Készegi 2010; Gottlieb and Zhang 2021; Citanna and Siconolfi 2022).

The model is also connected to work on time-varying discount-rate risk. In our framework
the driver is not fundamentals (e.g., Bansal and Yaron 2004; Wachter 2013), nor time-varying
or heterogeneous effective preferences at the aggregate level (e.g., Campbell and Cochrane 1999;
Bhamra and Uppal 2009; Albuquerque et al. 2016), nor biased beliefs or learning about aggre-
gates (e.g., Dumas, Kurshev, and Uppal 2009; Collin-Dufresne, Johannes, and Lochstoer 2016;
Nagel and Xu 2022). Instead assets load on agents’ time-varying subjective consumption risk
that arises from shocks to awareness of present bias. Using a general empirical approach, Kozak
and Santosh (2020) document a large negative price of discount-rate risk that helps explain risk
premia across stocks and bonds. Our mechanism is consistent with this factor and reproduces
its negative price of risk.

The rest of the paper is organized as follows. Section 2 presents a log-utility benchmark
that isolates the channel. Section 3 describes the survey evidence on time-varying present bias.
Section 4 develops the overlapping-generations model with Epstein—Zin preferences and aggregate
risk and states equilibrium conditions. Section 5 reports the calibration disciplined by the survey
evidence and the asset-pricing implications. Section 6 discusses robustness to alternative model

assumptions. Section 7 concludes.

2 Model setup and economic channel

Before the full heterogeneous-agent overlapping-generations model with Epstein—Zin utility and
aggregate risk, we study two log-utility benchmarks with no aggregate risk: (i) a representative
present-biased agent and (ii) a heterogeneous-agent economy. These environments isolate the
mechanism. Time variation in the degree of present bias generates discount-rate risk and a
time-varying premium on the aggregate consumption (wealth) claim, even though aggregate
consumption is constant. This channel is absent under conventional hyperbolic discounting with
a constant bias (e.g., Luttmer and Mariotti 2003) and under time-varying discounting with

rational beliefs (e.g., Albuquerque, et al. 2016), which both yield risk-neutral pricing in these



benchmark cases.

2.1 Agents
2.1.1 Time-varying present bias

We consider a continuum of infinitesimal present-biased agents who value current consumption
too much relative to future consumption in a time-inconsistent manner (see Phelps and Pollack
1968; Laibson 1997). Recent literature documents prominent features inherent to an individual
who displays this bias. First, Fedyk (2025) shows empirically that such an individual is aware
of other agents’ bias but is naive about the extent of their own. Second, recent research in
psychology and neuroscience (see Arnsten 2009; Sapolsky 2017) shows that the level of present
bias varies with the state of nature and increases under stress. To model these features we follow

Eliaz and Spiegler (2006) and let the agent have the following preferences:

U, = log(Cy)+ BOES[Upy], where (1)

. Uiiq, if the agent remains present-biased

Eiv1) 52 B710g(Cyi144),  if the agent becomes time-consistent.

Every agent believes that they will remain present-biased and impatient next period with
probability 6; (using discount factor 5d, where § € (0,1) captures the present bias) or become
time consistent and more patient with probability 1 — 6, (using discount factor ). Following the
literature on present-bias, the agent believes that if they become time consistent they will remain
so forever. Importantly, we model the agents as naive about their bias in the sense that in reality
the agent always remains present-biased and never becomes time consistent.® This expectational
error is captured by the subjective expectation E[-] and the fact that 6; < 1 for at least some ¢.

The degree of present bias #; varies over time, but every period it is identical for all individuals,

3In the online appendix we consider the case where the agents are sophisticated about their bias.



capturing the systematic changes in the bias.* The agents have rational expectations about all
other shocks in the economy. With E[-] denoting expectations taken under the true probabilities,

the preferences can be written:®

U = log(Cy) + BOE[0:Upsr + (1 — 6;) i 37 10g(Cry145)]- (2)

J=0

To capture the recent experimental evidence documented by Fedyk (2025), we assume that
agents are not aware of their own bias, but anticipate the bias of others. Hence, every agent
believes that while they individually may become time consistent at ¢ + 1 with probability 1 — 6,,
all other agents remain present-biased with probability 1. Thus, each agent believes aggregate
wealth is unaffected if they turn time consistent, since no one else will. For this reason each agent
¢ understands the actual wealth they will have, W, ,;1, as a function of the aggregate state, even
though they may mispredict their own consumption C; 4. In other words, the fact that agents
are naive about their future type results in expectation errors about their individual consumption
growths, but does not lead to expectation errors about aggregate quantities.

Next, we derive implications for asset prices and the stochastic discount factor in this simple
economy where there is no aggregate risk. The time variation in the agent’s subjective belief
about their own future type, 6; € [0,1], is then the only source of uncertainty in the economy.

For analytical and numerical convenience we assume that 6; can take values 6, where

A
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(3)
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4Eliaz and Spiegler (2006) term this feature partial naiveté and assume a constant 6 that is different for each
individual agent. O’Donoghue and Rabin (2001) model partial naiveté as an underestimation of the individual’s
degree of present bias in the future 5, where 0 < § < § < 1. In the online appendix we consider a case with
time-varying d;.

®Note that, unlike the case where agents are sophisticated about their own bias (e.g., Luttmer and Mariotti,
2001), solving the value function does not involve solving a game between current and future selves.



with transition probability matrix II and individual transition probabilities given by m; =
P01 = éllﬁt = ék) Note that we only consider state-contingent claims for each possible
realization of 0y11, which in this case means that state-contingent claims with payoff 1, (an
indicator that takes the value 1 if 6;,1 = ék and 0 otherwise) are available for all possible states
0), next period. We do not allow claims with payoffs contingent on whether the agent becomes
time consistent®.

Given this process for 6;, we can explore the consumption-savings choice of the agent. In

particular, the agent’s wealth-consumption ratio, ¢, as a function of the possible values for 6;, 8

(see appendix A for derivations), is:

o) = (1-psp@M) " (1+85(1—6)6™). (4)

where D(x) = diag(z) and ¢7¢ = (1 — $)~! is the constant wealth-consumption ratio the agent
would have if she became time consistent. Thus, unlike the standard log utility case, the wealth-
consumption ratio of a TI agent in our model varies over time with the current value of 6;. A
natural assumption is that the 6, process is persistent.” Thus, a high value of 8, means the agent
expects to be impatient also in the near future, whereas a low 6; means the agent believes it
is highly likely they will become time consistent and therefore more patient. Higher patience
pushes the wealth-consumption ratio up as agents are more willing to forego consumption today
relative to the future (i.e. ¢(6;) and 6, are negatively correlated). Through market clearing, this
pushes the price of the consumption claim up and discount rates down.

It may seem that individuals’ time-varying degree of naiveté about their own present-bias
is isomorphic to a model with time-varying (exponential) discounting, as in Albuquerque et al.
(2016). We show in the following that this is not the case. In particular, the stochastic discount

factor reflects the beliefs of the TI agent and therefore is based on a weighted average of the

6Since each agent correctly perceives that the probability of others becoming time consistent is zero, allowing
these claims would lead to arbitrage. Furthermore, if such claims were traded, it is not clear how anyone could
verify that the TT agent in question indeed did remain TI. This is because the agent would have strong incentives
to pretend to be a TC agent if she had bought claims that would pay off in the event she became TC. Thus, the
claims would need to be contracts tailored for each individual to ensure that the individual would always choose
to reveal her type truthfully. Although interesting, this is beyond the scope of this paper.

"We give technical conditions on II in appendix A.



consumption growth in case the agent remains TI or becomes TC next period (see appendix A

for derivations):

C C
or = (g + 100

= 85 (et +(1- 9%(%1)) . (5)

For intuition, consider an infinitesimal agent ¢. Today this agent faces the same problem as
all other agents and will in equilibrium choose to hold the consumption claim. The agent’s wealth
next period will therefore be proportional to aggregate wealth. The agent correctly understands
that all other agents will remain present-biased next period and that they in equilibrium will
choose consumption proportional to aggregate consumption. Thus, if she remains present-biased,
which she believes will happen with probability 6;, her consumption growth is the same as
ol

-1 — 18 However, if she becomes time consistent,

that of the other agents and equal to o

which she (wrongly) believes will happen with probability 1 — 6;, her ¢ + 1 consumption will
TC
t+1

e = §(0r11)/07C < 1.

Since ¢(6;11) and 0y, are negatively correlated, a positive shock to 0, is associated with high

be CLG = Wi11/¢"¢. Her consumption growth can then be written

marginal utility for this agent. On the other hand, the return on aggregate wealth decreases with

Ory1:

P(Or41)
RC,t—i—l - W—i__l (6)

In sum, the agent believes that with probability 1 — 6; her next period consumption growth will
be low and her marginal utility will be high, exactly when the return to aggregate wealth Rc 41
is low. This risk is reflected in the above pricing kernel via the term (1 — et)qsg%i) as every
agent has the same subjective beliefs 6;. Since the return on the consumption claim is negatively
correlated with the pricing kernel, a positive aggregate risk premium arises even though there is

no aggregate consumption risk.

8Recall that aggregate consumption is assumed constant in this section, and thus aggregate consumption
growth equals 1.



Furthermore, observe that the risk premium will be time-varying. To see this, it is enough
to consider two cases: 6, = 1 and 6; = 0. In the first case, each agent correctly understands
that they will remain present-biased next period and therefore faces no consumption risk. As a
consequence, when ¢; = 1, the dependence on ¢(6;1) drops out and there is no risk premium. On
the other hand, when 6, = 0, each agent is sure they will become time consistent next period and
that their consumption growth will be perfectly correlated with the return on the consumption
claim, which gives rise to a positive risk premium. More generally, the risk premium will be
positive if and only if 8; < 1.

This novel discount rate risk is generated by the time-varying present bias of the agent.
When 6 is constant, as in the conventional hyperbolic discounting case, the wealth-consumption
ratio is constant, resulting in risk-neutral pricing and no additional risk due to present bias.
Next, we show that the economic channel causing discount rate risk is distinct from the case

with time-consistent agents with time-varying degree of exponential discounting.

2.1.2 Time-varying discounting

As a benchmark, we consider a model with time-varying, but time-consistent, exponential dis-

counting similar to Albuquerque, et al. (2016). The continuum of agents have preferences:
Ul =1og(Cy) + 5tEt[UEi-‘ﬂa (7)

where we assume that (; follows a similar process to #; and can take values B = (Bl, o BK>/,
with transition probability matrix IIs.

In contrast to the present-biased agents, this agent has rational expectations about future
discounting and does not make predictable forecast errors about her own future consumption
growth. The wealth-consumption ratio only depends on the current f3; (see online appendix for

derivations):

V(B = (1- D)) 1 8

The stochastic discount factor with these preferences is M;,; = [,Cy/Cy11. With constant
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aggregate consumption, the stochastic discount factor is simply M;,; = (;, which implies risk-
neutral pricing. The returns to the consumption claim are not constant, however, as the risk-free
rate is time-varying:

oV (B,
Rowi — WA )

Nevertheless, this variation in discount rates is not priced in this case. Intuitively, in an economy
with a continuum of agents that apply standard time-varying discounting, each agent is rational
and understands that their consumption will be the same as that of all other agents. In the
absence of aggregate risk, this consumption is risk-free, and therefore the agent does not require

a risk premium.

2.1.3 Individual consumption growth expectations

As discussed above, an individual present-biased agent i believes she will become time consistent
with probability 1 —#6;, but also believes no other agent will change type. In reality, the agent al-
ways remains present-biased. This leads to predictable forecast errors in individual consumption
growth. In particular, following the earlier discussion, under agent i’s beliefs their consumption

growth forecast can be written as:

P (S ) = 00 14 (- 00 x Bl 600100 /07 (10

Since her actual consumption growth simply equals 1, the expected consumption growth

forecast error is:

| Gt - me (Gt ) | = - 0 (- B ot /7). (1)

In words, since ¢(6,41) < ¢7¢ (see appendix A) forecast errors are predictably positive, which
implies that agents are too pessimistic about their own future consumption. Based on the
expression, we can see that the forecast error is driven by two channels. First, higher 6, lowers

forecast errors, keeping E, [¢(0;,1)] constant, as the agent becomes more aware of her true future
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type. Second, forecast errors are decreasing in E,; [¢(0;,1)], keeping 6; constant: since ¢(6;) is
decreasing in 0y, E; [¢(0:11)] is decreasing in 6, if ¢(6;) is persistent. The expected forecast error
is 0 only if 6§, = 1. Thus, the forecast error will initially grow as we lower 6, from 1, but the
pattern might be hump-shaped, i.e. depending on the persistence of 8;, the forecast errors might
reach their maximum value at 0* € (0, 1) rather than at 6, = 0.

We emphasize that the forecast errors induced by present bias refer only to the agents’ own
consumption growth, not for aggregate consumption, as each agent correctly anticipates that
other agents will never actually become time consistent. Further, it is immediate that the time-
varying discount rate model does not imply such predictable forecast errors as in this model

agents have rational expectations about their own future preferences.

2.2 Heterogeneous agents economy

We next introduce time-consistent agents with a constant rate of time preference into the econ-
omy. This facilitates risk-sharing and endogenous consumption choices that in turn affect the
risk-return trade-off. We for now maintain the assumptions of log felicity functions and no
aggregate risk.

In particular, let there be a continuum of two types of infinitesimal infinitely-lived agents —

time inconsistent (TI) and time consistent (TC). The preferences of the TI and TC agents are:

UTT = log(CTT) + BOE[,ULE + (1 — 0,)UZS) (12)

U = log(C]9) + BEJ[ULS], (13)

where market clearing implies that the two agents’ consumption sums up to aggregate consump-
tion (CI1 + CIY = ).

The aggregate wealth-consumption ratio in this economy is:

1_ -1
O = (¢szet) + ¢T(ft) ) (14)

where s, is the wealth share of the TT agents, ¢’7 is given in equation (4) and ¢7¢ = (1 — 3)~L.
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See appendix A for derivations.

Since there is no aggregate risk, one might have expected that TI and TC agents would trade
such that their marginal utilities are identical across all states 6,1 next period, implying no risk
premium in the economy. This does not happen as each TI agent wrongly believes that with
probability 1 — 6, they themselves will become TC and prefer the TC portfolio. In particular,
the TI agent believes that with probability 6, their marginal utility next period is that of a TI
agent and therefore decreasing in 6,1, whereas with a probability 1 — 6, it is that of a TC agent
and therefore increasing in 6;,.1. As a result, their actual portfolio positions are between the
portfolio position the agent would have taken if she knew she would remain TI next period and
the portfolio position of a TC agent.

These dynamics are reflected in the equilibrium stochastic discount factor (see appendix A

for derivations):

(1= 50671(60) + 500 (6 + (1~ B0 e ) 67
ST (L= )67 (0) |

My =8 (15)

where s; is the wealth share of the TI agents. Thus, the stochastic discount factor correlates
negatively with the TI agent’s future wealth-consumption ratio ¢;/,. From equation (14) we
see that the aggregate wealth-consumption ratio is positively related to ¢7(6;) which in turn is
negatively related to ;. Hence, the stochastic discount factor and the return on the consumption
claim are negatively correlated, which implies a positive market risk premium.

In contrast, if we replace the TT agents in this economy with agents with standard, but time-
varying, exponential discounting, the shocks to their utility discount factor is traded away with
the TC agents. Under the maintained assumption of no aggregate consumption risk, this results
in a locally deterministic stochastic discount factor (risk-neutral pricing) and no risk premiums
(see the online appendix for derivations and detailed discussion of this case). Thus, time-varying
present bias gives rise to a novel source of discount rate risk relative to existing preference shock

channels.
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3 Survey evidence on own consumption expectations

The present-biased agents in our model make systematic forecast errors when forecasting their
own consumption growth, as discussed in the previous section. In particular, they tend to
overconsume next period relative to their expectations. In this section, we show that expectations
data from a survey of U.S. consumers are consistent with this implication of the model. We
estimate both the level and the time-variation of the bias and use these results in the subsequent

calibration of our quantitative model.

3.1 Data

We use data from the New York Fed’s Survey of Consumer Expectations, which is a survey of
a population-representative rotating panel of 1,300 U.S. household heads, who own, buy or rent
their home. The Core module includes monthly records of a total of 21,222 unique individuals over
the sample period June 2013 until July 2023. Each consumer is observed for up to 12 consecutive
months and there are about 1,000 respondents on average every month. The Spending module
of the survey spans the period December 2014 until December 2022, but only takes place three
times per year and includes 12,579 unique individuals.

We construct individuals’ realized real consumption growth and their expected real consump-
tion growth to assess if the agents exhibit predictable forecast errors. The expected consumption
growth is available in the Core module under the question: “By about what percentage do you
expect your total household spending to [increase/decrease| over the next 12 months?”. In order
to obtain expected real consumption growth we subtract expected inflation, which is also reported
in the survey under the question: “What do you expect the rate of [inflation/deflation] to be over
the next 12 months?”. The realized nominal consumption growth is recorded in the Spending
module under the combined answers to the questions “How does your current monthly household
spending compare with your household’s monthly spending 12 months ago?” and ”In percentage
terms, by how much has your current monthly household spending [increased/decreased]| com-
pared to 12 months ago?”. We obtain the realized real consumption growth after subtracting

the actual inflation rate from FRED.
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Table 1 reports the summary statistics of the main variables of interest from the raw, un-
filtered New York Fed’s Survey data. In the first two rows we can already see that individuals’
average realized real consumption growth is higher than their expected real consumption growth
(1.05% vs. —1.12%), which suggests that agents on average underestimate the amount they will
consume next period. This is exactly the kind of expectation error we would expect from an
agent that suffers from present bias. However, before conducting our formal statistical tests,
we note that both variables have extreme outliers (e.g., maximum values above 9,000%, and
minimum values below —100%). We therefore trim the data cross-sectionally at the 1% and 99%
levels each time period, where the respective values reported in Table 1 are reasonable. Finally,
we limit the sample to individuals who respond to both the Core and the Spending modules to
make sure we observe both their expected and realized consumption growth. After filtering the
final sample includes 11,928 individuals.

The Core module also contains information about the individuals’ demographic characteris-
tics. Education is recorded as the highest obtained degree ranging from Less than High School
(1) to Professional Degree (8). We classify them into three categories, High School, Some College
and College education, consistent with the classification of the New York Fed’s Survey, normal-
ized to 1, 0.5 and 0, respectively. To ensure that the individuals have already completed their
education at the time of the survey and to clean errors such as the maximum reported age of
891, we exclude individuals below the age of 25 and above or equal the age of 80. Afterwards, we
classify individuals in age cohorts below 40, between 40 and 60, and above 60, consistent with
the categories provided by the survey. Income ranges from Less than $10,000 (1) to $200, 000 or
more (11), that we classify in three cohorts consistent with the survey categories: Below $50, 000,
Between 50,000 and $100, 000, and Above $100, 000, encoded as 1, 0.5 and 0, respectively. The
risk tolerance is available in the Core survey under the question “On a scale from 1 to 7, how
would you rate your willingness to take risks regarding financial matters?”. We group the indi-
viduals in three categories, low, medium and high risk tolerance: 1, 0.5 and 0, respectively. The
last variable reported in Table 1 is an indicator of saving in general available in the Spending

module under the question “People budget in different ways. Do you (and your family) generally
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try to focus more on trying to save regular amounts of money?”. We define it such that it takes
the value of 1, if individuals do not save in general, and 0 otherwise.

We also analyze how the individuals’ consumption growth forecast errors vary with stress
factors. In particular, we focus on state-level annual changes in unemployment rates available in
FRED, as well as state-level economic conditions indicators. The unemployment rate is available
on a monthly frequency at the beginning of the month, so we use the lagged value in order to
make sure the information is available to the agents at the time of completing the survey. The
economic indicators are developed by Baumeister, Leiva-Leén and Sims (2024) and available
online at a weekly frequency. They are broad indices capturing the mobility, labor market, real
activity, and financial conditions of households in the 50 U.S. states. The database does not
include the District of Columbia. A value of zero indicates growth equal to the national long-run
growth, negative values of the indicators correspond to lower than average growth and positive
values denote higher than average growth. We multiply the variable by -1 such that positive
values indicate lower than average growth and therefore higher degree of stress. We use the
two-month lagged observations of the last week of the month in order to make sure the data is
available at the time agents complete the survey.

To show that our results are not driven by financially constrained agents, we run our tests
in a sub-sample of only financially unconstrained individuals. Questions that are relevant for
defining financial constraints are available in the Credit access module of the survey. In addition
to our standard data filters, we limit our sample to the ones who participate in that module,
which consists of 7,546 unique consumers. We define individuals as financially constrained and
drop them from the sample, if they satisfy one of the following criteria. First, they answer
“Yes” to the question: “Over the past 12 months, did you max out (borrow up to the limit)
on any of your credit cards?”. Second, they respond “I did not think I would get approved” to
the question “You just indicated that you did not apply for any new loans or credit cards over
the past twelve months, nor did you make any request for an increase in limits, or refinancing.
What is the reason for that?”. Third, they respond “I did not think I would get approved” to

the question “You just indicated that it is very unlikely that you will apply for any new loans
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or credit cards over the past twelve months, nor did you make any request for an increase in
limits, or refinancing. What is the reason for that?”. Fourth, they answer “No, my request was
rejected” to the question “Was your request for [new loans or credit cards| granted?”. Finally,
to show that biased consumers are not more pessimistic about aggregate quantities, we use the
answers to the question “What do you think is the percent chance that 12 months from now the
unemployment rate in the U.S. will be higher than it is now?”, available in the Core module of

the survey. Higher values correspond to higher degree of unemployment pessimism.

3.2 Individual consumption expectations and realizations

In this section we show that the individuals’ expectations about their real consumption growth
are on average negatively biased. Less sophisticated individuals exhibit stronger average bias
and increasing bias in times of economic stress.

The final sample gives us expected and realized annual real consumption growth for a broad
set of individuals over the period from December 2014 to December 2022. To establish departures
from rationality, we would ideally run regressions with the forecast error, Ac},, — E} (Aci,,), on
the left hand side of the regression and predictors known at time ¢, 2, on the right hand side.
However, survey participants report their realized consumption growth over the last year along
with the expectation of their consumption for the next year. This limits the specifications we
are able to run to document the bias as we now have Ac} — Ej (Aci,,) on the left hand side of
the regression, which can be predictable based on variables known at time ¢ also under rational
expectations.

To overcome this challenge, we first establish that agents on average are pessimistic about
future consumption and that this bias is stronger for individuals that are likely to be less sophis-
ticated. In particular, columns (1) and (2) of Table 2 give the estimate of the average forecast

error /4 from the regression

Ac, — By (Adj,,) = p+ e} (16)

The estimates are 1.6% and 2%, respectively, where the latter restricts the sample to only include

the pre-Covid period. Thus, agents on average, across time and agents, expect their consumption
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growth to be substantially lower than the realized growth is. Since we only have 8 years of time
series data available, one may worry that there are time trends in the data that the standard

errors do not accurately capture. Columns (3) and (4) of the same table show regressions
Ac, — E} (Acy, ) = pu + ps + BT 2} + €, (17)

where p; and u, refer to time and state fixed effects, respectively, so the identification is cross-
sectional, within-state. The z! are agent i’s level of education, income, whether they save gener-
ally, age, and risk tolerance. The three former demographic variables are statistically significant
at the 5% level or lower, while the two latter are not. All variables, except age, are coded into
brackets between 0 and 1, as discussed in the previous section, where a higher value arguably
indicates less sophisticated individuals. For instance, no high school education is coded as a
1, while a graduate degree is coded as a 0. The regression coefficients on the three significant
coefficients are all positive, which indicates that less sophisticated agents are more pessimistic,
where the difference in pessimism from the most to the least sophisticated is about 3% per year
for education, 2% per year for income and 0.5% per year for save generally.

The timing issue that we highlight above is not an issue for this regression as long as
Cov (Acl,z}) = Cov (Acﬁ +1,x§), where the covariance is taken across time and agents, con-
trolling for time and state fixed effects. If the level of education, for instance, is set years before
an agent enters the sample, this condition is likely to be satisfied. Similarly, the “Do you save
regularly?” question refers to a longer-run condition of the agent that is unlikely to affect this
covariance. The income brackets could be problematic, however, as an agent that had unexpect-
edly high income last year also might have consumed more than expected, but this would not
necessarily affect the forward-looking expectation. In this case, the high income agent would
appear pessimistic relative to the low income agent, which is the opposite of what we find. That
said, the income brackets are very coarse, making it unlikely that an agent changes brackets so
these shifts are in any case a small part of the variation in the data. Nevertheless, some agents
likely do change income brackets (we cannot assess this directly with the data at hand as the

survey participants only answer the income once), so this coefficient should be interpreted with
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caution. In the online appendix, we show that all our results are robust to removing the income
variable from the regressions.

Next, we turn to whether this bias is varying with economic conditions. This makes the timing
issue in the data more salient as it entails conditioning on variables that affect the conditional
distribution at time ¢t of ¢ + 1 outcomes. To address this, we create cohorts based on the
characteristics we have shown are related to the bias — education, income, and saving generally.
Importantly, these characteristics are not changing with the conditioning variables. Income and
education take values 0, 0.5, and 1, while saving generally takes values 0 and 1. We create cohorts
by state for each of these variables individually, as well as for a combination of all three variables
where we use the predicted bias from a regression predicting individual pessimism, similar to
that in Table 2, but only using the three variables (i.e., not age or risk tolerance). An example
of this cohort, which we term the bias cohort, is individuals with no high school education (the
education variable equal to 1), income bracket 0.5, and that save generally. Thus, the agents
who are most susceptible to the bias are indicated by 1 and the least biased by 0. At each time
t, we compute the average realized and expected consumption growth for each cohort for each
state, Acit and B/ (Acg41), where j refers to the cohort.

We then run regressions of the form:

ACi,tH — Bl (Acs 1) = e + pis + Br2] + Bazer + B3]zt + 8g,t+17 (18)

where 77 is the variable that defines a cohort, e.g. education level, and zy is a state-level indi-

cator of economic stress. The economic stress variable is either a state-level economic condition
indicator (see, Baumeister, Leiva-Leon, and Sims 2021) or state-level change in unemployment.
In the regressions, we sign both variables such that high values indicate bad times. As before, the
cohort variable is high for the less sophisticated. Note that in this regression the timing of the
left hand side variable is the usual definition of a forecast error due to the use of representative
cohorts to construct the realized and expected consumption growth.

The main coefficient of interest is (3, which asks whether the sensitivity of the bias to the

cohort variable is changing with economic conditions. A positive 53 implies that less sophisticated
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agents get more pessimistic about their future consumption growth in bad times. This is indeed
the case for each variable — cohorts associated with proxies for less sophistication are more
pessimistic on average (1) and even more so in bad times (53). Thus, in Column (4) of Table 3,
we can see that the most biased agents have an average annual forecast error of about 6%, relative
to the least biased agents who do not make any mistakes on average, and that error increases to
about 10%, if the stress indicators rise by 2 standard deviations. In Table 5, we show summary
statistics of the implied forecast errors. The annualized average error is the average prediction
based on the significant explanatory variables from the regression model in Table 3, Panel B,
Column 4 (based on bias cohorts and the economic condition indicator using all the available data
on a weekly frequency). The annualized standard deviation of the forecast errors is estimated as
the projected standard deviation of the economic conditions indicator in the regression model.
Confidence intervals are shown in brackets below. The persistence of the forecast errors is based
on the annualized autocorrelation of the economic conditions indicator. We use these values as
an upper bound for the forecast errors we calibrate our model to in the next section (see Column
(2), Table 5). Notably, the coefficient on the economic indicators are insignificant, indicating
that the bias is not related to aggregate (in this case, state level) economic outcomes in general.
In the online appendix, we show that the results are not driven by agents that are financially
constrained, the use of trimming in consumption outcomes, the inclusion of the income variable,

or the pessimism in aggregate quantities.

4 Model with Epstein-Zin preferences

In this section, we consider quantitative implications of the model in a stationary equilibrium
where the agents have recursive preferences. We still keep the model ingredients simple, however,

to emphasize the economics and facilitate easy benchmarking to existing models.
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4.1 The Economy

In order to get a stationary equilibrium, we consider a very simple overlapping-generations (OLG)
model where all wealth is financial and the wealth of agents who die is equally redistributed among
newborn agents’. Each time ¢ a mass of \ agents are born and a randomly chosen proportion A
die, such that the survival probability at each point in time is 1 — A. Thus, agents born at time
b < t represent a A\(1 — \)'~? fraction of the population and at each date t the total population
of all agents born between —oo and ¢ sums to 1.

The economy is populated by two types of agents: time-consistent (TC) and time-inconsistent
(TT). The TT agents make up a fraction ¢ of the overall population. Since the wealth of agents
who die are equally redistributed among newborn agents, the wealth share of newborn TI and
TC agents are A\ and A(1 — (), respectively.

Aggregate consumption growth is assumed to be i.i.d. log-normal with growth rate u. and

volatility o.:

Ct+1) o2
lo =l — — 4+ OuE441- 19
g< c, H 9 t+1 (19)

Let ¢, = % denote the aggregate wealth-consumption ratio at time ¢, where wealth is mea-
sured cum-consumption. The return on the aggregate wealth portfolio (i.e. the claim that pays

aggregate consumption as dividends) is then:

¢t+1 Ct+1
¢ —1 Cp

Reip1 = (20)

We assume that the financial markets are complete with respect to shocks to #; and aggregate
consumption. In equilibrium, the optimal portfolio of TI agents at time ¢ is one that pays off
a fraction gry(0ii1;6;, 8¢) € (0,1) of aggregate wealth W, at time ¢ + 1, where s; denotes the
current wealth share of TI agents. The equilibrium dynamics of TI agents wealth share will
therefore be:

ser1 = (1= N grr(0es1; 6, 50) + AC. (21)

9The results are very similar in a discrete time version of the Blanchard (1985) and Gérleanu and Panageas
(2015) overlapping-generations model.
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Finally, we also consider the pricing of a levered claim to aggregate output, which proxies

for the equity market in our model. The log dividend growth of this portfolio is:

Dt+1) <0t+1) 03
lo = lg + 0410 — =+ 048 , 22
g( D, Hd T 04108 C, 5 d€dt+1 ( )

where g4 > 1 represents leverage and €441 ~ N(0,1) i.i.d. The expected growth rate of dividends

is pq + oate and oy denotes the “idiosyncratic” volatility.

4.2 Investor preferences

Both types of agents have Epstein-Zin preferences (Epstein and Zin 1989; Weil 1989) with iden-

tical elasticity of intertemporal substitution (EIS) parameter ), where p = 1 — i, risk aversion
level v, where a = 1 — v, and time discount factor 8. An individual ¢ who is a time-consistent

(TC) agent therefore has the following value function:

QR
D=

Urcy(Wig) = max |2, + (1 = NBE, Vb (Wia)] "] (23)

where [E; denotes the rational expectation conditional on all available information at time ¢, and
C;, denotes the TC agent ¢’s consumption. It is also useful to denote the wealth of this agent as
Wiy

Next, the value function of an individual TT agent i is:
215
Urr(Wig) = max |2, + (1= NBOE, [0 40 (Wigs1) + (1= 00U,y (Waet)] * |7, (24)

where C;; denotes the TT agent 7’s consumption. The agent’s wealth is denoted by W; ;.

As in section 2, TI agents anticipate the bias of others, but not of themselves. Hence, each
(representative) TT agent believes that while she will be time consistent at ¢ + 1 with probability
1 — 0;, the rest of the agents of her type will remain present-biased with probability 1. Since we
rule out claims whose payoffs are contingent on whether an individual becomes TC or not, this

again means that each TI agent is rational about the dynamics of asset returns and thus their
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wealth, Wiy,

4.3 Equilibrium

We find the equilibrium consumption and portfolio choice according to the TI and TC agents’
beliefs as of time ¢.'° It is convenient to denote their wealth-consumption ratios by ¢rc; and
or1,4, respectively.

Since all agents of the same type are identical except for the level of initial wealth, the
equilibrium wealth-consumption ratio of an individual agent is equal to the wealth-consumption
ratio of her type. As usual with Epstein-Zin preferences, we can express the agents’ value
functions at any period ¢ using a general recursive formulation of their wealth-consumption

ratios. We provide a proof of the proposition in appendix B.

Proposition 1. The mazimized value functions of an agent i who is either time-consistent or

time-inconsistent with time-varying degree of present bias at any period t are given by:

Urrt(Wiy) = Vo Wiy (25)
Urci(Wir) = VreWis, (26)
1—p 1—p

where Upp = ¢T7t and Yroy = quTat and the wealth-consumption ratios take the following form:

L a(i=p) a(l=p) . EEn)
brie = 14 [(1— N33 7E, [(@%gﬂ f- et>¢cht+l) R] (27)

1 a(l—p) ﬁ
¢ror = 1+[1—=N)BI™E, [¢TC’?t+1R%C,t+1} ;

where Ryri11 and Rroyq1 denote the return on the T1 and T'C agents’ portfolios, respectively.

As in the log utility case in Section 2, we only consider time ¢ state-contingent claims for each
possible realization of (0441, ¢41), which we refer to as a semi-complete market. Since the market

is complete with respect to these shocks, the agents’ intertemporal marginal rates of substitution

190’ Donoghue and Rabin (1999, 2001) term this a perception-perfect equilibrium.
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are equalized state-by-state with respect to these shocks. In the below proposition, we give the
equilibrium stochastic discount factor of each type of agent projected onto (6;41,&441). For the
TT agent, this is effectively a projection of their marginal intertemporal rates of substitution onto
these shocks conditional on the current state vector (6, s;), where the projection integrates out

the (perceived) uncertainty related to switching type from TI to TC.

Proposition 2. The stochastic discount factors (projected onto the state-space generated by 0,14
and €.41) of the time-consistent agent and time-inconsistent agent with time-varying degree of

present bias in semi-complete markets are equal state by state and given by:

MTI,t+1(0t+17 €413 Oy, St) = MTC,t+1(9t+la Ett1; Ot St)7 (29)
where
qb (A=pla ¢ (1-pa
[} P P

Mriga = [(L=N3g]7 (00 ( =20 ) +(1=6) (= RiTin (30)

Orre—1 orre—1 ’

¢ (I1—p)a
a TC,t+1 ? a—
Mrcws = [L-N8F (2 ) T (31)
(1—p)a

The term (1 — 6;) <%) ” reflects risk perceived by the TI agent associated with a

change of type to TC.

5 Numerical results: Epstein-Zin preferences

In this section we report numerical results for our heterogeneous agents general equilibrium model
with Epstein-Zin utility, disciplined to match the consumption growth forecast errors documented
in the New York Fed’s survey of consumer expectations. Based on this calibration we show that
the novel discount rate risk channel induced by time variation in the present bias has first-order

asset pricing implications.
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5.1 Calibration and consumption growth forecast errors

We choose standard preference, aggregate consumption growth, and OLG parameter values, given
in Table 4. Aggregate consumption and dividend growth are i.i.d.. The volatility of consumption
growth is set to 2.7%, while the dividend leverage parameter is set to 3. The risk aversion =y
of both types of agents is 10, their EIS parameter 1 is 2, and their discount factor 5 is 0.984
per year. We set the annual mortality probability to 0.02%, which gives a life-expectancy of 50
years. The fraction of newborn TT agents is ¢ = 0.5 (as in Halevy, 2015). We solve the model
on a grid of S = 201 TI wealth share values s; € (0, 1).

The novel part of our paper relates to the dynamics of 6, and its calibration. The log utility
case in Section 2 describes how TI agents make predictable forecast errors about their own
future consumption growth, measured as the difference between their objective and subjective
consumption growth expectations. This feature carries over to the Epstein-Zin case. We calibrate
the parameters governing the dynamics of 6;, conditional on the other standard parameters given
above, such that the model is consistent with the magnitude of agents’ consumption growth
forecast errors documented in the survey. We set 6 = 0.9 on an annual basis, corresponding to
an extra discounting of about 10.5% per year, which is on the conservative side based on the time
inconsistency literature. We model the subjective belief of the TT agent about their own future

type, 6;, as a Markov process bounded between 0 and 1 and consistent with the persistence of

eibz 4
0, = . 2
! (1+ext) (32)

The shape of the 6, function is determined by ¢, while z; is a first-order Gaussian autoregressive

the forecast errors in the survey:

process with parameters k, = 0.85 and o, = 5 governing its persistence and unconditional
volatility. At the average value of z;, 6(u,) is 0.10, which means that the TI agents are quite
naive about their own present bias, consistent with the evidence in Fedyk (2025). To solve the
model numerically we assume that z; can take K = 101 values Z with transition probability
matrix II, calibrated to match its AR(1) dynamics (e.g., Rouwenhorst 1995) with individual
transition probabilities given by 7, = P(x441 = &j]xy = 2x). This implicitly also defines the

transition probabilities for 6, II.
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Table 5 gives the annual mean, standard deviation and autocorrelation of forecast errors
both from the New York Fed survey and those implied by our calibrated model. The numbers
from the survey correspond to the “Bias” column of Table 3 when the bias variable is set to 1
and the stress variable is the “economic conditions”-variable. The model-implied forecast error
is calculated as the TT agents’ expectation of their own consumption growth subtracted from the
rational expectation of their consumption growth. In terms of magnitude, the average forecast
error of the TI agents in the model is about 6%, similar to that in the survey, which means
that TI agents’ forecasts are too low relative to actual consumption. The standard deviation of
model-implied forecast errors is about 8%, which is higher than the standard deviation of 2%
implied by the survey regressions. However, this is the total variation in forecast errors, while
the survey regressions only capture the part projected onto the “economic conditions”-variable.
When we do a similar projection within the model, projecting the forecast errors onto measures
of the state of the economy — the conditional variance of market returns — the projection has
a volatility slightly higher than 1%, which is well within the standard errors in the data. We
conclude that the mean and volatility of the forecast errors in the model are consistent with
those in the data.

To understand better the interaction between the forecast errors and the degree of present
bias, we plot the forecast error as a function of 6 after integrating out the TI agent wealth share,
s¢. Figure 1 reveals a hump-shaped pattern. On the left hand side of the graph, when 6 is low, the
forecast error is small. This seems at first counter-intuitive, but is happening as a low 6, today
means 6,1 also is likely to be low given it is a persistent process. In these states, the next period
TT and TC wealth-consumption ratios are quite similar, since the agent, if she remains TI, will
believe she is likely to become TC very soon given a low 6;,;. Thus, next period’s consumption
growth is perceived to be similar whether the agent is TT or TC, and thus the forecast error is low.
As 0 increases, there are two opposing effects on the forecast error that drive the hump shape:
(1) the TI and TC agents’ wealth-consumption ratios diverge more as the agent perceives that
they will likely not change to TC for a while, which means their consumption growth diverge,

and (2) the TI agent becomes less wrong about her type next period. Once 6 reaches 1, the
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TT agent correctly understands she will in fact remain TI next month and therefore correctly
forecasts one month ahead consumption growth. However, since there is a positive probability
that # two months from now will be lower than 1, she thinks there is a positive probability to
become TC in the future. As a consequence, the TI agent with current § = 1 will still have
forecast errors for longer forecast horizons, e.g. annual as in Figure 1.

The figure also gives the unconditional distribution of # in the gray area — most of the time 6

is low, but there is a long right tail of higher values for € that gives rise to larger forecast errors.

5.2 Asset pricing implications

To obtain model predictions, we simulate 20,000 years of monthly data from our model. After
discussing the properties of the main calibration, we consider model sensitivity to the share of
TT agents in the economy, a constant 6 case, and the benchmark case where all agents are TC.
In the latter case, risk premiums are low and discount rates are constant since consumption
growth is i.i.d. This is a natural benchmark against which to contrast the impact of time-varying
present-bias.

Table 6 gives asset pricing moments of our various calibrations. Panel A gives the uncondi-
tional mean and volatility of the TI wealth share, aggregate consumption-claim return, levered
equity return, risk-free rate, and slope of the default-free yield curve. Panel B gives the volatility
of conditional risk premiums, as well as the correlation between risk premiums and the price-
dividend ratio and the slope of the term structure.

The mean wealth share of the TI agents in our baseline calibration (column (1)) is about 15%,
despite half of all agents being TI. This is because their present-bias leads to over-consumption
and low savings, which means their wealth is relatively low. Despite the low wealth share their
presence still has strong effects on asset prices. For instance, the risk premium on the consump-
tion and dividend claim are about 2.2% and 3.7% per year, respectively. This is compared to
0.7% and 2.2% for the benchmark case when all agents are TC (given in Column (5) of the
table). Part of this increase is due to higher stock return volatility. In particular, the benchmark

TC case has 2.7% and 9.6% return volatilities for the consumption and dividend claims, respec-
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tively, while the baseline calibration yields 7.0% and 11.8%. This excess volatility is due to the
time-variation in the present bias, which induces time-varying discount rates. This can be seen
in Panel B which shows that the volatilities of the conditional risk premiums are 2.5% and 2.7%
for the consumption and dividend claim, respectively. Further, this discount rate risk is priced,
as we can see from the increase in the Sharpe ratio of the dividend claim, which is 0.23 when all
agents are TC and 0.31 in the baseline calibration. The price of discount rate risk generated in
our model is negative, consistent with the empirical evidence in Kozak and Santosh (2020) and
as explained in Section 2.

Notably, when the degree of present bias is constant, as shown in columns (3) and (4) of the
table, there is no increase in the risk premiums or return volatilities relative to the benchmark
case when all agents are TC. This is because, as can be seen from Panel B of Table 6, the
constant 6 cases yield no time-variation in discount rates. This is consistent with Luttmer and
Mariotti (2003), who make this point for constant hyperbolic discounting in the case where
agents are sophisticated about their present-bias. Columns (3) and (4) show the asset pricing
implications of constant 0, equal to 0.1 and 0.9, respectively, where the former is the median ¢
in our baseline calibration. The moments that depend strongly on the level of 6 are the wealth
shares of TI agents and the level of the risk-free rate. With § = 0.1 the agent believes they with
90% probability become TC next period and forever thereafter. Therefore their consumption
and portfolio choice are both close to the TC agent. For this reason, the average wealth share
is high and the risk-free rate low relative to the high 6 case. In the 6 = 0.9 case, the agent
over-consumes and under-saves much more strongly, which leads to a lower average wealth share
and a higher risk-free rate.

Consistent with stylized facts, the baseline calibration also has an on average upward-sloping
term structure, where the average slope of the yield curve is 0.6% with volatility 1.7%. This
result is consistent with the findings of Albuquerque, et al. (2016), Duffee (2018), Gomez-Cram
and Yaron (2020), and Chernov, Lochstoer, and Song (2025), who show that variation in real
rates rather than inflation expectations is the main driver of the positive slope in nominal yields.

Again the positive bond risk premium is due to negatively priced discount rate risk. Column
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(2) reports asset pricing moments for the time-varying 6; case when there are more TI agents
in the economy (80%). In this case, as is intuitive, there is even more variation in discount
rates, which leads to a further increase in risk premiums, return volatilities, and Sharpe ratios.
Panel B further documents that, consistent with the data, the price-dividend ratio is negatively
correlated with conditional expected excess market returns, and the slope of the term structure is
positively correlated with conditional expected excess bond returns. Thus, the model is broadly

consistent with stylized facts on excess return predictability.

5.3 Inspecting the mechanism

To further inspect the mechanism driving discount rate risks, Figure 2 shows the conditional asset
pricing moments in our baseline calibration as a function of the time ¢ degree of present bias 6,
after integrating out the TT agent wealth share s;. We can see that the equity risk premium, just
like the forecast error, is time-varying and increasing in the degree of present bias, 6; (except for
when 6, is very close to one). For the most frequently observed values (6; < 0.5) the conditional
risk premium ranges between 2% and 7% per year. However, in more rare states with higher 6, it
can exceed 20%. Note that an important driver of fluctuations in the conditional risk premium
is variation in the price of risk (maximum Sharpe ratio), which ranges between 0.3 and 0.8,
rather than just variation in the conditional volatility of returns. The bond term premium is
hump-shaped in 6, ranging between 0% and 2% per year.

The increasing discount rates and Sharpe ratios in #; is due to increasing, priced discount
rate risk. To understand this, it is useful to take the perspective of the TI agent. This agent
believes they will become TC next period with probability 1 — ;. If we for argument’s sake
pretend 6, is a constant 6, the expected time to becoming TC is 1/(1 —6). The derivative of this
“duration” metric is 1/(1 — 6)2, which is small when @ is close to zero and large as § approaches
one. Thus, the expected time to becoming TC is very sensitive to shocks to 6; when 6, is high.
As is well-understood, the wealth-consumption ratio of an agent is strongly impacted by the
time-discounting, which in turn depends on the expected time to becoming TC. Thus, shocks to

0; have a stronger impact on the TI agent’s wealth-consumption ratio, and thus marginal utility,
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when 6, is high than when 6, is low.
Next, we calculate impulse-responses from a positive shock to 6; to a selection of endogenous

1 We calculate these impulse response functions for all values of 6, and for three

variables.!
different levels of the TI wealth-share at time ¢ (30th, 50th, and 70th percentiles) conditioning
out the dependence on 6, using its unconditional distribution. Figure 3 plots the resulting
“average” impulse response functions. There are two general takeaways worth noting. First,
the patterns for all variables are qualitatively similar across initial T1 wealth shares. Secondly,
higher TT wealth-shares magnify the impulse-responses.

From the top-left panel in Figure 3 we see the impact of the #;-shock on future TI wealth-
shares. At impact, the TI wealth-share goes up significantly, e.g. in the case of initial TI
wealth-share at the 70th percentile it increases by about 1 percentage point. This is due to TI
agents choosing portfolios that pay off more when there are positive shocks to 6;. However, after
the initial impact, the TI wealth share falls each of the following months until it actually drops
below its initial starting point. This is due to the TI wealth-consumption ratio on “average”
being a decreasing function of #;. Thus, the positive shock to 6, initially increases TI wealth
through a high portfolio return, but then draws down that wealth thereafter due to higher TI
consumption.

From the remaining panels in Figure 3 we see that the risk-premium, volatility, Sharpe ratio
and the variance risk premium on the dividend claim all jump up at the impact of the shock
before gradually reverting. For instance, the immediate impact in the risk-premium and volatility
when the initial T1 wealth-share is at its median is about 2 and 4 percentage points annualized,
respectively. We also see that the log dividend-price ratio and the risk-free rate declines at the
impact of the shock before gradually reverting back. Finally, the yield curve slope (the difference
in yield-to-maturity on a 10 year bond and the 1 month bond) also jumps up at the impact of
the shock.

In sum, time-variation in ; gives rise to economically significant priced discount rate risks

across all asset prices. Next, we discuss how these risks relate to the existing literature on

1 The magnitude of the shock corresponds to a one standard deviation positive shock to z;, which is driving
0; per Equation (32).
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discount rate risk and the stochastic discount factor.

5.4 Present-bias and discount rate risk: decomposing the SDF

To further understand the mechanisms that give rise to our results and to relate it to the existing

literature, it is useful to decompose shocks to the log SDF as follows, letting z;;; denote 2,1 —

E, (th)I

— v—1
M1 = —ﬁ In ¢Tc,t+1 — YTTCH+1
-1
= oy ore — (= grr) — 76— G, (33)

where 171;—1 > ( since v > 1 and ¢ > 1 in our calibration. From this decomposition, we see
that the marginal utility of the agents at time ¢ 4+ 1 is high when either the growth in the TC
wealth-consumption ratio is low, or the portfolio return of the TC agent is low. The latter can be
low because: 1) the “active portfolio bet” made by TC agents results in a lower TC wealth-share
(of TC agents alive at time ¢) 1 — grr 441 at t+1; 2) the aggregate wealth-consumption ratio ¢4
is low; or 3) aggregate consumption growth is low. Only the last component, shocks to aggregate
consumption growth, remains as a risk factor in the case where all agents are TC. This is also
the cash flow risk of the consumption claim. The other components are thus, from the aggregate
perspective, drivers of discount rate risk.

Campbell, Giglio, Polk and Turley (2018; CGPT) argue that shocks to stock market cash
flows, expected return and return volatility are all priced and thus correlate with the stochas-
tic discount factor. In Table 7 we project the log SDF onto shocks to expected returns, return
volatility, and cash flows of either the consumption or dividend claim (columns (1) or (2), respec-
tively). Consistent with CGPT, the sign in the projections on cash flows are negative, while the
signs on discount rates are positive. Thus, higher discount rates are associated with bad states,
while high cash flows are associated with good states. The fraction of variation explained by
each component is given in parenthesis under the projection coefficients. We see that while cash

flows are the dominant component, discount rate and volatility risk are important drivers of risk
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in the economy. These projections, however, do not capture all variation in the SDF. The R*’s
of the projections are 75% and 58%, respectively. This is because the model is highly nonlinear
with strong conditional dynamics. Thus, the one-period ahead shocks we project linearly onto
are not sufficient to capture these elements. Column (3) shows a projection of the log SDF onto
the aggregate consumption shock and discount rate components of the SDF — that is the shock
to aggregate consumption versus the other components of the SDF. This projection gives a 100%
R? by construction and reveals that about 57% of the variation in the SDF are due to cash flow

shocks while 43% are due to the components that give rise to discount rate shocks in the model.

5.5 Discount-rate risk and portfolio choice

Given that discount rates are time-varying and priced in our model, a relevant question becomes
who bears this risk and why. Figure 4 plots the unconditional correlations between log returns
on the TT and TC portfolios, as well as on the aggregate consumption claim, with shocks to
consumption growth and one period expected return and return variance of the consumption
claim return. In the final panel, we also plot the correlation with shocks to the “discount rate
component” of the SDF, as defined above.

The TI agent’s portfolio return is positively correlated with shocks to discount rates (top
left and bottom right panels of Figure 4) and shocks to the return variance of the consumption
claim, (bottom left panel), while both the TC portfolio return and the consumption claim return
are negatively correlated with these shocks. The reason is that discount rates and variances tend
to spike when the TI agents become more impatient. However, when TI agents are impatient,
their value function is also low for a given level of consumption, which is a high marginal utility
state of the world for the TI agents. The TI agents seek to hedge this risk, and therefore buy
a portfolio that pays off more when discount rates increase. TC agents on the other hand,
face better investment opportunities when discount rates are higher, resulting in a larger value
function. The TC agents are therefore willing to accommodate TI agents by taking on more
discount rate risk than just passively holding the aggregate consumption claim.

The sharing of risk varies with 6;. When 6, is close to 0, the TI agents are almost sure
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they will be TC agents next period, and therefore wish to have similar risk exposures in their
portfolio. As a consequence, TT and TC agents hold very similar portfolios, which is very close
to the aggregate consumption claim. However, since 6, is the subjective probability of remaining
T, and therefore having the marginal utility of a TI rather than TC agent next period, a higher
0; results in diverging portfolio choices. As a consequence, when TI agents are more impatient,
they are also less willing to take on discount rate risk, and thus their portfolio return will be

more positively correlated with innovations to discount rates.

6 Robustness to alternative model assumptions

In the online appendix we discuss the effects of alternative modeling choices. We consider (1)
time-varying present bias through a time-varying d; instead of using our current time-varying
0, specification, (2) the case where TI investors are precluded from investing in stocks (limited
market participation), and (3) the case where T1 agents are sophisticated about their bias. The
asset pricing implications are qualitatively the same — time-varying present-bias remains a novel

source of substantial, priced discount rate risks.

7 Conclusion

Present bias is well documented. The prevailing view in benchmark models is that it does not
affect risk premiums (Luttmer and Mariotti 2003). Recent empirical and experimental findings
emphasize that present-bias is time-varying and stronger during times of stress. Incorporating
such time-varying present-bias generates priced discount-rate risk that shifts both conditional
and unconditional asset-pricing moments in otherwise standard environments. Assets load on this
risk, altering Sharpe ratios and the dynamics of expected returns. This mechanism aligns with
evidence that discount-rate risk is central to the risk—return trade-off and asset-price dynamics.

We discipline the model by calibrating the bias to survey evidence on individual consumption-
growth forecast errors. These data show that a subset of agents exhibits state-dependent pes-

simism about own future consumption, consistent with our mechanism. Calibrated to this ev-
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idence, quantitative effects are large even when such agents control a small wealth share. We
show theoretically that time-varying present bias is distinct from time-varying but exponential
discounting and time-varying risk aversion. Unlike these alternatives, time-varying present bias
generates priced discount-rate risk even in the absence of aggregate risks.

The paper offers an alternative mechanism for the large swings in discount rates observed in
financial markets (e.g., Cochrane 2011), grounded in evidence from neuroscience and psychology
and in household consumption—expectation data. An interesting question for future research
is to what extent investors indeed show substantial heterogeneity in holdings of discount rate

sensitive assets, as predicted by the model.
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Table 1: Summary statistics
The table reports the summary statistics of the New York Fed’s Survey of Consumer Expectations raw,
unfiltered data. Detailed explanations of the variables are provided in Section 3.1.

Mean St. dev. N Min P1 P99 Max
(1) (2) (3) (4) (5) (6) (7)

Ac 1.05 63.60 27,819 47777 -41.85 42.86  9,997.86
F[Ac] -1.12 90.11 156,756  -11,190 -65 50 24,965
Education level 0.28 0.34 157,041 0 0 1 1
Income level 0.53 0.40 155,920 0 0 1 1
Age 50.54 15.54 157,399 0 23 82 891
Risk tolerance 0.39 0.30 121,145 0 0 1 1
Not save generally 0.66 0.47 24,604 0 0 1 1
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Table 2: Consumption growth forecast errors and demographics

The table reports the difference between individuals’ realized and expected consumption growth based
on the New York Fed’s Survey of Consumer Expectations data. Column (1) presents the average
consumption growth forecast error based on the full sample period (December 2014 until December
2022), while Column (2) focuses on the Pre-Covid (pre-2020) period. Columns (3) and (4) report the
estimates of a regression with time and state fixed effects of consumption growth forecast errors on
demographic characteristics: education, income, age, risk tolerance (each classified in three normalized
categories 0, 0.5 and 1, consistent with the New York Fed’s categorization), and an indicator of not
saving in general. Individuals with the lowest level of education and income are assigned the value of
1. The realized and expected consumption growth are trimmed at 1% by time. Individuals between 25
and 80 years old are included in the final sample of 11,928 unique individuals. The t-statistics, reported
in brackets below, are based on Driscoll-Kraay standard errors using 5 lags. Significance at 10%, 5%
and 1% is denoted by *, ** and *** respectively.

(1) (2) (3) (4)

Education 3.461%** 3.367**
(3.725) (3.516)
Income 1.727#%* 1.7327%*
(4.501) (5.288)
Not save generally 0.357##* 0.341%%*
(4.156) (2.911)
Age 0.293
(0.972)
Risk tolerance -0.529*
(-1.904)
Constant 1.596%*** 2.025%**
(5.000) (6.065)
Time and State FE N N Y Y
Driscoll-Kraay SE Y Y Y Y
Pre-Covid period N Y N N
R-squared 0.000 0.000 0.020 0.020
N 95,817 16,494 93,398 992,529
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Table 3: Time variation in consumption growth forecast errors

The table reports the estimates of a regression with time and state fixed effects of average consumption
growth forecast errors on demographic characteristic cohorts, a stress indicator, and the interaction
between cohort and stress. In Panel A the stress variable z;;_1 is a state-level economic conditions
indicator (as in Baumeister, Leiva-Ledn, and Sims, 2021) and in Panel B — a state-level change in un-
employment compared to the year before (available in FRED). Columns (1), (2), and (3) report the
estimates using demographic characteristics education, income, and indicator of not saving in general,
respectively. Column (4) presents the results based on a bias composed from the previous three indi-
cators and estimated the online appendix. The expected and realized consumption growth along with
demographic characteristics are available in the New York Fed’s Survey of Consumer Expectations data
for the sample period from December 2014 until December 2022. The realized and expected consump-
tion growth are trimmed at 1% by time and individuals between 25 and 80 years old are included in
the final sample of 11,928 unique individuals. The t-statistics, reported in brackets below, are based on
clustered by cohort and state standard errors. Significance at 10%, 5% and 1% is denoted by *, ** and

**X respectively.
Education Income Save Bias
(1) (2) (3) (4)
Panel A: State-level change in unemployment
Cohort 3.663*** 2.252%** 1.245%** 6.250%**
(9.203) (7.162) (4.608) (10.809)
Stress indicator -0.342 -0.191 -0.245 -0.348
(-1.278) (-0.972) (-1.143) (-1.504)
Cohort x Stress indicator 0.695** 0.480** 0.338** 0.775**
(2.394) (2.105) (2.083) (2.134)
Time and State FE Y Y Y Y
Clustered SE Y Y Y Y
R-Squared 0.072 0.072 0.095 0.049
N 2,576 2,769 1,800 5,557
Panel B: State-level economic conditions indicator
Cohort 3.628*** 2.191*** 1.263*** 6.283***
(9.035) (6.964) (4.700) (10.795)
Stress indicator -0.498 -0.523* -0.403 -0.422
(-1.367) (-1.793) (-1.258) (-1.360)
Cohort x Stress indicator 0.928*** 0.546*** 0.395%* 0.896**
(2.781) (2.902) (2.497) (2.482)
Time and State FE Y Y Y Y
Clustered SE Y Y Y Y
R-Squared 0.073 0.075 0.094 0.050
N 2,552 2,750 1,778 5,549
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Table 4: Parameters for numerical solution

The table reports the calibration parameters used in the simulation based on the model with time-
inconsistent (TT) and time-consistent (TC) agents and Epstein-Zin preferences. Parameter values related
to the economy, preferences and OLG are organized in columns and presented at an annual frequency,
where applicable. The parameters are explained in detail in Section 5.

Economy Value Preferences Value OLG Value
e 0.018 I6] 0.984 A 0.02
Lhd -0.018 o 0.90 Crr 0.50
Oc 0.027 0 10

0d 3 (0 2

04 0.05

O(pz) 0.10

o 5

H#o, 4.5

Kz 0.85

Y 0.25

K 101

S 201
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Table 5: Individual consumption growth forecast errors

The table reports summary statistics for the individual consumption growth forecast errors. Column
“Survey data” presents the estimated forecast errors (with 95% confidence interval in brackets below)
based on the regression analysis in Table 3 using the New York Fed’s Survey of consumer expectations
data and the economic conditions indicator as a stress variable (sample period from December 2014
until December 2022). Column “Model” shows the forecast errors computed as the difference between
the objective and subjective TI consumption growth expectations in the model with TI and TC agents
and Epstein-Zin preferences. Column “Model projection” shows the forecast errors when projected onto
the conditional variance of market returns. The calibration parameters of the model are given in Table
4.

Survey data Model Model projection
Mean 6.19 6.46 6.46
[5.04, 7.34]
St. dev. 2.00 7.83 1.23
[0.42, 3.58]
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Table 6: Asset pricing moments

The table reports asset pricing moments for the OLG model with TT and TC agents and Epstein-Zin
preferences. The calibration parameters are given in Table 4. E(x) and o(z) denote the unconditional
mean and variance of x, respectively, while corr(z,y) denotes the correlation between x and y. SR
stands for Sharpe ratio, s; is the TT agent wealth share, Rc; is the return to the aggregate consumption
claim, Ry, is the return to the dividend claim, Ry; is the one-period real risk-free rate, Rig; is the
return to a 10-year default-free, real, zero-coupon bond, yén) is the yield of the n-maturity, default-free,
real zero-coupon bond, and PD; is the price-dividend ratio of the dividend claim. All moments, except
for correlations, are annualized.

Baseline 80% TI Constant Constant All TC
agents #=0.1 =09

(1) (2) (3) (4) ()

Panel A: Unconditional moments

E (s)) 1553 1720 4929 1239 0.00
o (5:) 6.79 8.82 0.00 0.00 0.00
E(Rey — Ryy) 2.18 3.83 0.73 0.73 0.73
o (Res — Rya) 6.96 1075 271 2.71 2.71
E (R, — Ry2) 3.71 5.54 2.20 2.20 2.20
0 (Rms — Ryy) 1179 1481  9.58 9.58 9.58
SR (R, — Ryy) 0.31 0.37 0.23 0.23 0.23
E(Ry,) 2.44 0.78 4.01 4.43 3.99
o (Ryy) 1.70 3.02 0.00 0.00 0.00
E (y,§10> - yt(l)) 0.55 0.83 0.00 0.00 0.00
o (y§1°> . y§1>> 1.71 3.04 0.00 0.00 0.00

Panel B: Conditional moments

o (Bt (Rogs1 — Rpern)) 253 486 000 000  0.00
0 (B (Russr — Rpos1)) 272 531 0.00 000  0.00
o (B (R = Ryt 1.82 3.26 0.00 0.00 0.00
Corr (PDy, By (Rmasn — Ryes1) 055 050 000 000  0.00
Corr <y§10) — oy B, (Rupgsr — Rf,m)) 0.72 0.75 0.00 0.00 0.00
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Table 7: Price of risk estimates

The table reports the coeflicients from a projection of innovations to the log SDF onto innovations to
expected log returns, cash-flows and variance of log returns. The calibration parameters of the model
are given in Table 4. Column (1) and (2) present the projections of the log SDF innovations on the
innovations to log cash flow, log expected return and variance based on the consumption and dividend
claims, respectively. Column (3), report a decomposition of the log SDF into a discount rate component:
(=pla o (2TCti1) 4 (o — 1) log( 25 ) + (o — 1) log(A2ZLE1) and log consumption growth. The fraction

p dTCt bt T—s¢
of SDF variance explained by each variable is reported in parentheses.

SDF projection
(1) (2) (3)

Discount rate innovations 12.02 12.45 1.00
(12.03) (13.28) (42.46)
Variance innovations 11.43 6.46
(3.73) (2.39)
Growth innovations -10.00 -2.42 -10.00
(57.54) (41.70) (57.54)
R-Squared 73.30 57.37 100.00
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Figure 1: Consumption growth forecast error

This figure plots the model-implied annualized forecast error of the time-inconsistent (TT) agent expected
consumption growth (left y-axis) against the degree of present bias 0 (x-axis) after integrating out the
TT agent wealth share (spr). The gray shaded area (right y-axis) shows the probability density function
of 6. The forecast error is calculated as the difference between the TI agent own realized and expected
consumption growth. In this setting both the TI and TC agents have Epstein-Zin preferences and the
calibration parameters are given in Table 4.
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Figure 2: Asset pricing moments

This figure plots the annualized risk-free rate, risk premium on the dividend claim, return volatility,
price of risk, term premium, and variance risk premium (left y-axis) against the present bias parameter
0 (x-axis) after integrating out the time-inconsistent agent wealth share sp;. The gray shaded area
(right y-axis) shows the probability density function of €. In this setting both the TI and TC agents
have Epstein-Zin preferences and the calibration parameters are given in Table 4.
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Figure 3: Impulse response functions

This figure plots the impulse response functions of asset pricing moments (y-axis) 0-60 month (x-
axis) after a one standard deviation shock (e;) to z;, where the present bias parameter is given by
0 = ﬁ% . The functions are presented for different initial wealth shares of the time-inconsistent

agent sg. In this setting both the TI and TC agents have Epstein-Zin preferences and the calibration
parameters are given in Table 4.
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Figure 4: Return correlations

This figure plots the correlations between log returns to the TI and TC portfolios and the consumption
claim with: shocks to expected log return and variance of the consumption claim (Panels A and B),
with shocks to log consumption growth (Panel C), and shocks to the discount rate component of the

log SDF given by (1_pp)a log (ﬁ;ftl + (a—1)log % + (a—1)log % In this setting both the TI

and TC agents have Epstein-Zin preferences and the calibration parameters are given in Table 4.
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A Model solution: Log utility

A.1 General solution

A.1.1 TI value function

The problem of a TT agent is

UtTI(Wt, Qt) = ICnaX 10g Ct + ﬂ(SEt [QtUgll(Wt+1, Qt-i-l) + (]_ — Qt)Utj_;_Cl’(Wt_i_l)] s (A]_)

Wt

subject to Wyyy = (Wy — C4) (R4 + w/ RY, ;) where RY, | denotes a vector of excess returns. Let
Ry = Ryy +wy TRf 1 denote the optimized TI portfolio return.

The TC value function is given by

UTOW) = max 1ogct+5Et[U§Cl(Wt+1)}, (A.2)

t,Wt

subject to Wys1 = (Wy — Cy) (Rt + w/ R{,). Again, let Ry = Ryt + wi' Rf; denote the
optimized TC portfolio return. It is straightforward to show that the TC value function can be

expressed as

UtTC<Wt> = ¢TC log Wt + A?C, (A?))

where A/ is not a function of current wealth and ¢"“ = {15 denotes the optimal wealth-

consumption ratio of a TC agent.
Let ¢! = Cmti denote the optimized wealth-consumption ratio of a TI agent. Since W, =
(Wi — Ct)Rrris1 = Wt%}%ﬂ,t“ for an agent who was T1I at time ¢, we have
JoTI

—1
Wiy = W, H e — Ry (A.4)

i=0 t+i
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for an agent who was T1 until time ¢ 4 j. Iterating (A.1) forward therefore yields

oo J
UT{(Wi,6,) = max logCy + ﬁ(SEt[Z<H HZ) B3Y log Cf, 1.,

C,wt =0 Vizo

+ i(HetH) 55 9t+]) t+1+g(Wt+1+])]

7=0 1=0
00 J
= log C; + BOE, [Z (H tﬂ) VV;IFHJ‘
j=0 =0 t+1+j
+ Z <H t+z) 1 — 0t+g) <¢T log Wt+1+j + At+1+]):|
j=0 =0
oo ; W, T ¢>tT731 R Z
= log % + GOk, Z <H9t+z) 36)’ log 2l ?f; e
O =0  i=0 P14
N . i4TT 1
T <H etﬂ') (55)](1 - 9t+j) <¢TC log (Wt H tﬂTI RTI,t+1+i> AtTflﬂ)]
Jj=0 =0 i=0 t+i
oo J j—1
= |1+, Z(ﬁé)j ((H 9t+i> + (H 9t+i> (1-— 9t+j)¢Tc>] log W,
7=0 i=0 i=0
+ Al'(6,). (A5)

Since 6, is a Markov process with a K x K transition probability matrix II, the conditional
expectation [, ngo 0;; can take K values. In particular, if 0 denotes the K x 1 vector of
possible states for 6;, then, with a slight abuse of notation, E(0;,4|0, = é) = 116 is the K x 1
vector of conditional expectations. Furthermore, E(6,0,.:|0; = é) D(o )E(9t+1’9t = 9)
D(O)110 and E(0,0,110,:2|0, = 0) = D(O)E(E(0,410,40|0141 = 0)6, = 0) = D(O)IE(0y410,12) =

D(O)IID(A)IIH. Similarly, E(0,(1—0,41)|0; = 0) = D()E(1— 0,410, = 0) = D(0)I1(1—0). Thus,
J

E( 10

<H Qt-i-z 9t+]

J A

6=4) = ([Ipém)i=(p@n)s (A0

=) = (TIpwém)a-a - (D(é)H)j(l —0), (A7)

.
(!
_
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where for a matrix A, we mean A7 = AA’~! and A" = I. It is then clear that

i(ﬁé)j ((fgﬁm) (H‘)w) —0,) ¢Tc> = é]

> (@) (D)’ 5+ (1 - éw‘)]

]7

K™(0) = 1+ BoE,

= 1485

_ 1+55(1 35D(8 )H) (e+( —9)¢T0)

_ ([ 36D(6 )1[<I B5D(f )1+66(é+(1—é)¢mﬂ

- (1 35D(6 ) [1 1+55(0+( e)quC)]

= (1-pop@m) (1+55<1—6>¢T0), (A8)

where we used I11 = 1 (i.e. transition probabilities must sum to 1) and D(0)1 = 0. Let K77(6,)
denote the (scalar) value of K77(f) corresponding to the specific row k s.t. 0, = 6,. We can then

express (A.5) as follows

UMW, 0,) = K™(0,)logW, + A (6,). (A.9)
A.1.2 Optimal wealth-consumption ratios and TI SDF

To find the optimal TI wealth-consumption ratio, substitute (A.9) and (A.3) for the continuation

value functions in (A.1) to get

UL (W, 0) = max  log C + A0, |0, K™ (01) log Wer + ATL(8)) + (1= 0) (67 log Wi + AT )|

=max logCy + log(W; — C})BOE, [etKTI<9t+1> +(1 - 9t)¢TC]

Cr,wt
+ BOE, | (0K™ (Bin) + (1= 0)67C) log (Ryy +w B,

+ 0ATL (Or) + (1 - 0) AL . (A.10)

The first-order condition w.r.t. consumption is

o0, = % =1+ BOE, [@KTI(@H)JF(l —0,)0"°. (A.11)
t tyVt
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Stacking up the conditional wealth-consumption ratios in a vector gives us
oT1(0) = 1+ BIDOTIKT(H) + B5(1 — 0)¢™

= 1+ 50O (1 - 5DON) (14 55(1 - 6)6™) + 55(1 — 6)6™°

— [I + 65D(é)1‘[([ - BéD(é)H) _1] (1 +B0(1 - é)¢Tc)

= [(1-psp@m) + psp@n) (1 - psp@I) " (1+ 51~ )5™)

= K"(0). (A.12)

Using (A.12) in (A.9) we get that

UMW, 0,) = ¢™(6,)logW, + AT1(8,). (A.13)

The first-order conditions w.r.t. portfolio weights are

0 = Ei|(0" (Orr) + (L= 006" ) Rrf 1 Biya - (A14)

Combining (A.11) and (A.14), we get that the SDF of a TI agent is

O™ (6r+1) ¢T¢

Mtj-;—ll = 65 (9tW -+ (1 - Qt)W>R;}’H1. <A15)

A.1.3 Proof: TI wealth-consumption ratio is lower than TC wealth-consumption
ratio

To show this, recall from (A.12) that
-1

oT1(f) = (1 . 551)(@)11) (1 +B8(1 — é)¢TC). (A.16)

Consider

(1 _ ﬁ(SD(é)H) 147C — (1 _ 55@) s (A.17)
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and subtract 1 + 85(1 — 6)¢7¢ to obtain

(1 - 55&) STC — 1+ B5(1 — 0)¢™C] = (¢7C —1 — B6¢TO)1 = (ﬁ 1 Béﬁ)l
B(1 -4)
S50 (A.18)
Thus, we have established
(1 - /3517(9)11) 167¢ > 1+ 85(1— 0)¢™C. (A.19)

Note that (] — 65D(9)H> o Z;’io(ﬁ5D(é)H)j. Since each element of 3§D(0)II is non-
negative, cach element of (86D(6)IT)? must be non-negative as well. Thus, (I - 65D(é)ﬂ>_l =
Z;io(BCSD(é)H)j contains only non-negative elements. Therefore, the inequality in (A.19) is
preserved by multiplying by (I — BéD(é)H) - which establishes the result:

167 = (1 — 55D(é)1‘[>_1 (1 _ 550(é)n) 147C
> (1 psp@m) (145500 —0)5™) = 6 (D). (A.20)
A.1.4 Proof: TI wealth-consumption ratio decreasing in 6,
Assume:
1. 0 is ordered from smallest to largest, i.e. él — ék >0foralll>k.
2. > (I —IL,;) >0 forallm=1,..., K and for all | > k.
Consider the recursion
M = 147¢ (A.21)
2 =14 85 [D(é)H:r;(”) T (1 é)¢T0} — (1+ B367C)1 — BSD(0)(167C — Ma™). (A.22)

We have that

o -1

Tim 2 = S (BSD@Y 1+ 85(1 — 0)6"] = (1= BSD@) 1+ B5(1 — 0)8" ) = 6" (6).

J=0

(A.23)
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Furthermore, for all n, 0 < (™) < 1¢7¢. This is easily seen in the case of n = 2 as z(? =
(1+ 36791 —B6D(0 )( pTC — 1T = (1+ B6¢T9)1 < (1+ BoT9)1 = ¢T1. For the general
pattern, suppose 0 < (™ < 1¢7¢. Then, since ITz(™ is just a weighted average of the elements
of 2™ where 2™ < 1¢7¢ we have Ilz™ < 1¢7¢ thus D(0)I1z™ + (1 — 6)¢"¢ < 1¢7C which
in turn implies ™) = 1 + 86| D(O)ITz™ + (1 — 0)¢"C| < 1+ B61¢7C < 1 + f1¢7C = 1¢7C.
The positivity of the sequence (™ is trivial.

As we have already established, the sequence (™ converges to ¢*’ (é) as n — 0o0. Since xgl)

® _ .

is non-increasing in ¢, i.e. x;’ > 0 for all [ > k, our proof consists of establishing that if
the elements z\" are such that z\” — 2™ > 0 for all [ > k, then that implies """ — 2" > 0
for all I > k.

Let I > k. From (A.22) we have that

ZHD) gt g [él <¢TC’ _ i Hz,ﬂﬁ“) — 4, <¢TC _ i Hk’ix(n))} . (A)
i-1 i=1

Note that

K K K K
S Ml > 6=y el e -3 Ma” > =Y el e
i=1 i=1 i=1 =1
K
Z(sz - 1—Il z) (n) > 0. (A25)
=1

(Clearly, since 0 < x < ¢7¢ and x ) is non-increasing in 7, (A.25) is satisfied by assumption 2

above. Thus

A0l = 5[ = 3 M) — (67 = 300
=1 i=1
> B6(6 — Or) (¢Tc — i Hk,ixﬁ’”) >0, (A.26)

i=1

where we used Assumption 1: él — ék > 0. To establish our result, take the limit of (A.26) to
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obtain

n—oo

K K
lim x](gn-i—l) _ xl(n+1) _ ¢Tl(ék) _ ¢Tl(él) — 86 [éz <¢TC’ _ Z HMQSTI(éi)) _ ék <¢TC _ Z Hk,iQSTI(éi)>}
i=1 i=1
K
> B0(0 — 0) (7 = D" a0 (6)) = 0. (A.27)
i=1

A.2 Continuum of infinitesimal (“representative”) TI agents

Suppose the economy is populated by a unit-mass continuum of identical and infinitesimal TI
agents. Each agent faces the optimization problem (A.1). Furthermore, we assume that each
agent is fully aware of the bias of others, i.e. he understands they will never become TC.

Since all agents are identical, individual and aggregate wealth-consumption ratios are the
same, i.e. ¢'! (é) = gb(é), where qﬁ(é) denotes the aggregate wealth-consumption ratio. Fur-
thermore, all agents must find it optimal to hold the same portfolio in equilibrium, which must
therefore be the same as the aggregate consumption claim, Rrr;41 = Reygq1. Finally, all agents
must have identical consumption growth in equilibrium, % = Cé—f where the left-hand side

denotes the optimized TI consumption and the right-hand side denotes the aggregate consump-

tion endowment. We have

¢(9t+1) Ct+1
(0r1) =1 C; -

RTI,t+1 = RC,H-I: (A-28)

Since all agents are identical, all individual SDFs will be identical as well. Thus, let M;,; =

M}, denote the SDF. Substituting in (A.28) into (A.15) gives us

My = B0 <9tM + (1 —0y) orc > (¢<¢(et+1) Ct+1)_1

¢(6;) — 1 o(6;) — 1 Or1) —1 Ci
¢TC ) Ct+1 -1
= pBélb,+(1—-4 : A.29
’ ( aa t)¢(9t+1) < Cy > (4.29)
In the special case of constant aggregate consumption, this simplifies further to
My = 56 (Ht +(1—06,) o10 ) : (A.30)
¢(Or41)
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A.3 Heterogeneous agents

Let s; denote the share of aggregate wealth held by TI agents and let the remaining share 1 — s;
be held by TC agents. By market-clearing for consumption, we have that the sum of TT and TC

consumption must equal aggregate consumption, i.e.

Wrrs Wrey St 1 —s
Ct = CTLt + CTC,t == ¢T1(9t) + ¢TC - <¢TI(9t) + ¢TC >Wt =

¢m&,@)z;%g::(¢T290-+15;?)1::¢T%99¢T0(&¢T04-c1—sg¢T%90)F (A.31)

The pricing kernel for a TC agent takes the familiar form:

uIc L < Wre i1 )_1 B < (1 = 5041)Wig )_1
Hl Ry Wrer — Croy ¢TC L(1 — s)W,
L—s W, Ci 1—s ¢t
_ - , A.32
ﬁl = St+1 Wi ﬁot—i-l 1 — St41 e ( )
1
where RtTfl denotes the optimized portfolio return of the TC agent and i ¢Tc = 1‘1% Lo B.
Substituting for Rry+1 in (A.15) gives us the TI pricing kernel
(0 P'c Wrr i -1
MTL — 8§ t+1 _0 o+
w = A ( -1 TGy (Wm - Om>
¢ 9t+1 </5TC St+1Wi -1
— 55(9 1-6,) ( )
CATIGY — 1 + ( t ¢TI(0,) — 1 ¢:1T(I¢9t) lstWt
i re s¢ W,
/66 < TI t+1 ( et) fl ) t t
¢ ¢T(0:) ) st41 Wi
¢ (9t+1) ¢TC ) St P
5 S0 (g 1-6 : A.33
P Cin ( : T (0;) * t)(bTI(et) St41 Qe ( )
The evolution of the wealth-share of TT agents is given by
1(9,5 W
I Wrrgvr  Wrre — Crrg Rrrgpr ¢TI 90) sy t Ryrie1
— — =
" Wit Wip1 — Cr Regga i (; tsftet el Ly Repa
_ St¢TI(9t) — 1 é(sy, 9t) RTI,t—i—l. (A.34)

¢T[(9t) ¢(3t79t) —1 RO,t+1
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A.3.1 “Semi-complete” markets

With semi-complete markets we allow the agents to trade assets that span the state-space gener-
ated by all aggregate shocks such as shocks to 6,1 or to C1. However, we do not allow agents
to trade claims whose payoffs are contingent on an individual agent’s type.

In equilibrium with semi-complete markets, the two SDFs must equal state-by-state on the

state-space generated by the aggregate shocks. Using (A.32) and (A.33)

Cy 1—s5 ¢(5t7 Qt)

MTC — MTI PN
. . 6Ct+1 1 — sp41 O(St41, Or41)
Cy ( ¢TI(9t+1) ¢'¢ ) St P(s¢,0;)
4] o +(1-26 &
P Ci ' o1 (0;) ( t)¢TI(9t) i1 O(Se41,0r41)
_ TI TC
1 St -5 (Qth Tset-i-l) + (1 . Qt) fl ) i
L =54 @71 (6:) ¢T1(6:) ) se41
¢ (0r11) o' )
1—s)s = 0|Op—7—"+ (16 s¢(1—s
( t) t+1 ( t ¢TI(9,5) ( t)¢TI(6t> t( t+1)
5815 (6t¢TI<9t+1> -+ (1 — 9,5)¢TC)
S+l = T1 T1 TCY® (A.35)
(1= s5)¢™(0:) + 050 (61077 (O141) + (1 — 6)07C)
The TC agents’ wealth-share next period must therefore be given by
_ TI
1—§341 = (1= )¢ (6) (A.36)

(1= 50)0™(61) + 650 (0:0™ (6r41) + (1 — 6,)9™C)
We see immediately that the TC agents’ portfolio will pay off a larger fraction of aggregate
wealth when T1 agents’ wealth-consumption ratio is low.

Thus, substituting (A.35) and (A.36) into (A.31) at ¢ 4+ 1, we see that next period aggregate

wealth-consumption ratio is given by:

(013 56,00) = O(Se41,0i41) = ¢TC¢TI(9t+1) (St+1¢TC +(1- 3t+1>¢TI(9t+1))
ST, [5st (06" (Brs1) + (1= 01)6") 67 + (1 - st>¢“<9t>¢>ﬂ<em>] -1
- ! (1= 5)0™1(0,) + 05, (6.0 (B41) + (1 — 6,)7C)

_ 41 (1—5:)¢™(6:) + 5:0 (0,0 (0111) + (1 — 0,)9"C) (A.37)

(1 _ St)¢TI<9t) —+ St5 (0,5 + (1 - et)qu(lb(Zerl)) ¢Tc

-1

which is clearly increasing in next-period TI wealth-consumption ratio. As a consequence, the
A(0141;5¢,0¢) Cia1

S50 —1 O ) will be increasing in the TI

realized return on the consumption claim (Rc,tﬂ =
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wealth-consumption ratio.
Substituting (A.31), (A.35), and (A.37) into (A.33), we get the following expression of the

equilibrium SDF:

Ct (1 . St)(bTI(et) + 8755 (Gt ( 6t>¢TI 9t+1))¢TC’

M = , A.38
s BCtJrl 5:0"C + (1 = s¢) 9" (6) ( )
which under the assumption of constant aggregate consumption simplifies to
(1= s0)™"(6r) + 500 (9t (1 9t)m> oT¢
Mt+1 = . <A39>

5t¢TC + (1 — s¢) T (6;)
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B Model solution: Epstein-Zin utility

In this section we present the model with Epstein-Zin utility and overlapping generations (OLG).
All individual agents i of a given type TC or TI have identical preferences and face identical
risks. In particular, there are no differences between older and younger agents, except the wealth
they enter the period with. Therefore, we will solve the problem for some arbitrary individual
belonging to the group of TT or TC agents respectively, without explicitly indicating their birth
cohort.

The problem of an individual TC or TI agent i can be written

D=

Urcy(Wii) = max [Cft + (1 = X\)SBE, |:UTC,t+1(VVi,t+1)a] a} (B.1)

Ci,t.wit

=

UTI,t<Wi,t> = Inax [Cip,t + (1 - )\)55Et [etUTI,t+l<Wi,t+1)a + (1 - et)UTC,t+1(Wi,t+1>a:| a]

Ci 13wt

(B.2)
subject to the budget constraint W, 1 = (Wi — Cit)(Ryt + w;Rf 1) where Rf,_, denotes the
vector of excess returns.

Since all agents of a given type are the same (except for the level of their wealth), the wealth-
consumption ratio of any individual agent who is TC will be ¢r¢; and for any individual agent
who is TT it will be ¢py,. Similarly, all agents of the same type will hold the same portfolio, i.e.
Rrey41 and Ryprgqq, respectively.

Let us guess the following form of the value functions:

1-p
UTC’,t-&-l(VVi,t—i-l) = ¢Tpc¢+1Wi,t+1 (BB)
1-p
UTI,t+1(VVz‘,t+1) = ¢T§,t+1VVi,t+1~ (B~4)

Using (B.3) and (B.4) along with the budget constraint, we can write the objective functions as
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follows

Qe
=

(A—p)o
Urc(Wiy) = max {Cf:t + (1 =N)B(Wip — Cip)'Ey [QSTC’jt-i-l %C,t—f—l] ] (B.5)

S

(=—p)a (A=p)a 2
Ursa(We) = max [ CF, -+ (1= N80V = CoaBe(Bufm s + (L= 000rchns ) Bne]
(B.6)

We need to show that the value functions at time ¢ take the same forms as (B.3) and (B.4).

The first-order condition w.r.t. time ¢ consumption for a TC agent is

L
«

(A=pla
0 = Cf,t_l — (1= N)B(Wis — Oz’,t)p_l]Et [¢T0€t+1R%C,t+1] g

Wi —Ci\' 7 U—ple &
( ’tC"t 7t) - (1_)\)BEt[¢TCTt+1RTC,t+1i|

=
(1—p)a g
(¢TC,t - 1>1_p - (1 - A)ﬁEt [¢TC€t+1R%C,t+1i| (B-7)
Similarly, for a T1 agent we get
1 (1—p)a (1—p)a 5
(G110 =)' = (1= NBIE:| (06714 + (1 = 0067y ) Rir ] (B3)

Using the expressions for the wealth-consumption ratios (B.7) and (B.8) in the objective functions

(B.5) and (B.6) yields what we want to show:

Urcas(Wir) = [CF, + (Wis — Cin)(brea — 1177
= {( Wi ) + ( Wi ) (drce — 1) (drcy — 1)17'0

drog dre
1 Wi 11
= [1+ (¢prce —1)]7 ¢Tctt = ¢rc Wit
1-p
= OreWin (B.9)

Urre(Wis) = [Ci[jt + (Wie — Cit)(drrs — 1)1—/)} »

= Orh Wis. (B.10)
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The first-order conditions w.r.t. portfolio choice are

(A-p)a
0 = E [ngCf,)t-&-lR%E’,lt—&-l §+1} (B-H)
(I-p)a (A—pla _1
0 = E [<9t¢TI,Pt+1 + (1 - 6t)¢TCft+l) R%I,Hl §+1} : (B-12)

Combining the first-order conditions w.r.t. consumption, (B.7) and (B.8), with the first-order
conditions w.r.t. portfolio choice, (B.11) and (B.12), we see that

(I1—p)a

a Qb C, L o
Mrcaar = [(1 = N7 (ﬁ Rgch iy (B.13)
’ ¢ (1—p)a ¢ (1—p)a
Myyar = [(1 - 2505 [et (L) " v (2e) I, B

are the pricing kernels for any TC and TT agent respectively.

B.1 Semi-complete markets

Assume that traded assets span the state-space generated by aggregate shocks, i.e. shocks to
aggregate consumption and 6;;. In this case, we have Mrpc 11 = Mrpr+1 = M4+ state-by-state
in the state-space generated by (0;.1,6:41). 2 It is easy to see that it is sufficient if for any
current state (s, 0;), agents can trade contracts with payoffs X0t+1:ékWt+l’ where Xo,,1-6, 1S an
indicator function that takes the value 1 if 6,1 = ék. and 0 otherwise.

Let gi(ék; st, 0;) denote the fraction of the contract with payoff X0,41=01 W1 agent ¢ buys if
current state is (s, 6;). Then, the wealth of agent i contingent on being alive at ¢ + 1 will be

Wiit1 = 9i(0e1; 51, 0;)Wiga. Let

gr1(0rs1; 8¢, 0:) = / Gi(Or41; St, 0r)di (B.15)
i€TT

9T0(9t+1;3t,9t) = / gi(9t+1;8t,9t)di (B-16)
i€TC

Wrry = / Wi edi (B.17)
i€TT

WTC,t = VVZ,tdZ (B18)
i€TC

12We do not allow contracts contingent on whether a given TI agent becomes a TC agent next period, as this
is a positive probability event for the TI agent in question, but a zero probability event for all other agents.
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9i(Or+1350,01) _ gr1(Os+1:56,0t)
Wiyt WTI,t

Since all agents of a given type (TI or TC) are identical, we must have

for all agents ¢ who are TI and 9"(9%_;?’6*) = 9I¢C (‘f[j;é;ft’at) for all agents ¢ who are TC.

It is clear that market clearing in the asset markets require

gro(Ous1;56,0) = 1= gr1(0i41; 56, 01). (B.19)

By assumption, the wealth of old agents who died between t and t 4+ 1 are redistributed
equally among new-born agents. Thus, since a fraction A of agents die each period, a total
wealth AW, .1 needs to be redistributed among new-born agents at the beginning of ¢ 4+ 1. Since
a fraction (r; of new-born agents are TI, new-born TI agents get a total wealth (r; AW, at
the beginning of ¢t + 1. Furthermore, the old TI agents at time ¢ had bought claims for a total
wealth of grr(0i41; St, 0:)Wii1 at the beginning of t+ 1, but only a fraction 1— A actually survives.

Therefore, it follows that the TI wealth-share evolves as follows:

St+1 = (1 - A)QTI<91€+1; St, 9t> + /\CTI = 8(9t+1; St, 91;) (B-20)

Importantly, the wealth-share of T1 agents next period does not depend on aggregate consump-
tion shocks - it only depends on shocks to 6,,;. Thus, with a slight abuse of notation, we write
drepsr = Orc(Sev1,011) = Orc(Org1:56,0:), drierr = Ori(se41,001) = dri(iya; Se,0;), and
Grr1 = O(St41,0041) = G(Ory15 81, 0;).

The returns on the equilibrium TI and TC portfolios (conditional on surviving) can therefore

be written
RTI,t+1 _ 9T1(9t+1; St, gt)Wt—H _ ¢T1,t QTI(QtH; St, 9t) Wit (B.21)
Wrre — Crry Orre—1 S¢ Wy
_gre(Oir1 8 00Wier — dren 1 — grr(0ia; 8e, 0) Wi
RTC,t-i—l — . (B22)
WTC’,t - C(TC,t ¢Tc,t -1 1—s W,
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Substituting (B.21) and (B.22) into (B.13) and (B.14) gives us

(1—p)a
a [ Orcit ) P dree 1 — grr(0ig1; 56, 0¢) G\ @1 f Crpr\ o1
Mycyin = [(1=N)g]5 [ 2res ’ das]
roe = (1= A)) <¢>ch,: —1 <¢Tc,t —1 1— s & ) ( Cy >
(B.23)
5 (1-pla ’ (-pa
Mrp1=[(1— /\)55]% 0, (ﬂ) +(1-6,) (ﬂ)
Orry— 1 Orre—1
drre gri(Oea; s, 0) G\ f Crypr ot
X : —_— . B.24
(QbTI,t— 1 St th ) ( Cy > ( )

a—1
Only the part <Cé—t1> depends on aggregate consumption growth. The remaining parts of the
SDFs are functions of 6, conditional on (s, 6;).

Equalizing (B.23) and (B.24) yields:

Mrcy1 = Mryi

(I1-p)a
OTC 141 ) p dree L1 — gri(Opas se, 0p) 1
@ - -
(¢To,t -1 (¢Tc,t - 1> ( I—s )
(A—pla (A—p)a
a OTI 441 ) , ( OTC 141 ) P drre oL gri(0i1; se, 0) 1
=4dr |0, | — +(1—-26 ek L N R L
[ ' <¢T1,t —1 ( 2 Orre—1 (<25T1,t — 1> ( S¢ )

(1-p)a

OTC 141 droe 1 — gri(0i11; St,04)
1

( ) p(a—T1)
<‘;> -
dres — 1 droy — 1 1—s

(I-p)a (A=p)aq a—1
_ 5ﬁ [et( ¢T1,t+1 > s I (1 _ 91&) ( ¢Tc,t+1 ) ? ] ¢T1,t 9T1(9t+1;8t,9t)

¢T1,t —1 ¢T1,t -1 ¢Tl,t —1 S¢

0

(1—p)a (1-p)a
911 (0pa1; 51,0) = < O 1 )”“‘” drog o | s < OTC 41 )”(a” O
T t+1y 9oty Vt) — ot - - - 4 t - -
* Orcy — 1 Ores — 1 drer — 1 dre — 1
5 (1—p)a 5 (-play a1 5 -1
fe} P P
(1 se=T (6 <ﬂ) L1_a (ﬂ) _drre | pos
( 2 ( ' Orre — 1 ( 2 Orre—1 Orre—1 ( )

The conditions in (B.7), (B.8), (B.20), (B.25) along with the market clearing condition for current
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consumption:

Wrr it WTC,t ( St
+ =
OrI Orey

b — (st +1—st)—1

briz  Preg

Cy = Crip+Crop = 3
Tt

make up the equilibrium conditions in the economy.

(B.26)

Our solution method is backward induction on an S x K grid for current states (s, 6;). For

each current state, we take as given the S'x K grids of next period TT and TC wealth-consumption

ratios and use interpolation over TI wealth share to get TI and TC wealth-consumption ratios

as continuous functions of s;;1, and solve for current TT and TC wealth-consumption ratios. We

initialize both the TI and TC wealth-consumption ratios at the constant wealth-consumption

ratio that would have been optimal in a representative TC economy with the same parameters.
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Present Bias and Discount Rate Risk

Online Appendix

1 Survey evidence: Additional results and robustness tests

In this section we report additional results and robustness tests complementing the empirical
evidence on time-varying present bias documented in Section 3. Table 1 repeats the unconditional
average tests of the forecast errors, but uses raw survey data that are not filtered for errors
and outliers. We can see that the results are qualitatively similar to those after applying the
filters. The consumption growth forecast error both in the full sample and before Covid is again
about 2% on average. The regression coefficients on education and income are also positive and
significant, which indicates that less sophisticated agents make larger forecast errors about their
own consumption growth (education and income are coded into three brackets 0, 0.5, and 1,
where 1 stands for less sophisticated individuals). Even though the coefficients on the indicator
of not saving generally are larger than in the original regression, they are insignificant which
could be attributed to the noise caused by extreme observations in the raw data.

Since income could change unexpectedly and lead to a higher than planned consumption, we
next show that our results are robust to including income when identifying present-biased agents.
Table 2, Column (1) reports the baseline estimation of the composite bias variable as a linear
combination of education, income (both classified in three buckets 0, 0.5, and 1) and an indicator

of not saving in general, while Column (2) excludes income. In Table 3 we show that our results

1



documenting the time variation in the present bias are not affected by the inclusion of income
in the composite bias variable. In particular, the main coefficient of interest (3 which shows
whether the degree of the bias changes with economic condition is still positive and significant
after excluding income. Hence, our finding that present-biased agents’ overconsumption increases
in times of stress is not determined by changes in their income.

Another potential concern could be that our results are affected by financially constrained
individuals who may have hand to mouth consumption. To alleviate this concern, we repeat the
analysis presented in Table 3 after excluding financially constrained agents (see the definition
of financial constraints in Section 3). First, we can see that the least sophisticated financially
unconstrained individuals make significant consumption growth forecast errors of about 6% per
year, similar to those in the full sample. Second, these forecast errors are time-varying and
increase significantly in times of stress, based on the interaction term coefficient 3. These
results are also robust to excluding income from the composite bias cohort variable.

Finally, we test whether our findings are driven by overall pessimism about aggregate quanti-
ties. In particular, in Table 5 we regress the agents’ average reported unemployment pessimism,
defined as the probability that unemployment rate in the U.S. will increase in the next 12 months
(see Section 3 for details), on the composite bias variables including and excluding income, and
the demographic characteristics reported in the survey. We see that individuals who are less
sophisticated and more susceptible to the present bias believe there is a lower chance that unem-
ployment will increase in the future, i.e. they are more optimistic, rather than more pessimistic
about aggregate quantities. This alleviates the potential concern that these individuals might
have an overall pessimistic economic outlook that drives the pessimism about their own con-

sumption growth.



Table 1: Raw data: Consumption growth forecast errors and demographics

The table reports the difference between individuals’ realized and expected consumption growth based
on the raw, unfiltered New York Fed’s Survey of Consumer Expectations data. Column (1) presents
the average consumption growth forecast error based on the full sample period (December 2014 until
December 2022), while Column (2) focuses on the Pre-Covid (pre-2020) period. Columns (3) and (4)
report the estimates of a regression with time and state fixed effects of consumption growth forecast
errors on demographic characteristics: education, income, age, risk tolerance (each classified in three
normalized categories 0, 0.5 and 1, consistent with the New York Fed’s categorization), and an indicator
of not saving in general. The realized and expected consumption growth are trimmed at 1% by time.
Individuals between 25 and 80 years old are included in the final sample of 12,579 unique individuals.
The t-statistics, reported in brackets below, are based on Driscoll-Kraay standard errors using 5 lags.
Significance at 10%, 5% and 1% is denoted by *, ** and ***  respectively.

(1) (2) (3) (4)

Education 4.369*** 4.518%**
(4.558) (4.275)
Income 2.544 K% 3.110**
(2.908) (2.431)
Not save generally 0.530 0.527
(0.888) (0.689)
Age 0.154
(0.174)
Risk tolerance 2.908
(0.998)
Constant 2. 287K 2.855%**
(5.033) (7.002)
Time and State FE N N Y Y
Driscoll-Kraay SE Y Y Y Y
Pre-Covid period N Y N N
R-Squared 0.000 0.000 0.004 0.004
N 27,734 17,764 25,135 23,408




Table 2: Bias estimation

The table reports the estimation of a composite bias variable. In Column (1) it is based on education,
income, (each classified in three buckets 0, 0.5, and 1, consistent with the survey categories) and an
indicator of not saving in general cohorts, while in Column (2) it is based on education and indicator
of not saving in general. The expected and realized consumption growth, that along with demographic
characteristics are available in the New York Fed’s Survey of Consumer Expectations data for the sample
period from December 2014 until December 2022. The realized and expected consumption growth are
trimmed at 1% by time. Individuals between 25 and 80 years old are included in the final sample of
11,928 unique individuals. The t-statistics, reported in brackets below, are based on standard errors
clustered by state and cohort bucket. Significance at 10%, 5% and 1% is denoted by *, ** and ***,
respectively.

Bias 1 Bias 2
(1) (2)

Education 4.376%*** 4.449%H*

(8.351) (9.118)
Income 1.162%**

(2.702)
Not save generally 0.636* 0.576

(1.774) (1.612)
Time and State FE Y Y
Clustered SE Y Y
R-Squared 0.048 0.061
N 5,557 3,571




Table 3: Time variation in consumption growth forecast errors by bias cohort

The table reports the estimates of a regression with time and state fixed effects of average consumption
growth forecast errors based on bias buckets, a stress indicator, and the interaction between bias and
stress. In Columns (1) and (2) the stress indicator is a state-level economic conditions indicator (as
in Baumeister, Leiva-Leén, and Sims, 2021) and in Columns (3) and (4) — a state-level change in
unemployment compared to the year before (available in FRED). In Columns (1) and (3) the bias is
estimated based on education, income and an indicator of not saving in general, while in Columns
(2) and (4) the bias is estimated based on education and the indicator of not saving in general. The
expected and realized consumption growth along with demographic characteristics used to estimate the
bias buckets are available in the New York Fed’s Survey of Consumer Expectations data for the sample
period from December 2014 until December 2022. The realized and expected consumption growth are
trimmed at 1% by time and individuals between 25 and 80 years old are included in the sample of 11,928
unique individuals. The t-statistics, reported in brackets below, are based on clustered by cohort and
state standard errors. Significance at 10%, 5% and 1% is denoted by *, ** and ***  respectively.

Change in unemployment Economic conditions

Bias 1 Bias 2 Bias 1 Bias 2
(1) (2) (3) (4)
Bias 6.250%** 5.084%** 6.283%** 5.084%**
(10.809) (10.581) (10.795) (10.557)
Stress indicator -0.348 -0.452* -0.422 -0.496
(-1.504) (-1.918) (-1.360) (-1.455)
Bias x Stress indicator 0.775%* 0.572%* 0.896** 0.919%***
(2.134) (1.942) (2.482) (2.870)
Time and State FE Y Y Y Y
Clustered SE Y Y Y Y
R-Squared 0.049 0.063 0.050 0.064
N 5,557 3,571 5,549 3,548




Table 4: Financially unconstrained sample: Time variation in consumption growth
forecast errors

The table focuses on a subsample of financially unconstrained consumers. Detailed definition of the
financially constrained consumers indicator is provided in Section 3. The table reports the estimates of
a regression with time and state fixed effects of average consumption growth forecast errors based on
bias buckets, a stress indicator, and the interaction between bias and stress. In Columns (1) and (2) the
stress indicator is a state-level economic conditions indicator (as in Baumeister, Leiva-Ledén, and Sims,
2021) and in Columns (3) and (4) — a state-level change in unemployment compared to the year before
(available in FRED). In Columns (1) and (3) the bias is estimated based on education, income and an
indicator of not saving in general, while in Columns (2) and (4) the bias is estimated based on education
and the indicator of not saving in general. The expected and realized consumption growth along with
demographic characteristics used to estimate the bias buckets are available in the New York Fed’s Survey
of Consumer Expectations data for the sample period from December 2014 until December 2022. The
realized and expected consumption growth are trimmed at 1% by time and individuals between 25 and
80 years old are included in the final sample of 7,546 unique financially unconstrained individuals. The
t-statistics, reported in brackets below, are based on clustered by cohort and state standard errors.
Significance at 10%, 5% and 1% is denoted by *, ** and ***, respectively.

Change in unemployment Economic conditions
Bias 1 Bias 2 Bias 1 Bias 2
(1) (2) (3) (4)
Bias 6.206*** 4.705%** 6.294*** 4.687F**
(8.070) (6.320) (8.124) (6.373)
Stress indicator -0.188 -0.240 0.099 -0.300
(-0.565) (-0.725) (0.239) (-0.681)
Bias x Stress indicator 1.428%** 0.956** 1.306%** 1.149%**
(2.980) (2.382) (2.769) (2.976)
Time and State FE Y Y Y Y
Clustered SE Y Y Y Y
R-Squared 0.064 0.065 0.063 0.065
N 2,990 2,327 2,987 2,319




Table 5: Unemployment rate pessimism and demographics

The table reports the degree of unemployment rate pessimism based on the New York Fed’s Survey of
Consumer Expectations data. The dependent variable is the average reported unemployment pessimism,
defined as the percentage chance that unemployment rate in the U.S. will be higher in the next 12
months based on the full sample period (December 2014 until December 2022). Column (1) reports the
estimates of a regression with time and state fixed effects of unemployment pessimism on the composite
bias variable based on education, income, (each classified in three buckets 0, 0.5, and 1, consistent with
the New York Fed’s categorization) and an indicator of not saving in general cohorts. Individuals with
the lowest level of education and income are assigned the value of 1. In Column (2) the bias variable is
based on education and an indicator of not saving in general cohorts. Columns (3) and (4) report the
estimates of a regression with time and state fixed effects of unemployment pessimism on demographic
characteristics: education, income, age, risk tolerance (each classified in three normalized categories 0,
0.5 and 1), and an indicator of not saving in general. The realized and expected consumption growth
are trimmed at 1% by time. Individuals between 25 and 80 years old are included in the final sample
of 11,928 unique individuals. The t-statistics, reported in brackets below, are based on Driscoll-Kraay
standard errors using 5 lags. Significance at 10%, 5% and 1% is denoted by *, **, and ***  respectively.

(1) (2) (3) (4)

Bias 1 -4 TR
(-6.857)
Bias 2 -4.906%**
(-3.922)
Education -4.643%F* -4.675%F*
(-4.199) (-4.248)
Income 0.386 0.463
(0.495) (0.542)
Not save generally -0.355 -0.085
(-0.896) (-0.210)
Age -1.809%**
(-2.591)
Risk tolerance -0.490
(-0.530)
Constant
Time and state FE Y Y Y Y
Driscoll-Kraay SE Y Y Y Y
R-squared 0.026 0.027 0.027 0.028
N 23,386 23,586 23,386 22,521




2 Time-varying (: Log utility

2.1 General solution
2.1.1 TV value function

The problem of an agent with time-varying discounting 8!V is given by:

U (wy, Bl = max log Cy + B VEJULY (Wi, B, (1)

Wt

subject to Wiy = (W, — Cy)(Ryy + w/ R¢ ;). Let Cry, denote the optimized consumption,
vV = % denote the optimal wealth-consumption ratio, and Ry = Ry +w;' RY 41 denote

the optimized portfolio return. Iterating (1) forward yields

oo j—1
U W BTY) = max logCo+ BVE Y [ B log Crvsy
7j=1 =1
oo j—1 W,
= logCrvy + 8/ VE, Z H Bl log ( H])
j=1 i=1 ¢t+J
g Wi H] ) %Efv Rrvieyiyi
ol
- tog (7v) AR (Hﬁm)log e
= t+7
oo j—1
— [1 +ES ] Bm} log W, + ATV, 2)

7=1 =0

Suppose A7V follows a Markov process with states 37V and transition probability matrix IT4.

Then B(BL1157Y = B™V) = 8™, E(5]Y 5116V = B7V) = D(B™V)I155"Y, and

KT () = 1+2Et[Hﬁm

BTVi|_1+Z 6TV ] IBTV

(o) = 1 o) (- o]
_ ([_D(BTV>Hﬂ)_117 (3)



where the last equality used that D(57V)II51 = D(6TV)1 = 37V, Using (3) and (2) we get
U (W B7) = KTV(BY) log W+ AV (4)

2.1.2 Optimal wealth-consumption ratios and SDF

Using (4) we can rewrite the TV agent’s problem (1) as follows:

UtTV(Wt, BtTV) = max logCy+ BtTV]Et[KTV( t+1) log Wiyt + At+1]

C,wt

= rcnel)x log Cy + log(W, — Ct)ﬂtTVEt[KTV(BH—l)]

+ BtTvEt[KTV(Bt-H) log(Ry + w, Rf—i-l) + At+1] (5)

The first-order condition for consumption is

Wi
Crvye

o' (8" =1+ 8 "E K"V (BL))- (6)

Or, in vectorized form:

¢TV(BTV) _ 1+D(BTV>H KTV(BTV) +D(ﬁ V), < (5Tv) >11
= (1 D)) (1 - DEFIIL) 1+ DEL(T - DETL,) 1
= [(r=p6mms) + D) (1 - D) 1
7).

- (1- D(BTV)Hﬂ) 1= K™V (4"
The first-order condition w.r.t. portfolio weights yields

0 = E [‘bTV( f?{)RT\lfﬁlRal . (8)

Using (6) and (8) gives us the following expression for the TV SDF:

TV (bTV ( IZ}-‘{)

MEF‘; = t ngV(ﬂtTV) . 1R;‘1/,t+17 (9)



or, alternatively

MTV — gV oTV( tT+V1) ( oTV( tT+‘i) CTV,t+1>1
i EooTV(BEY) —1\¢™V(BEY) =1 Crvy
C
TV YTVt
= —_ . 10
P v (10)

2.2 Representative agent economy

In an economy populated by a unit mass continuum of TV agents, we would have Cry,; = Cy,
where the latter denotes aggregate consumption endowment. Thus, if aggregate consumption is

constant, the SDF in this economy would be:

Ct
MEF‘{ = IE/‘FV Ct+1 = ;TV' (]'1)

In other words, we would have risk-neutral pricing in this economy.

It is clear from (7) that

¢7(0) = o™V (F") & 1= (1-D(F)IL, )¢ (0) = ¢7(0) — D (6™ (0)) 57 &
(om0 - 1), (12)

BTV = D (16" (6)
If we choose IIg = IT in (12), we see that there exists a choice of state-vector BTV such that the
distribution of TV wealth-consumption ratios is identical to that of a TI agent. As is clear in
the representative agent versions of the TI and TV economies: identically distributed wealth-
consumption ratios does not result in identical asset pricing implications. In the TT economy
we get a positive risk-premium on the consumption claim even when aggregate consumption is

constant, whereas in the TV economy we get risk-neutral pricing.

2.3 Heterogeneous agents economy

Let s, = Wrvi denote the share of aggregate wealth W; that belongs to TV agents and 1 — s; be
W, gereg g g

the share of aggregate wealth belonging to constant 3 agents, which we will still refer to as TC
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for convenience. As in the previous section, the TC agent’s pricing kernel is given by:

1 C 1—s ¢t
M = —— = B— — 13
" Rroun 60t+1 1 — 541 P (13)

and from (9) we can write the TV agent’s pricing kernel as

TV ¢TV( tT+‘§> ( St Wi )1

TV d)TV( g:r‘i) TV \—1
(Rt-i-l) t TV ( RTV 1 ¢TV(5TV
ot (BT - Wstwt

TV
e = A Gy

_ Tv¢TV( %) se Wy :BTV Cy ¢TV( t+1) 5t Py (14)
LOgTV(BEY) spp1 Wesr 0 Gt 9TV(BEY) St41 e

The wealth-share of TV agents evolves as follows:

s GbTV( tTV) —1 ¢<St> tTV) RTV,t—H (15)
' ¢TV(@,TV) ¢(3t, tTV) —1 Rc,t+1 '

St+1

The aggregate wealth-consumption ratio is

$(s1, BTY) = ™V (BT)O™C (7€ + (1 — s)6™v (BTV)) . (16)

2.3.1 Complete markets

In equilibrium with complete markets, the two SDFs are equal state-by-state. Hence,

1— V¢TV( t+1) St PN

5t <Z5TV( t )3t+1

MY = ML &8

L= s
o™ (B54)

Bl = s)sty1 = tTV ¢TV(B?_\}) (1= st11) &

o™V (BEY)
Stﬁ;;rv ¢TV ﬁt;r‘})

St41 = v ¢TV (BEY)
(]‘ - St)ﬁ + Stﬁt ¢TV(ﬁT+V)

_ MG/ -
T =BTV BT s BTV (L)
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Thus, the TC agents’ wealth-share is given by:

(1 - 3t)5¢TV( TV)
(1-— St)ﬁ¢TV( ) + StﬁtTVQSTV(ﬁt-i-l)

1-— St+1 = (18)

Using (17) and (18) in (16) at ¢ + 1 we can express the aggregate wealth-consumption ratio next

period as follows:

-1

¢(5t+178t7 TV) = ¢(st+176£-1) ¢TC¢TV(@+1) (5t+1¢Tc (1 - 5t+1)¢TV(5t+1))
STCHTV (1Y) (Stﬁ VTV (81T + ( — )BTV (8] )d)TV(ﬁm))
r (1= s0)B™ (B]Y) + s:8V o™V (BEY)
¢TC(1 —s50)Be"V (67 ) + 58] "V (BLY)
(= s)Bo™ (G + siff o7

(19)

We immediately see that the aggregate wealth-consumption ratio next period is increasing in the
TV agent’s wealth-consumption ratio next period.
Substituting (16), (17), and (19) into (14), we get the following expression of the equilibrium

stochastic discount factor:

Ct 5—1 tTVSt(bTC"'(l_St)(bTV( ;[V)

Mt+1 - BCt-f-l St¢TC -+ (1 — St)QbTV(ﬁtTV)

(20)

We therefore immediately see that the equilibrium stochastic discount factor does not depend
on the wealth-consumption ratio ¢*V (8LY) of the TV agent at ¢ + 1. Hence, we get risk-neutral

pricing if aggregate consumption is constant.
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3 Robustness to alternative specifications: Time-varying

d

3.1 General solution

Suppose the problem of a TI agent instead takes the following form:

U (Wid) = max logCy+ BOE, [9U£Q(Wt+l,5t+1)+(1 —e)Ug;Cl(WtH)], (21)

Wt

subject to Wiy = (W — Cy)(Ryy + w Rf,,). In other words, now we assume the subjective
probability of remaining TT is constant, but instead the extra discounting ¢ is assumed to be

time-varying. As before, the TC value function takes the form

Ur'°w,) = ¢'“logW, + AI°, (22)

|H

where ¢T¢ = denotes the optimal wealth-consumption ratio of a TC agent.

1—

\_/Tb

Iterating (21) forward, letting ¢!’ and Rypy.y1 denote optimized wealth-consumption ratios

and portfolio returns, we get:

UtTI(Wt,(St) = Et[i <H(St+i> (‘95)” tﬂ + i (1_[5"/+ )ﬂjej 1 )UES(WHJ')

j=0 i=0 tﬂ i=0
1 ok
o il W, T 0 ZE“I "Ry A1
= [Z <H5t+1) 96 j lOg TI

§=0 t+j

+ i( 5t+i)ﬁj9j*1<1—9>(¢T010th+j+AtT+Cj)]

Il
5
=
_l’_
hgt

—
=
&
<
~—~—
—_

+ 3071 (1-0)6") | 10g W4
+ AtTI(ét)- (23)
Assuming ¢, is a Markov process with K states 6 and a K x K transition probability ma-
trix IIs, the conditional expectation E, Hg;& 01 can take K values. In particular, E(d;41|0; =
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§) = TI46 is the K x 1 vector of conditional expectations. Furthermore, E(8,6,41|6, = 0) =
D(0)E(b141]6; = 8) = D(6)I150 and E(8;0,410,40|0; = 6) = D(O)E(E(Srp1042|0041 = 0)|0; = 6) =
D(O)TISE(6,410112) = D(0)IID(6)I156. Thus,

E(H&m 5t:5) - <HD(3)H5)5:<D(5)H5>]15 (24)
KTI(6) = 1+E[§:<ﬁ5m>(56)3 140711 e)¢TC>]5 - }

. -1 .
- (I — 98D (5T (1 (1 9)55¢T0). (25)
We can now re-write the problem in (21) as follows

U (W, 6) = max 1ogct+1og(wt—thétJEt[eK“(étHH(l—9)¢TC]

+ BOE (0K (Gusa) + (1= 0)6" ) log(Ryo +w/ i)

+0ATL () + (1 - 0)ATG]. (26)

The first-order condition w.r.t. consumption is

ST = W= 14 BB [OK () + (1 0)67] (27)

t
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or, equivalently in vectorized form:

¢T1(5) = 1+ BD() [HH(;KTI(g) +(1- 0)1¢T0}
= 145D [ (1 - 96D(5)H5>_1 (140 -0)856™) + (1 - 0)16"]
= (1 +(1- )55¢T0) + 03D (8)11; (1 08D (51T ) B (1 (1— 0)55¢T0>
= [r+6s06)m;(1 - 68D0G)T )_1] (1+ (1 - 6)3667)
[(1 08D(5 ) n eﬁD(é)Ha} (1 - 95D(5)H5) - (1 v (- e)ﬁSQsTC)
= (1-08DG)) " (14 (1 - 0)3667) = KT(5). (28)

We can therefore express the value function as follows
UM (Wi, 6r) = ¢7(6:) log Wi + A7 (0). (29)
The first-order conditions w.r.t. portfolio weights are

0 = E;[ (06" (51s1) + (1= 0)67C) R 111 R . (30)

Combining (27) and (30) gives us the following expression for the TI SDF:

¢TC

¢TI 5t B
M = 86, <9#1)1 +(1 - 9)W>RT},H-1’

¢TI<5t) _ (31)

3.2 Continuum of infinitesimal representative TI agents

If we assume that the economy is populated by a unit mass continuum of identical TI agents,
then aggregate wealth-consumption ratios must equal individual wealth-consumption ratios and

individuals must find it optimal to simply hold the aggregate consumption claim. In other words:
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b1 = @71 (8441) and Re 1 = Rrrer1. We can therefore express the SDF in (31) as follows:

o @' (d441) ¢ Gr41C11 \ 71
Mih = 8805y 1+ 0= 05 =) (6 = he)
B B ngC Ct
_ 55t(9+(1 0) ¢Tf(5t+1)> o (32)

With constant aggregate consumption, the SDF becomes

¢TC

MIL = 5@(9+<1—9)m). (33)

In other words, the SDF is low when wealth-consumption ratios are high, causing a positive risk-
premium on the consumption claim even when aggregate consumption is constant. Note that
there exists a choice of § that ensures the wealth-consumption ratios are identically distributed

in the time-varying 6 and time-varying ¢ economies:

Peol e (1-08D@0)) (14 (1-0)5567) = 67 o
(1+(1—9)@5¢T0) - (I—eﬁD(é)m) Tl o
5 =1 = D) (1(1—0)86™ +6plls65") &
0 D (1(1 - 0)867C + 681677) " (457 — 1) . (34)
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4 Partial market participation by TI agent

One concern might be that TI agents do not actively trade in the stock market. In this section
we therefore consider the impact of assuming TI agents only participate in trading some rather
than all assets in a very simple version of the model. Assume that the agents have log-utility.
Furthermore, the TI agents can trade only in default free bonds in zero net supply whereas the
TC agents are actively engaged in all markets. The portfolio returns of TI and TC agents can

be written

Rrigv1 = Rypi+ W;I,t(RB,tH - Rf,t) (35)

Rrriv1 = Rf,t"‘@;atRfHa <36)

where Rp .41 is the vector of returns on the bonds traded by the TI agent. Market clearing
requires that: a) TT and TC consumption together make up aggregate consumption, b) TT and
TC savings in total hold the aggregate consumption claim. We already know that the TC wealth-
consumption ratio, ¢7¢, is a constant, while the TT wealth-consumption ratio, ¢77(6), depends

solely on current 6. TI, and TC agents’ savings are given by

B ¢Tl(et) -1
WTI,t CTI,t - ¢Tl(et) StWt (37)
quC _
Wrer — Crog W(l — se)Wi, (38)

where s; is the TT agents wealth share. By market clearing in the asset markets we have (W, —

C)Reit1 = Wrre — Crrg) Rrrger + Wrer — Creg) Rregsr. Thus,

W, — C; Wrre — Crry Wrre — Criy
R = —— R - R =R —_— <R — R >
TC,t+1 Wrer — Crox Cit+1 Wres — Cron TIt+1 c+1 -+ Wres — Cron Cit+1 TIt+1
TC  4TIQ)—1 s
= Rey + ¢ ¢_(6) : (Roi+1 — Rrrgsr)- (39)

¢TC -1 (bTI(et) 1 — S¢

In other words, the TC agents’ portfolios uses a portfolio of bonds to lever up their position in

the consumption claim. The amount of leverage is governed by ﬁzil d);’lf(le(tg)t;l 2=, Clearly, TC
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leverage is high if either: 1) ¢?Z(6;) is high, i.e. 6; is low, or 2) TI wealth-share s, is high.

By market clearing for consumption we get

S 1—s5
Ci = Crip+Creop = <¢T129) + ¢Tct>Wt <
t
Wt St 1— St -1
= — = . 4
oot = g = (Grgy + ) o

In other words, the aggregate wealth-consumption ratio is increasing in the TT wealth-consumption

ratio and therefore decreasing in 6;,. Since the return on the consumption claim is Roiyq =

d(st41,0t41) Cegn

S b1 G e have that the consumption-claim return will be decreasing in #;,,. The pric-

ing kernels are given by:

59t¢T](9t+1) + (16,9
pT1(0;) — 1

-1
Mrci1 = RTC,t+1 = (RC,t+1 +

Mriigpn = B

Ryjoi (41)

¢TC ¢TI(9t) -1 Sy
GO 1 GT0) 1

-1
(Rc7t+1—RTI,t+1)> ’ (42)

where the TC pricing kernel prices all assets and the TI pricing kernel prices the bonds: 0 =
Ei(Mrc i1 Rfy) and 0 = E(Mrr 1R, 44)-

To illustrate the impact of partial participation by the TI agents, we consider a very simple
version of the model. First, we solve the model at an annual frequency and assume aggregate

consumption is i.i.d. and binomial: up 4.5% or down 0.5% with equal probability. Second, we

let
0 08 02 0
0 = los|, T=]o01 08 01]- (43)
1 0 02 08

Third, g = 0.99 and § = 0.9. Finally, we assume the TI agents only have access to two bonds: a
1-period and a 2-period bond, while the TC agent has access to all assets.
Figure 1 plots the risk-premium on the consumption claim (y-axis) for various levels of current

TI wealth-share as functions of current 6 (x-axis). The solid lines are from the economy where
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TT agents participate only in the bond market, whereas the dashed lines are from an otherwise
identical economy where both TI and TC agents trade in a complete set of financial assets.
There are two key takeaways from Figure 1. First, the risk-premium on the consumption claim
is always higher in the economy where TT agents participate only in the bond market than when
TT agents trade in a complete set of financial assets. Second, the overall pattern is very similar
in the two versions of the economy: the risk-premium is hump-shaped in 6.

The result that TT agents might affect the risk-premium on the consumption claim and cause
it to be time-varying even when they do not trade it might seem puzzling at first. However, the
mechanism is straight-forward. If the TT agents hold all their wealth in bonds, that implies (by
market clearing) that TC agents must hold a levered position in the consumption claim. In times
when @ is low TT agents wish to save a lot and TC agents will be highly levered thereby driving
up the consumption claim price. At the same time, by market clearing in consumption, this must
be the time when TC consumption is also high. However, when 6 increases, TI agents save less
and consume more, thereby reducing the amount of leverage available to the TC agents, which
in turn both lowers TC consumption and drives down the price on the consumption claim. Thus,
both TC consumption and the price-dividend ratio on the consumption claim is decreasing in 6

(through the impact on TC leverage) resulting in priced 6 risk.
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Figure 1: Partial vs complete participation risk-premium

This figure plots the risk premium on the consumption claim (y-axis) against current 6 (x-axis) for
various levels of current TI wealth-share s. The solid lines are from the economy where TT agents only
trade in bonds, while the dashed lines are from the otherwise identical economy where both TT and TC
agents trade in a complete set of financial assets.
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5 Sophisticated vs Naive agents

In this section we show that our results do not depend qualitatively on the assumption that agents
are naive about their true future type and unaware that they will remain time inconsistent. We
first discuss the problems where the agents have a constant degree of present bias and are either
sophisticated or fully naive about their type. Then we consider an alternative version of our
model with time-varying present bias, where the agents are fully aware rather than naive about
their type and have either expected utility or Epstein-Zin preferences.

Let ¢y = % denote the wealth-consumption ratio and w; denote the portfolio an agent holds
from period ¢ to t+ 1. Throughout, all optimization problems are subject to the following budget

constraint:

—1
Wi = (Wi—C)(Rpe+w/ Ryy) = @TWt(Rﬁt +w Ryy). (44)
t

5.1 Constant degree of present bias

Pollak (1968) builds on the problem of time inconsistency in intertemporal choice developed by
Strotz (1955) and distinguishes between naive and sophisticated present-biased agents. Naive
agents do not anticipate the true consumption choices of their future selves and therefore re-
peatedly deviate from their plans, while sophisticated agents recognize their own bias and choose
optimal strategies that are dynamically consistent given their foresight. Pollak (1968) shows that
with log utility both naive and sophisticated agents make identical consumption-savings choices.
Groneck, Ludwig, and Zimper (2024) extend this result to settings with CRRA and Epstein-Zin
preferences and prove that sophisticated agents save more than naive agents when the risk aver-
sion v > 1 under CRRA utility and when the elasticity of intertemporal substitution ¢ € (0, 1)
under Epstein-Zin utility. In this section we show that the consumption-savings and portfolio
choices of sophisticated and naive agents with time-varying present are identical with log utility
but differ under CRRA and Epstein-Zin utility, consistent with the findings of Groneck, Ludwig,
and Zimper (2024). Nevertheless, regardless of whether these agents are sophisticated or naive

their presence still has strong effects on asset prices as long as their degree of present bias is
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time-varying.

5.2 Time-varying present bias: Expected utility

The time t expected lifetime utility for a given sequence of wealth-consumption ratios and port-

folio weights of a time-consistent (T'C) and a time-inconsistent (TI) agent is

Urci({¢j,wities W) = E Z Bty <¢—j> (45)
j=t J
00 Wi 00
UTI,t({¢jij}j:t; Wtaet) = ut(?) + B0, |:9tUTI,t+1({¢j7wj}j:t+1§Wt+1a6t+1>
t
+ (11— Qt)UTC,t+1({Q~5j70~Jj}?it+1; Wi1)|, (46)

where the notation gEj, w; is used to highlight that the sequence of wealth-consumption ratios and
portfolio weights imagined by the T1 agent might be different depending on whether she remains
TT or becomes TC. In fact, what in effect separates a naive agent from a sophisticated agent is that
a sophisticated agent understands that {¢;, w;}52,,, = {;,; }32¢41 — she does not believe that
she will ever change type — whereas a naive agent believes that {¢;, 12 = {0l Wl 2, L,
where the latter sequence is the optimal sequence of wealth-consumption ratios for a TC agent.

In particular, we have {¢7¢ wI“}2, | # {¢;,w;}32,,, that she will actually end up following.

Thus, the objective of a fully sophisticated TI agent can be written

Pt,wt

W,
Vir (Wi, 0) = maXUt(j) + BOE, [etUTI,Hl({ 7w Wiga, Oeg)
t

+ (11— 9t)UTC,t+1({¢}9, w}g}?itH% I/Vt+1)], (47)

where ¢7, w? is the wealth-consumption ratio and portfolio choice that maximizes (46) given that
the agent knows she in the future will follow the sequence {¢f , wf }32¢+1- Similarly, the objective

of a naive TI agent can be written

1%
VJJ“\;,t(Wtaet) = maxut(j) + BOE, [etUTI,t—O—l({ .;y7w_§v};.o=t+l;wt+l78t+1)

Pt Wt t

+ (1- 9t)UTC,t+1({¢;‘-FCa wfc}?itﬂ; Wt+1)]- (48)
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In everything that follows, we will assume the agent does not have access to a commitment
device. Furthermore, we will assume that the sequences of wealth-consumption ratios and port-
folio choices do not depend on the level of wealth. This latter assumption holds for instance if
the future sequence is the result of optimizing expected utility with CRRA preferences. Thus,
from the perspective of the time t self of the agent, the sequence of future wealth-consumption
ratios and portfolio weights can be taken as given and will not depend on time ¢ choice of
wealth-consumption ratio or portfolio choice !.

The first-order condition for consumption and portfolio choice can then be written as follows:

/<%> = 55Et[<9taUT]’t+1({¢j’wj’Qﬂ'}aﬁwl?Wt+1)
ol

K Wy
OUrc 11({9;, W0 }5 1 Wigr)
+ (1-6,) S ) Fpina] (49)
0 = A, [(et Wrrei1 ({95 ’a %91 31 Wig)
+
OUrci1({5, @511 Wi)
+ (1-46 : : 1] 50
(1-6,) S )R] (50)

where R, ;11 denotes the return on the agent’s portfolio. Note that the optimality conditions for
both a sophisticated and a naive agent are given by (49) and (50). The difference between the
sophisticated and naive cases lies in the assumed future sequences of wealth-consumption ratios

and portfolio choices.

5.2.1 CRRA-preferences

By definition,

—1
@TRPMWt (51)
t

'If we had access to commitment devices, like e.g. illiquid assets, self t’s portfolio choice would impact self
t + 1’s optimal wealth-consumption ratio and portfolio choice. Similarly, with non-constant relative risk aversion
preferences, optimal portfolio next period will depend on wealth next period and thus on choice of portfolio today.

Wi = (W — Ot)Rp,t+1 =
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and as a result

-1 —1¢;,—1
Wita = @LR]),H—QWH—I = Pra1 b Ry 1Ry 2Wy (52)
br41 b1 o
Wien = th@;’; T Ry rin]. (53)
+n—1

In the case of log-utility, the expected TC utility of the sequence of wealth-consumption ratios

and portfolio weights {¢;,w;}52, is:
0o - j—t VV]
Urce{o @ik W) = BB log (57)
j=t ’

0 j—t ¢j—i— )
Zﬁj*t lOg (Hz 1 Zﬁ] i ]+1_Z>
j=t 2

¢TC log W, + 77;[07 (54)

where ¢7¢ = ﬁ denotes the optimal wealth-consumption ratio of a TC agent. Note the
independence of future wealth-consumption ratios and portfolio weights. The expected TT life-

time utility is:

Urrs({65,0,}2s Wi 0,) = log< >+ Z (66)E, [He 1og(Wz>

I=t+1

+ TT60 )@ log Wi+ 7))

= [1 + Ey i (86)"* ﬁ 0; (9171 +(1- 9171)¢Tc>} log W,

I=t+1 i=t
0o -1 lft MR —
+ E Y [H@(ﬁé)z—tmg(n"l > )
I=t+1 1=t t
-2
+ H9 (1—6,1)(B0)" t< TCIOgH(m Z_' Rypi—i +nf )}
1=t 71
= o™ (0,)log W, + ™. (55)

We see that if 6; is a Markov process with state vector 0 and transition probability matrix II, we
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get the familiar closed form solution for ¢?7(6;) in vectorized form:

610) = (1-psp@m) " (1+ 600 - 0)6"). (56)

We already know that (56) is the optimal TI wealth-consumption ratio for a naive TI agent.
Note that in deriving (54) and (55) we did not say anything about the future sequence of wealth-
consumption ratios and portfolio weights. However, we still get that the factors multiplying log
wealth are the optimal TC and TT wealth-consumption ratios, respectively. From (49), it is then
immediately clear that with log-utility, a sophisticated and a naive TT agent make the exact same
consumption and portfolio decisions and will therefore have identical SDF's as well.

If v # 1, we can then write (45) as follows

()"
Urca({;, wi}iZs W) = Zﬁj '

J=t 1=

J t¢] i . 1—
Z/BJ t|:H7, 1 ¢ p]+1l:|17Wt v

= ;4 =7
9 Wl—’}’
= KtTC<{¢j7wj}j:t>1t_—7> (57>

. [Hﬁ:f %qfi_-lRp,jJrl—i} a
where KC({¢;,w;}52,) = E, > 2, 37 5 . By forward induction, we
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can write (46) as follows

UTI,t({ij,Wj}JO'it;Wt,et) = Ut<Wt> + Z (ﬁéyitEt

-2
+ H(‘)i(l — 91—1)UTC,1({<13j7@j}§iz; Wl)]

i=t
1— 1—y
7 )

-7 I=t+1
-2 1y
il § CICE Y v CCN o >W ]
o 1 =t g1 L
_ { DR D) (BO) TR (H@Z) (Hi:l qsl;;l Rlez)l v
I=t+1 -
-2 ¢l B -
+ (T10) (= 00 KT 65,0} (H % Ror)
-
X

-y

W}
KTI({¢37WJ}J =t )

(58)

where

KTI<{¢]7MJ}] 25 0) = T+ Z (86)""E,

I=t+1

X (H o Z_A Ryj1- 1)1_7]- (59)

(ﬁ@-) [QHW” +(1—0,1)K° ({9, w;}32)

With CRRA-preferences, it is easy to verify that the value function of a TC agent can be written

W,
Vro (W) = Qb%(),tma (60)

where ¢roy = %ﬁ =1+ B%]Etw}qt HRlTat +1]% denotes the optimal wealth-consumption ratio

for a TC agent.
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We already know that for a naive T1 agent, the value function can be written

w7
VTC,t(VVt) = 7\7,1& 1 t_ 77 (61)

where ¢y, = &t =1+ (86)~ Et[(et@v’tﬂ +(1— 9t)¢%c,t+1)R11V?+1]% denotes the optimal wealth-
consumption ratio for a naive TI agent.
To find the value function for a sophisticated TI agent, we solve (47). Plugging into the

first-order condition for optimal consumption (49) we get

Bse =1+ (00) B (O KL (165,05} 00a) + (L= 0 KT ({05, w5} 320) ) RS- (62)

Plugging (62) into (47) gives us

V:Fqlt(thet) = naxuy + BOE, etUTItJrl({(b]a i ]:t+1;Wt+179t+1)
’ ¢t

Ot Wt

+ (1- et)UTCt+1({¢j ; Wj }] —t415 Wt—i—l)]

I—y
Wi
s, s -
= —( = ) +55Et[( KtTfl(Wf’wf ot Oen) + (1= )ngrcl({ﬁbw Wi sj= t+1))Wt1+1]

L=y
th—w{ =1 Psp — 1\
- ()
1— ¢S’t b5t

< BB [ (KL (05,5} 03 0usn) + (L= 00KTS (65,0552 ) ) R }
- Wt_y {¢E,§1 + (¢S’t — 1)1_7(¢s,t - 1)”}

1 Psit
W
= {1+ @5 -1} TE
St 1— 7y '
Thus, we must have that
g’,t = KT]({¢]7 ] }] t’ ) (64)
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Combining (49) and (50) we get that the sophisticated TI agent’s SDF is given by

" KESE7, @i b o
Mg = A6, qf:tjll) (1= )= |57 (65)

whereas the SDF or a naive T1 agent is

My = B0 [@(g;bvi’tilly +(1—64) (j}:\ftji)”} Ry (66)

Note that the naive agent’s expected life-time utility must be at least as large as that of
the sophisticated agent, as the latter solves an equivalent problem with constraints. Since the

resulting optimized expected life-time utilities can be written

Vi (Wi, 6y) = ¢ Wi 67
710 (We, t)_ng,tl_ry (67)

W)
1—7

Vi (W, 0) = 6, (68)

it immediately follows that since VT]\f,t(Wt, ;) > Vflyt(Wt, 0:), dn+ > Psrif v < 1 and oy < dgy
if v > 1. In other words, the sophisticated agent saves more (less) than the naive agent if v > 1
(v < 1). The two saves exactly the same with log-utility, i.e. v = 1. This result confirms that
the result in Groneck, Ludwig and Zimper (2024) that sophisticated agents save more than naive

agents if and only if v > 1 also extend to our setting.

5.3 Time-varying present bias: Epstein-Zin preferences

The life-time utilities of a given sequence of wealth-consumption ratios and portfolio weights

{¢),w;}52; are now given by

Urcal{; w2 W) = {(%)p+ﬁEt[UTc,Hl({@,wj};zH;Wm)ﬂ5}2 (69)
Urro({65, 0,132 Wi, 6) = {(%)p+ﬁéEt[etUTI,m({qu,wj};Om;Wtﬂ,em)“+
(= 09, @) W]} (70
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where again the notation {gz;j, @;}32,41 is used to indicate that the sequence of wealth-consumption
ratios and portfolio weights in the mind of a TI agent might depend on whether she evaluates
the TC life-time utility or the TI life-time utility. In particular, if the agent is fully sophisticated,
she understands that she is always TI, thus she will use the same sequence to evaluate both the
TC and TI continuation life-time utilities. A naive T1 agent on the other hand, thinks that she
might actually change type and become TC, in which case she will choose a different sequence
than if she remains TT.

The value-functions of sophisticated and naive T1 agents are therefore:

Wi\ P
ngj,t(Wt,gt) = max{(ﬁ) +BéEt[QtUTI,t+1({¢fawf}§.;t+1;Wt-{—laet—f—l)a‘l‘

Pt Wi
+ (1- et)UTC,t+1({¢fan}?it+1§ Wt+1)a} E}; (71)
Wi\ P
VI{\;,t(Whgt) = glax{(j) + BOE, [etUTI,t—‘rl({gbéV?wjv ot Wigt, 0e1)® +
t,Wt t
+ (1= 0)Urcyp1({0;“, wi® ?‘;t+1;Wt+1)a]E};> (72)

where ¢, wy and ¢, w} denotes the wealth-consumption ratio and portfolio weights that solve
(71) and (72) at time ¢, respectively. Similarly, o7, wI'® denote the optimal wealth-consumption
ratio and portfolio weights of a TC agent at time t.

The first-order conditions w.r.t. consumption and portfolio choice gives us the Epstein-Zin

versions of (49) and (50):

Wi\ -1
<¢T;) = Dok, [etUTIvt+1({¢j7wj}go'it+1§Wt+1,9t+1)a +

P

o

+ (1= 0)Uroen ({6585} 2 Wen)°|

Urrpv1({05, w5 152013 Wig1, 041)°
E; | (6 . J
% t[(t Wt
Urcae1({0;, 0,152, 1 Wisr)®
+ (1-06,) reant j@l/lj/jjltﬂ 1) )Rp,t-&-l} (73)
Urris1({0), w152 0105 Wiga, 0i41)”
0 = E/|(¢6 ’ J
| (o oW, 1a *
Urc1 ({7, @115 Wigr)® .
L A
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The first-order conditions take the same form for both the sophisticated and naive agent, the
difference being in what future sequence of wealth-consumption ratios and portfolio weights are
used to evaluate the expressions.

We next show that the life-time utilities can be written in the form Ury 1 ({9, w;j }52 113 Wi, Orp1) =

Krrioi ({65, w5511, 0i41)Wia and UTc,t+1({<5j,@j}§it+1; W) = KTCJ-{-l({ngaJjj}?it+1)Wt+l~

The first-order conditions therefore become:

<%)p_l _ ﬁé(@bt - 1)9—1Wt/’1]Et [<9tKTI,t+1({¢j, wj};?itﬂ, O1)" +

¢t p
+ (1= ) Ko ({0 @b 20) ) B | (75)
0 = Et|:(0tKTI,t+1({¢j7wj}go'it+l7Qt-i-l)a+
+ (1= 0) Koo ({65, 8Y20)" ) Bych i) (76)

Combining (75) and (76) allows us to write the SDF as follows:

My = (55)?1&[(@KTLHI({@’%}EOTED9t+1)°‘
(¢ —1) 7
Krour1 ({67, @;152051)°Y o
+ (1_915) e (—;;_D(lpp)a +1 )Rp7t+1:|. (77)

5.3.1 Time-consistent preferences
With EZ-preferences, the value function of a TC agent can be written

1-p

VTC’,t(Wt) = ¢T6,tWt- (78)

Now, consider the life-time utility of a TC agent for an arbitrary (not necessarily optimal) se-
quence of wealth-consumption ratios and portfolio weights. To arrive at the necessary recursions,
assume that the sequence {¢;, w; };";t is arbitrary from period t until period T'— 1 and then iden-
tically equal to the optimal sequence of wealth-consumption ratios and portfolio weights from

period T onward. Then let T" — oo.
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We then have

Qe
=

Urcr—1({¢j,wj}jer 13 Wr1) = {051_1 + PEr_ [VTC,T(WT)Q}
oY

}

- {<2/TTll>p + (Wry = Cr)" BBy [CbTC/;aRgT} Z};
- {(2/5__11)’) + (fr-1 - 1)p(2/;__11> BEr_; [gzﬁTleTm g,T} Z}i

= {1+ @r — BB [ordy Boa] T} o

= Krer-1({05, witier_1)Wr-1, (79)

1

(A=p)a £242
where KTC,T—I({Qﬁjawj}?iT_l) = {1 + (¢T—1 - 1)pﬁET_1 |:¢TC;,)T Rg,T] }quj_wl_l At T —2 we get

}i

Qe

Urcr—a2({¢j,wjtjer _o; Wr2) = {C§_2 + BEp_o [VTC,T—I(WT—I)Q}

- { (Z;_—;)P + BEr_ [KTC,TA({Q% wj}ﬁTfl)aW%”} Z }

=

s Wre
{1 + (pr—2 — 1)?BEr_y [KTCT 1({ey,wits2r 1)aR§,T—1] } ¢; 22
= Kror—2({0,w; 1520 ) Wr—2. (80)
It is easy to guess that the general recursion is as follows
Urc:({9j,w; 2 We) = Kro ({05, w; }52) Wi (81)

L
«

Krod{5 w32 = {1+ (60— VB Ko (16,0} 200 R} 0 (82)

5.3.2 Time-inconsistent preferences

Similarly, guess that:

UTI t+1({¢] ) ] ]:t—l—l; VVt—l—la 9t+1) - KTI,t+1({¢j thed] }j =t+1> 0t+1)VVt+1 (83)

Koo ({65,082 0,001) = (65)7 (84)
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then, by (75) we have that

(Qbf - 1)1_p = BaEt|:<€tKTI,t+1({¢ijj};‘it+17Qt—f—l)a‘|’

(= 00 Krorn ({65,012 0)" ) R (85)

Plugging (85) into (71) gives us:

W\ P
viawes) = {(55) +56Et[(etKTf,tH({asf,wS};im,em)a
t

+ (1 =0)Krcam ({6, w5 152040) )VVSH]E}

() +( @_ D) WSO, | (6uKrren (165, 5 Vs, Be)®
+ (1- et)KTCt+1({¢j7 7 Yoot Q>R;t+1} }
Wi

{¢S”+( )(@ 1y
{ 1

L (of = 17(of = 1) oW
= (¢))7 (86)

Iy

1— p

which verifies our guess.

We notice that the life-time utilities of the sophisticated and naive agents would be iden-
tical if the naive agent believed she was constrained to following the same sequence of wealth-
consumption ratios and portfolio weights in the event she became a TC agent as when she remains
TI. However, since she believes she is not constrained to follow this sequence, her continuation

value function conditional on becoming TC is larger, thus V7 ,(W;, 0;) > Vi (W, 6;). We have:

1—p

N=—£
Vit (Wi b)) = ¢y "~ W, (87)

Sl=p
Vf[,t(thet) =¢, " W (88)
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2] Sl=r
Since V7 ,(Wy, 0,) > Vi (W, 0,) < qbiv 7 >¢, ©, we get that

o) > @7, if p € (0,1) (89)

o) < ¢}, if p<0 (90)

In other words, we again confirm that the result in Groneck, Ludwig and Zimper (2024) hold in
our setting with Epstein-Zin utility as well - the sophisticated agent saves more (less) than the
naive agent if p <0 (p € (0,1)), i.e. ¥ € (0,1) (¢p > 1).

Plugging into (77) we get the following SDFs for sophisticated and naive TI agents:

My = (50) [0, fff“l)(l_"p)a+<1—et>(KTC’T;(S{%;”R?O”I))Q]R%;il (o1)
t g — -
My = (55)%[9t< ﬁﬁ_l1>(l_pp)“+(1_9t)( NfJEll)(l_ﬁy}R?\é/_til (92)

t

5.4 Numerical results - sophisticated vs naive TI agents

Table 6 compares the numerical results of the OLG model with Epstein-Zin preferences and fully
sophisticated TI agents (column 1) to our baseline model with TT agents who are naive about
their future type and consist of 50% or 80% of the total population (columns 2 and 3). Panels
A and B give the conditional and unconditional moments, respectively.

The mean wealth share of the sophisticated T agents (about 16% of the total wealth) is
comparable to that of the naive TI agents, showing that even though they are fully aware of
their future type, these agents still overconsume and save too little compared to TC agents.
Similar to our baseline case, the presence of sophisticated T1 agents strongly affects asset prices
despite their low wealth share. The risk premium on the consumption and dividend claim are
about 1.57% and 3.08%. Quantitatively, we notice that these values are slightly lower than those
in the baseline case, partly due to the lower wealth share volatility and stock return volatility.
The Sharpe ratios of the dividend claim in both specifications are comparable in magnitude
(about 0.30). In addition, as we show in this section, sophisticated agents save less than naive

agents under our calibration with EIS ¢ > 1, pushing the risk-free rate to 3.38% — about 1%
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above the baseline value. The average slope of the yield curve is still positive, but slightly lower
(0.33) and less volatile.

Panel B shows that the model with sophisticated TI agents still yields time-varying discount
rates due to the time-variation in the present bias. The volatility of the conditional risk premium
on the consumption and the dividend claim of about 0.8 are, however, lower than those in the
baseline specification. Finally, the price-dividend ratio is negatively correlated with conditional
expected excess market returns, and the slope of the term structure is positively correlated with

conditional expected excess bond returns, consistent with the data.
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Table 6: Asset pricing moments: Sophisticated TT agent

The table reports asset pricing moments for the OLG model with fully sophisticated TI and TC agents
and Epstein-Zin preferences. The calibration parameters are given in Table 4. E(x) and o(x) denote
the unconditional mean and variance of z, respectively, while corr(z,y) denotes the correlation between
x and y. SR stands for Sharpe ratio, s; is the TI agent wealth share, Rc is the return to the aggregate
consumption claim, R,,; is the return to the dividend claim, Ry, is the one-period real risk-free rate,
Riloy) is the return to a 10-year default-free, real, zero-coupon bond, yt(n) is the yield of the n-maturity,
default-free, real zero-coupon bond, and PD; is the price-dividend ratio of the dividend claim. All
moments, except for correlations, are annualized.

Sophisticated Baseline 80% TI
agents

(1) (2) (3)

Panel A: Unconditional moments

E (s)) 16.24 15.53 17.20
o (5:) 3.17 6.79 8.82
E(Rey — Ryy) 1.57 2.18 3.83
o (Res — Rya) 5.49 6.96 10.75
E (R, — Ry2) 3.08 3.71 5.54
0 (Rms — Ryy) 10.80 11.79 14.81
SR (R, — Ryy) 0.29 0.31 0.37
E(Ry,) 3.38 2.44 0.78
o (Ryy) 0.34 1.70 3.02
E (y,fl(’y) - ySm)) 0.33 0.55 0.83
o <y§10y> - y§1m>> 0.34 1.71 3.04

Panel B: Conditional moments

o (B (Reas1 — Ryesr)) 0.80 2.53 4.86
o (Et (Rm7t+1 — Rf7t+1)) 0.83 2.72 5.31
o (Et (Rg}gw - Rf,m)) 0.68 1.82 3.26
Corr (PDt7 Et (Rm,t—H - Rf,t+1)) -0.85 -0.55 -0.50
Corr <y§1°y> _y0m g, (Rg}gw - Rf,m)) 0.54 0.72 0.75

35



6 Further discussion about the equilibrium dynamics

In our calibration (i.e. v > 1 and ¢ > 1), we find that the TC wealth-consumption ratio at
time ¢ + 1 is increasing in 6;,;. Intuitively, the TC agent saves more as 6;,; increases partly
due to improved investment opportunities at ¢ + 1 (lower aggregate wealth-consumption ratio)
and partly due to the expectation of improved investment opportunities in the future after ¢ + 1.
Furthermore, the wealth-share at time ¢+ 1 of TT agents (TC agents) who were alive at time t, is
weakly increasing (decreasing) in ;1. In particular, if §, = 0, TI and TC agents hold identical
portfolios and the wealth-share at ¢ + 1 is therefore constant. When 6, is larger, the TI (TC)
agents buy portfolios that pay off more (less) in the states where 0,1 increases. We therefore
see that the growth in TC wealth-consumption ratios and growth in TC wealth-shares in the log
SDF decomposition will partially offset each other.

The last endogenous term, the growth rate in aggregate wealth-consumption ratios, is more
complex. The aggregate wealth-consumption ratio is a weighted average of TC and TT wealth-
consumption ratios. TI agents’ consumption-savings decision today is affected by their beliefs
about how much they will consume if they become TC next period (i.e. next period TC wealth-
consumption ratio) as well as how much they will consume if the remain TI (i.e. next period T1I
wealth-consumption ratio). When 6, is very low, the TI agent is almost sure she will become a
TC agent next period. Therefore the distribution of next period TC wealth-consumption ratios
is very important for determining current ¢ ;. Since the distribution of ¢ ;41 shifts rightwards
when 6, increases, this channel will give rise to a positive relation between TT wealth-consumption
ratios at time ¢t and 6;. However, there is also an opposing effect, namely that higher 6, makes
it more likely that the agent remains TT next period, and since the TI wealth-consumption ratio
is lower than that of a TC agent, this channel will give rise to a negative relation between ¢ry¢
and 6,.2 In our calibration, we find that the first effect dominates for low values of #, while
the second effect dominates for higher values of 6;. The overall effect is therefore that ¢, has

a hump-shape in 6, — initially increasing for low values of #,, then decreasing for higher values

2Note that in the case of log-utility, the TC wealth-consumption ratio is constant, thus only the second channel
is at play, giving rise to a monotonically negative relationship between 6; and ¢y
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of #;. The aggregate wealth-consumption ratio inherits this hump-shaped pattern from the TI
wealth-consumption ratio.

Figure 3 plots the shocks to log SDF and the decomposition for current T1 wealth share equal
to its mean and two values of current 6;: 20th and 80th percentile. When 6, is close to 0 (the
first plot in Figure 3), the T1 and TC agents hold essentially the same portfolio. Thus, there
is almost no contribution from the shocks to wealth-share as seen from the flat red dashed line.
Furthermore, the TC agents’ wealth-consumption ratio is increasing in ;.1 due to an expectation
of better investment opportunities and higher risk going forward, which gives rise to the falling
red solid line. Finally, the aggregate wealth-consumption ratio is also increasing in 6, giving
rise to the falling dotted red line. The increasing aggregate wealth-consumption ratio ¢, is due
to the TC wealth-consumption ratio ¢r¢c 41 being increasing in 6,44, which for low values of 0,
also causes the T1 wealth-consumption ratio to be increasing in 6,,,. Thus, for low values of 6;,
positive shocks to 6,1 results in lower marginal utility, i.e. good states.

However, for higher values of 6, (see the second plot in Figure 3), TI and TC agents find it
optimal to hold very different portfolios. In particular, TI agents are averse to high 6, states and
therefore buy claims that pay off more in such states resulting in positive shocks to 6,1 being
associated with positive shocks to TI wealth-share, which in turn gives rise to the increasing
dashed red line. The TC wealth-consumption ratio is still increasing in shocks to 6;,;, which
results in the declining solid red line. Finally, the aggregate wealth-consumption ratio at ¢ 41 is
now decreasing in shocks to 6;,; due to the TI wealth-consumption ratio being decreasing in ;. 1,
resulting in the increasing red-dotted line. In this case, the positive contributions to marginal
utility from the TI wealth-share and the aggregate wealth-consumption ratio more than offsets
the negative impact on marginal utility of higher TC wealth-consumption ratio when shocks to
;.1 are large and positive, while the opposite is the case when shocks to 6, are negative. Thus,
the impact of shocks to 6,1 is not symmetric when 6, is high - positive shocks have large positive
impacts on marginal utility whereas negative shocks have small positive impacts on marginal
utility, which gives rise to a convex shape of the pricing kernel. The convexity in the pricing

kernel gives rise to a variance risk premium.
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Figure 2 similarly plots the SDF in levels as functions of shocks to 6;.; for three different
levels of TT wealth share at time ¢: 30th percentile (solid blue lines), the 50th percentile (dashed
red lines), and the 70th percentile (dashed yellow lines). In the two first panels, we plot the SDF
at t + 1 conditional on #; being at the 25th and 75th percentiles, respectively. In the last panel
we first calculate the SDF as a function of shocks to #;,, for each possible value of 6; then we use
the unconditional distribution of 6; to condition out the dependence on 6, — i.e. we essentially
get the “average” functional form of the SDF for a given T1 wealth-share at time ¢. The first key
takeaway from Figure 2 is that 6; determines whether marginal utility is decreasing (increasing)
in shocks to 6;,1, which will be the case for low (high) ;. Second, higher TI wealth share s,
magnifies the existing pattern, but does not seem to qualitatively change it. Third, on “average”,
the SDF' is convex and asymmetric in shocks to 6;,1 and large positive shocks are bad states,
which explains the existence of an unconditional variance risk premium. Fourth, the degree of
convexity varies both with #; and TI wealth-share, which gives rise to a time-varying variance

risk premium.
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Figure 2: Stochastic discount factor
This figure plots the stochastic discount factor (y-axis) as a function of the shock (e;) to x;, where the
e’t

©
present bias parameter is given by 6; = <m> . The SDF is presented for different wealth shares of

the time-inconsistent agent s and for different values of 6 (25th and 75th percentile and conditioning
out 6). In this setting both the TI and TC agents have Epstein-Zin preferences and the calibration
parameters are given in Table 4.
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Figure 3: Stochastic discount factor decomposition

This figure plots the shocks to the log stochastic discount factor (left y-axis) and the shocks to the
¢rogt + (l—pp)a log PrCt+1 + (o —

log decomposition of the SDF given by ms11 = %log(ﬁ)\) + ? log

Tt —1 drCt
1) log l_ff% + (v —1)log % + (v —1)log C(tj:l (right y-axis) as a function of the shock (e;) to x4,
o \ ¥
where the present bias parameter is given by 6; = (ﬁ) . The SDF is presented for the mean wealth

share of the time-inconsistent agent s and for different values of § (20th and 80th percentile). In this
setting both the TI and TC agents have Epstein-Zin preferences and the calibration parameters are
given in Table 4.
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