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Abstract

We develop a theoretical framework of trading competition between Al-powered in-
vestors and rational investors with heterogeneous sophistication. Rational investors
have superior private information but differ in their ability to infer information from
prices and anticipate others’ trading behavior, modeled through level-(k) reasoning. Al
investors do not observe private signals or reason through belief hierarchies; they learn
from realized trading profits through reinforcement learning. Despite heterogeneous
algorithms and independent exploration, Al investors endogenously converge to com-
mon trading rules, generating algorithmic herding. In the limit, their learned demand
coincides with the rational-expectations demand of uninformed investors who correctly
extract fundamental information from prices. This convergence does not imply algo-
rithmic dominance. The most sophisticated rational investors can outperform Al in-
vestors because Al learns from market data generated by average, not frontier, investor
sophistication. Al profitability is limited by rational investors’ private-information ad-
vantage, the price-stabilizing trades of the most sophisticated rational investors, and
the rising price impact of Al trading as algorithmic herding increases Al market share.

These forces identify the limits of algorithmic superiority in financial markets.
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1 Introduction

Financial markets are undergoing a profound transformation driven by Al-powered trad-
ing. Modern Al trading systems combine algorithmic execution with reinforcement learning,
allowing them to interact repeatedly with markets, learn from realized trading outcomes,
and autonomously adjust their strategies over time. Their rapid expansion raises a central
question for market competition: can Al-powered investors systematically outperform other
investors and erode their trading profits.

We develop a theoretical framework of trading competition between Al-powered investors
and rational investors with heterogeneous sophistication. Existing research has primar-
ily studied competition, strategic interaction, and collusive behavior among oligopolistic
Al traders. By contrast, we focus on direct competition between Al investors and ratio-
nal investors who possess superior private information but differ in their ability to reason
strategically about price formation. The model is a discrete-time, infinite-horizon trading
environment with a continuum of rational investors, a continuum of Al investors, and noise
traders. All Al and rational investors submit demand schedules and seek to maximize ex-
pected trading profits net of trading costs.

The key distinction between the two investor groups is the nature of their advantage.
Rational investors have an informational advantage. They can collect proprietary data,
acquire soft information, conduct fundamental research, and interact directly with firms and
other market participants. We model this advantage as private signals about future asset
payoffs that are not directly observed by Al algorithms. Rational investors, however, differ
in sophistication. Some investors are limited in their ability to infer information from prices
and to anticipate the trading behavior of others. Al investors, in contrast, do not observe
private signals and do not begin with knowledge of the payoff distribution or the demand
schedules of other investors. They learn from realized trading profits through reinforcement
learning and gradually optimize their price-contingent demand rules.

Both types of investors trade based on beliefs about price formation. Rational investors
combine private signals with information inferred from prices, but their inference depends
on their perceived price-formation rule. Less sophisticated investors may make larger er-
rors when assessing the informational content of prices, because they are more likely to
misperceive the trading behavior of other market participants. Al investors’ perceived price-
formation rule is not represented by an explicit belief hierarchy. Instead, it is embedded in
the demand policies they learn from repeated interaction with market-clearing prices. Mar-
ket equilibrium is therefore jointly determined by private information, strategic reasoning,

reinforcement learning, and the market-clearing condition.



We model heterogeneity in rational investors’ sophistication through a level-k reasoning
structure. Level-0 investors are cursed investors: they use their own private signals but
do not correctly account for the information about other investors’ signals embedded in
prices. A level-k strategic investor, with £ > 1, best responds to a perceived environment in
which other strategic investors use level-(k — 1) demand schedules, cursed investors continue
to use their level-0 demand schedules, and Al investors follow the policies learned in the
corresponding level-(k — 1) environment. This recursive structure differs from the standard
level-k hierarchy because the market also contains a positive measure of autonomous learning
algorithms. Al investors do not reason through the hierarchy directly; they learn demand
rules from the price and profit data generated by each perceived environment.

We first characterize Al learning within any fixed level-k environment. Using tabular
Q-learning with Boltzmann exploration as the leading example, we show that heteroge-
neous Al investors who learn independently from their own realized profits converge to a
common demand rule. This limiting rule coincides with the rational-expectations demand
of uninformed investors who correctly extract fundamental information from equilibrium
prices. Thus, reinforcement learning generates algorithmic herding: despite heterogeneous
algorithms, independent exploration, and no communication, Al investors endogenously herd
on a common price-contingent trading rule. We prove this result analytically and provide
simulation evidence showing convergence of a large finite population of Al investors to the
rational-expectations demand rule.

The central question is whether this learning advantage implies algorithmic dominance.
Our answer is no. Al investors can learn rational-expectations price inference, but their per-
formance remains constrained by the sophistication of the market environment from which
they learn. They do not observe private signals directly. Instead, they infer fundamentals
from prices, and the information in prices is generated by the trading behavior of rational
investors. As a result, Al learns from market data generated by average, not frontier, in-
vestor sophistication. The most sophisticated rational investors can therefore outperform Al
investors even when Al investors learn the correct price-inference rule.

We identify three forces that limit Al profitability. The first is the private-information
advantage of rational investors. When private signals are precise, rational investors trade on
information that is more accurate than the information Al investors can recover from prices.
AT investors may infer fundamentals from equilibrium prices, but prices are noisy aggregates
of private information and noise-trader demand. The second force is the stabilizing role of the
most sophisticated rational investors. As the sophistication of rational investors increases,
their demand schedules become more disciplined and their trading stabilizes prices. This

reduces the price variation and residual informational rents from which Al investors learn



and profit. The third force is Al investors’ own price impact. Algorithmic herding makes Al
demand more correlated, thereby increasing the price impact of Al trading and reducing its
profitability, especially when the Al sector becomes larger.

These mechanisms imply that Al superiority in financial markets is inherently limited. Al
investors can learn from prices and converge to uninformed rational-expectations demand,
but their information is indirect, their learning target is shaped by the sophistication of
other investors, and their own market share reduces the profitability of their trades. The
model therefore separates algorithmic learning from algorithmic dominance. Reinforcement
learning can make Al investors behave like uninformed rational-expectations traders, but it

does not allow them to dominate informed and highly sophisticated rational investors.

Contributions and related literature. First, this paper contributes to the growing body
of work on how AI market participants compete and influence the market environment. A
closely related stream of this research investigates the impact of Al on financial markets,
with a specific focus on the interactions among algorithms.! For instance, Dou, Goldstein,
and Ji (2025) study informed speculators who use Q-learning algorithms. They find that
these agents can autonomously learn to sustain collusive, supra-competitive profits without
explicit communication, which harms competition and market efficiency. Colliard, Foucault,
and Lovo (2022) focus on algorithmic market makers using Q-learning algorithms to set
prices. They also show that these algorithms fail to learn competitive pricing strategies,
a failure they attribute to limited experimentation and noisy feedback. Routledge (1999)
and Routledge (2001) explore whether adaptive algorithms can converge to a rational ex-
pectations equilibrium within a repeated Grossman and Stiglitz (1980) model. They prove
convergence for adaptive learning and provide examples for genetic algorithms, showing that
both can converge to the rational expectations equilibrium. In these cases, their algorithms
learn to make correct inferences about a signal from the market-clearing price. Other notable
works studying the impact of Al algorithms on financial markets include Marimon, McGrat-
tan, and Sargent (1990), Cartea et al. (2022), and Cartea, Chang, and Penalva (2022).

Our work differs from the existing literature in several important ways. First, while
much of the literature focuses on the interaction among multiple reinforcement learning
agents or the convergence of algorithms to rational expectations, we center our analysis on
the competition between humans and AI. Our paper provides a framework for understanding
the distinct comparative advantages of humans and Al and for analyzing how the market

environment affects this human-Al competition. Second, whereas most existing works rely

! Another stream of literature focuses on algorithmic collusion in retail markets, e.g., Calvano et al. (2020,
2021); Johnson, Rhodes, and Wildenbeest (2023); Waltman and Kaymak (2008); Hansen, Misra, and Pai
(2021); Abada and Lambin (2023); Banchio and Mantegazza (2024).
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on simulation-based analysis, we provide an analytical characterization of the equilibrium
and how changes in key factors affect competition and market outcomes. We also establish
analytical conditions for Al algorithms to learn and converge to rational expectations in
our setting. Third, unlike research that focuses on a single algorithm (e.g., Q-learning), our
analysis is not restricted to one type but applies to a broad class of algorithms. We thereby
offer a more general theoretical framework.

A related contemporaneous work by Banerjee and Szydlowski (2025) studies a mar-
ket with rational investors and a single Q-learning trader. They find that the Q-learner’s
feedback-driven trading generates stochastic volatility and predictable returns, and can some-
times improve overall investor utility despite increasing price volatility. While their focus on
human-AlI interaction is similar to ours, our paper differs and contributes in three significant
ways. First, we incorporate information asymmetry, allowing humans and AI to possess
distinct informational advantages. This asymmetry captures a key difference between hu-
mans and Al in financial markets and is crucial for understanding the competition between
them. Second, our analysis applies to a wide range of reinforcement learning algorithms
post-convergence to a stable policy. We abstract from the proprietary details of both the
specific type and the training process of the algorithm. It is unrealistic for human investors
to know the details of the algorithm being used by their AI competitors, such as the exact
type of algorithm, specific hyperparameters, or its stage of training, all of which greatly affect
how the algorithm evolves and converges. Our focus on the post-convergence phase there-
fore reflects a more realistic scenario where investors compete with stable, deployed trading
strategies used by other market participants. Third, we introduce the concept of bounded
strategic thinking for human investors, allowing them to have misperceptions about others’
behavior when facing a complex market environment that includes Al traders. By using
the CH framework, we provide a comprehensive framework to model human perception of
Al. This approach more closely captures the diverging sophistication levels of real-world
investors.

Furthermore, this paper contributes to the theory literature on imperfect competition
and bounded strategic reasoning in financial markets. Our work introduces different levels
of bounded strategic thinking into an imperfectly competitive financial market in the spirit

of Kyle (1989).22 We model human investors’ strategic thinking using the Cognitive Hier-

2See Crawford, Costa-Gomes, and Iriberri (2013) for a review on recent theory and evidence on strategic
thinking and the applications of level-k models. Many other experimental papers show direct evidence of
level-k thinking (Stahl and Wilson, 1994, 1995; Nagel, 1995; Costa-Gomes, Crawford, and Broseta, 2001;
Costa-Gomes and Crawford, 2006).

3 A recent literature studies the impact of bounded strategic thinking in macroeconomics (Garcia-Schmidt
and Woodford, 2019; Farhi and Werning, 2019; Angeletos and Lian, 2023).



archy framework of Camerer, Ho, and Chong (2004), which posits that agents have iterated
levels of reasoning about others. This approach is related to, but distinct from, the level-k
thinking models used in papers like Zhou (2022). Unlike standard level-k models where a
player believes all others are level-(k-1), the CH framework assumes a player best responds
to a distribution of lower-level types. Zhou (2022) uses level-k thinking to model human
speculators and focuses on how bounded strategic reasoning can generate momentum and
contrarian trading strategies. In contrast, our application of the CH model provides a game-
theoretic foundation for understanding how the distribution of human sophistication levels
affects the competition between humans and Al. Other works study the effect of higher-order
beliefs and the perception of information in asset prices on financial markets (Allen, Morris,
and Shin, 2006; Han and Kyle, 2018; Eyster, Rabin, and Vayanos, 2019). Eyster, Rabin,
and Vayanos (2019) studies how the presence of investors who do not fully invert prices to
uncover others’ information (cursed) affects the financial markets and considers the degree of
cursedness as the measure of sophistication. This paper considers sophistication as the level
of iterated reasoning, which incorporates human investors’ reasoning about Al investors’

behavior.

2 Model

2.1 Model Setup

Assets. Time is discrete and infinite, indexed by ¢t = 1,2, .... A single risky asset is traded
in each period. The asset has a per capita supply of S. Its payoff, v, is realized at the end

of the period and follows a normal distribution: v; ~ N (v, 02).

Rational investors with heterogeneous sophistication. There is a continuum of ra-
tional investors with heterogeneous sophistication, with total measure 1).* Rational investors
are Bayesian expected-utility maximizers given their subjective beliefs. These beliefs need
not coincide with the true objective distribution unless we impose rational expectations.
Thus, rationality requires optimality conditional on beliefs, while rational expectations ad-
ditionally requires belief correctness in equilibrium.

Each rational investor, indexed by i € M, maximizes the expected present value of net

4Rational investors can have subjective beliefs that differ from the true objective distribution; in eco-
nomic theory, rationality usually requires internal consistency and optimal decision-making given beliefs,
not necessarily that beliefs equal the objective data-generating process.



trading profits:
E

Z ptﬂ—i,t] ) (1)

where 0 < p < 1 is the discount rate. The trading profit =, is determined by

1

Tt = (v — pr) Tyt — 575”@2,15’

where p; is the equilibrium asset price, and z;; is the number of shares of the risky asset that
investor ¢ purchases at the beginning of period t. The term %’ymit represents transaction
costs, and ~y controls the level of these costs.’

Rational investors with heterogeneous sophistication may possess informational advan-
tages. They observe private signals about future fundamentals, such as soft corporate in-
formation from management interactions, customer and supplier conditions, channel checks,
expert-network insights, and proprietary forecasts. These signals are neither publicly dis-
closed nor directly accessible to Al systems through internet-based data, allowing investors
to form superior beliefs about future asset payoffs.

Specifically, at the beginning of each period ¢, each rational investor ¢ observes a private

signal about the end-of-period payoff of the risky asset. The private signal is given by
Nig = UVt + €,

where e;; are i.i.d. and e;; ~ N(0,0%,).

Despite their informational advantages, rational investors may differ in strategic reasoning
capacity. All rational investors choose optimally given their subjective beliefs. However,
investors with limited strategic reasoning may hold incorrect beliefs about the sophistication
and behavior of other market participants. As a result, they may misperceive how equilibrium
prices aggregate private information and therefore form imperfect posterior beliefs from
prices.

We model this heterogeneity using two groups of rational investors. The first group
consists of cursed investors, with measure 1., indexed by ¢ € M,. These investors do not
fully account for the information about fundamentals that is revealed through equilibrium
prices. The second group consists of relatively sophisticated level-k thinking investors, also

referred to as strategic investors, with measure 1,, indexed by ¢ € M. These investors

>The transaction cost term is similar to that in Garleanu and Pedersen (2013). This setup simplifies the
comparison of profitability between rational and AI investors. Assuming investors have CARA or mean-
variance utility over end-of-period wealth with a given level of precision of rational investors’ private signals
would yield similar results and not change our analysis in the following sections.



perform a finite number of iterative reasoning steps when inferring information from prices
and anticipating the behavior of other investors. Thus, ¢, + ¥y = ¥, M.U M, = M, and
M.N M = 0.

Because investors submit limit orders, a cursed investor ¢ submits a demand schedule

that depends on the trading price and the investor’s private signal:

2l (P i) = M+ BYniy — By, (2)

where the coefficients x>, )¢, and )" are chosen optimally given the cursed investor’s
subjective beliefs. Cursed investors use their private signals to form beliefs about fundamen-
tals, but they do not use prices to infer the private information or trading behavior of other
market participants.

A strategic investor ¢, who is a level-k thinking investor, submits a linear limit-order

schedule that depends on both the trading price and the investor’s private signal:

f%’k(Pt; i) = P + 6:,\/[7k7]i,t - ﬁ;,w’kpt. (3)

The coefficients pM*, 5,]7\“, and ﬂé‘”’k are chosen optimally under the investor’s level-k sub-
jective price-formation rule. Thus, a level-k investor uses the price both as the trading price
at which demand is submitted and as an informational signal about fundamentals and other
investors’ trading behavior. Let Py (-) denote the price-formation rule that is perceived by

level-k thinking investors.

Al investors. Al investors execute algorithmic trading based on the autonomous, self-
learned trading strategies by reinforcement learning (RL), rather than rigid human-defined
trading strategies. There is a continuum of atomistic Al investors in the market, with total
mass of ¢. By design of the algorithms, each Al investor, indexed by j € A, aims to maximize

its total expected discounted trading profits:

Zptw] | ()

t=0

E

The net trading profit, 7, is determined by

1
i = (Ve — Pe) Tjp — 5’%?@ (5)

where 7 controls the level of an Al investor’s transaction cost, and x;, represents the shares

of the risky asset that it chooses to purchase at the beginning of period t.



Each Al investor begins with no direct knowledge of the market environment. It does
not know the distribution of asset payoffs, the price-formation rule, or the strategies of
other market participants. Instead, it learns from repeated market interactions through
reinforcement learning. In each period, the algorithm chooses a demand schedule, observes
the realized trading profit as its reward, and updates its action values and trading policy to
maximize expected discounted profits.

Let P4 () denote the price-formation rule that is implicit in the Al investor’s learned
value function and trading policy in a trading environment populated with level-k£ thinking
investors. Unlike rational investors with heterogeneous sophistication, who form explicit
subjective models of price formation, an Al investor does not reason through an explicit
perceived pricing rule. Instead, the relevant price-formation mapping is embedded indirectly
in the algorithm’s learned action values: demand schedules that systematically generate
higher profits under the realized market-clearing prices receive higher values and are chosen
more frequently over time.

This paper studies relatively less sophisticated Al-powered trading algorithms adopted
by a broad set of atomistic investors, such as retail investors trading through platforms like
Robinhood. We therefore model Al investors as using stateless Q-learning algorithms, in the
spirit of Colliard, Foucault, and Lovo (2022) and Banerjee and Szydlowski (2025). This focus
contrasts with Dou, Goldstein, and Ji (2025, 2026), who study intertemporally sophisticated
AT trading by oligopolistic, advanced informed speculators and its implications for market
efficiency and stability. Specifically, following the definition in Watkins (1989), stateless Q-
learning is detailed as follows. Let X be the action space. For Al investor j, the problem is
to choose a sequence of demand schedule z;,(-) € X, where X is a linear functional space to

maximize the expected total discounted rewards, using the following algorithm for Q-value:

Qi1 (20 (+) = (1= ) Qe (e () + e | i + P max, Qi (Z;()) | 5 (6)
where 7, is defined in (5), and «a;; € [0, 1] controls the learning rate of the Q-function with
a;; — 0 ast — oo. A larger learning rate means that the algorithm puts more weight on the
new observation and updates the Q-function more quickly. This temporal-difference update
method bootstraps from current estimates and does not require a model of the environment’s
dynamics.

Practitioners often do not set learning rates, or equivalently step sizes, to converge liter-
ally to zero, especially in modern deep reinforcement learning. Sutton and Barto (1998) em-
phasize that shrinking learning-rate sequences are primarily used in theoretical work and are

seldom used in applications and empirical research. They further note that constant learn-



ing rates are natural in potentially nonstationary environments because they place sufficient
weight on recent observations, a consideration particularly relevant for financial markets.
Consistent with this practice, constant-learning-rate reinforcement learning is widely used
in applications and studied as a practically relevant alternative to diminishing-learning-rate
algorithms, because it is simple to implement, can improve convergence speed over finite
training horizons, and remains more responsive to new data. Our objective here, however,
is theoretical: to characterize asymptotic algorithmic herding and the limits of atomistic RL
trading performance. We therefore impose the standard Robbins—Monro restrictions on the
learning-rate sequence, which provide the appropriate benchmark for convergence analysis.

Each Al investor a explores using a Boltzmann (softmax) policy over its learned action
values. Let ();:(x) denote Al investor a’s estimated Q-value of demand schedule z(-) at time
t, and let x; > 0 be its exploration temperature. The decision policy assigns to a demand
schedule, z(-), with the probability

exp(Qja(x(-))/5;)

T e (@GO )

(7)

A higher temperature x; flattens the distribution toward uniform exploration, while a lower
temperature concentrates choice on the highest-valued actions. Boltzmann exploration keeps
every action’s probability strictly positive, so each demand schedule continues to be sampled
and its value estimate keeps improving. We allow the temperatures x; to differ across Al
investors, capturing heterogeneity in how aggressively each algorithm explores.%

The linear demand-schedule space X is two-dimensional. In an environment populated
with level-k thinking investors, each Al investor j’s demand schedule is given by

Ak _ Ak Ak
Lt (pe) = Kt — Bj,p,tpt' (8)

Hence, an action in the Q-learning problem can be represented by the coefficient pair

Ak SAk
Fit > Pipt) -

Noise traders. A unit measure of noise traders trade for non-informational reasons, such
as hedging needs, estimation errors, or sentiment. Their aggregate demand is z; shares of
the risky asset, where z; ~ N (0,02). The demand z; is independent of other shocks and

across time.

6The smoothness of these choice probabilities in the value estimates, rather than the hard switching of an
e-greedy rule, is what makes the population learning dynamics a contraction and delivers the convergence
results below (see Appendix A).
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Equilibrium. An equilibrium in a trading environment populated by cursed investors,

level-k strategic investors, and Al investors consists of a sequence of cursed-investor demand-

{(x%ﬁ('))ie/wc}po ’

a sequence of level-k strategic-investor demand-schedule collections,

{(x?’?k(.))ie/\/ls }DO ’

a sequence of Al-investor demand-schedule collections,

{ (mﬁ;’“(-))jGA}tZO ,

and a sequence of market-clearing prices,

schedule collections,

{pt}tZOa

such that the following conditions hold in each period ¢:

1. Rational investors update beliefs according to Bayes’ rule. Each cursed investor ¢

combines its prior and its private signal n; ;. Thus, its information set is

Ii],\f’c = {m,t} .

Each rational investor ¢ combines its prior, its private signal 7, and the information
inferred from the equilibrium price under its perceived price-formation rule. Thus, its

information set is
ot =i, Pare(pe) } -

AT investors update their implicit beliefs through the Q-value updating rule in (6),
which revises the valuation of trading actions based on realized rewards. Thus, its

effective, implicit information set is
Ak ~1
Ij,t = {PA,k(pt>} .

2. At the beginning of period ¢, each cursed investor i € M, chooses a demand schedule
x%c() to maximize expected trading profits, as in (1), taking prices as trading terms

but not as signals of other investors’ private information. Each level-k strategic investor

11



1 € M, chooses a demand schedule x%k() to maximize expected trading profits, as in

(1), under its level-k subjective price-formation rule.

3. At the beginning of period ¢, each Al investor j € A chooses a demand schedule xjAtk()

according to the Q-learning decision rule in (7).

4. The market clears at the end of period ¢. Total demand from cursed investors, level-k

strategic investors, Al investors, and noise traders equals the asset supply S:
. , A
[ attrwanodiv [ alifpinodiv [ alfodes =5 )
c MS A

Equilibrium price formation. We focus on an equilibrium in which the Q-learning al-
gorithms of Al investors converge to their steady-state action values in the environment
populated by cursed investors and level-k strategic investors. Let Q§k) denote the limiting
Q-value function of Al investor j in this level-k environment.

Given the equilibrium demand schedules of the different investor types, the market-
clearing condition implies a noisy linear relationship between the equilibrium price and the
fundamental payoff. In particular, suppose cursed investors use the demand schedule coeffi-

cients
M, aM,c oM
(ILL 167 /87] 7c? /Bp 7c) M

level-k strategic investors use
Mk oM}k oMk
(:u ) 67] ) /Bp ) )

and Al investors use
A A
(™ 8) -

Then the equilibrium price aggregates information from the private signals of cursed
and level-k strategic investors, the learned demand of Al investors, and noise-trader supply.
As a result, an uninformed rational-expectations investor can infer payoff information from
the equilibrium price by correctly inverting the true price-formation rule. Level-k strategic
investors also extract information from prices, but they do so under their subjective price-
formation rule. In particular, a level-k investor believes that other strategic investors use
level-(k — 1) demand schedules and that AI investors follow the policies learned in the corre-
sponding level-(k — 1) environment. Hence, relative to a fully rational-expectations investor,
the level-k investor may misperceive the informativeness of prices because it underestimates
the sophistication of other strategic investors’ demand schedules and the sophistication em-

bedded in the AI policies learned from interacting with those investors.
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The price is determined by the market-clearing condition in (9). By the exact law of

large numbers for a continuum of i.i.d. private-signal errors in the cross section,

/ it di = vy, and / it di = hsvy. (10)

Using the demand schedules of cursed investors, level-k strategic investors, and Al investors,

the market-clearing condition can therefore be written as
g(k)pt — C(k)vt + 2 + M(k), (1].)

where the superscript (k) means the equilibrium of a trading environment populated with

level-k thinking investors, and the ceofficients are

(W = B + B, (12)
£®) = 9B + B + 9B, (13)
p*) = o™ 4 Y 4 gt — 8. (14)
Equivalently,
*) k)
7 C 1
Pt = f(k f(k (k) Ut Jrg (k) (15)

Thus, the equilibrium price is a noisy linear signal of the fundamental payoff. The ratio
¢®) /¢®) is the loading of the equilibrium price on fundamentals, and 1/¢®) is the loading of
the equilibrium price on noise-trader demand.

The noisy relationship between equilibrium price and the fundamental, characterized by

(15), implies that a signal about v; as follows:

(k) (k)

k § H 1

S;(>,t) o\ Pt Ty | T vt A (16)
¢ 3 ¢

The noise standard deviation of this price-implied signal is

and its precision is

2
= 7= (") .. (18)
(=)
P
Price informativeness about v, is therefore governed by the magnitude of the aggregate signal

loading ¢*®): stronger informed non-AI demand makes the price-implied signal less noisy and
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increases the precision with which prices reveal fundamentals.

2.2 Equilibrium Demand Schedules

Rational investors differ in sophistication, which we define as their capacity to reason strate-
gically about price formation. This heterogeneity affects both how investors extract informa-
tion about fundamentals from prices and how they form beliefs about the trading behavior of
other market participants, including cursed investors, more sophisticated rational investors,
and Al investors. In this section, we characterize the equilibrium demand schedules of ra-
tional investors with different degrees of sophistication. We begin with level-0 investors,
whom we specify as cursed investors. These investors use their own private signals when
forming beliefs about fundamentals, but do not correctly account for the information about
other investors’ signals that is embedded in equilibrium prices. We then construct level-k
strategic investors recursively. A level-1 investor best responds to a perceived environment
in which other strategic investors behave as level-0 investors and Al investors follow the
policies learned in that level-0 environment. More generally, a level-k investor best responds
to a perceived environment in which other strategic investors behave according to level-
(k — 1) reasoning, Al investors follow the policies learned in the corresponding level-(k — 1)
environment, and cursed investors continue to trade according to their level-0 demand sched-
ules. This recursive structure differs from the standard level-k hierarchy because the market
also contains a positive measure of autonomous Q-learning investors. Al investors do not
reason through an explicit finite hierarchy of beliefs. Instead, for each perceived level-k en-
vironment, they learn trading policies from repeated market interactions generated by the
demand schedules of rational investors and by market-clearing prices. The level-k iteration

is illustrated in Figure 1.

Cursed investors. They do not understand the information contained in prices at all.
They only use their private signal 7,; to form their posterior belief about v; and make
trading decisions. Specifically, the conditional expectation of v; given the private signal 7; ;
is

E [v; [ ie] = hov + hy nis, (19)

where the coefficients h; and hy are the Bayesian update weights

hy = _ M and he = L, (20)
Ty +Tm To + Tm
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Figure 1: The Level-k Iteration

Cursed Mc
investors (Y.)

Sophisticated Level-0 Level-1 ( Level-(k-1) Level-k
investors () xM0 xM1 L xMk=1 xMk
y A 4 A 4 y
Q-learning ina Q-learningina Q-learning in a Q-learning in a
Level-0 Level-1 Level-(k-1) Level-k
environment environment environment environment
Al A0 Al Ak-1 Ak
investors (¢) Qje Qji Qjt Qj:
t > o0 t > o t > oo t > oo
QA’O,Vj QA'l,vj QA'k_l,Vj QA'k,vj
with precision parameters defined as
Tn=0,2 and Ty = 0,7 (21)
The optimal demand schedule of the cursed investor i is:
E [ve | i) —
Me (. . . t | Mit] — Dt
2 (prmig) = (22)
Y
M,c M,c M,c
= /‘L + ﬁ'r] ni,t - /8]) pt7 (23)
where
M, __ _—13c- M, __ . —13c Me _ _—1
Y=o, B =~""h;, and B, =7"". (24)

Cursed investors are not noise traders. They use their own private signals correctly when
forming beliefs about fundamentals, but they do not fully internalize the price-formation
process. In particular, they do not correctly account for the existence and behavior of Al
investors, nor do they account for the information about other investors’ private signals
that is embedded in equilibrium prices. As a result, they under-infer the information about

fundamentals contained in prices. Their optimal demand schedule is characterized by (23).
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Al investors: Algorithmic herding in a level-k environment. Section 3 shows that
heterogeneous Al investors do not remain dispersed across idiosyncratic trading rules. Each
AT investor learns only from its own realized trading profits and explores independently.
Nevertheless, market-clearing price feedback makes the profitability of any demand sched-
ule depend on the aggregate behavior of Al investors. This feedback aligns the learning
incentives of different AI investors and drives their population demand toward a common
rule. The limiting common rule has a sharp interpretation. In an environment populated by
cursed investors, level-k strategic investors, Al investors, and noise traders, all Al investors’
algorithms converge to the same one, and the aggregate Al demand schedule converges to
the demand schedule of an uninformed rational-expectations investor who observes the equi-
librium price, understands the true price-formation rule, and uses the price to infer payoff

information. Thus,
_EW[p-p
Y

Here, E®)[v | p] denotes the posterior expectation of the payoff v formed by an uninformed

:L‘A’k(

Ak ,
p) =0y — ﬁ; kp-

rational-expectations investor after observing price p in the level-k environment, which can
be expressed as E[v | sg(,k)]. The superscript (k) emphasizes that the price-formation rule,
price informativeness, and the learned Al demand coefficients all depend on the sophisti-
cation of the strategic investors in that environment. This result links algorithmic herding
to rational-expectations price inference. Al investors do not directly observe the private
signals of rational investors, nor do they reason through an explicit hierarchy of beliefs.
Instead, they learn from realized profits which price-contingent demand schedules perform
well. In the limit, this learning process selects the same demand schedule that an uninformed
rational-expectations investor would choose when extracting information from prices, as in
the benchmark of Kyle (1989). This characterization is also the key input into the level-k
recursion. When a level-k strategic investor forms beliefs about price formation, she assumes

that Al investors follow the demand rule learned in the perceived level-(k — 1) environment:

Z,A,k71<p) _ IUIA,kfl . 5;4,k71p'

Thus, the recursive step is precise: level-k strategic investors best respond to a perceived
market in which other strategic investors use level-(k — 1) demand schedules, cursed investors
continue to use their level-0 demand schedules, and Al investors use the rational-expectations
demand rule learned from interacting with the level-(k — 1) environment.

We now focus on characterizing p* and ﬁ;,“’k for every k > 1. In the limit, all Al

investors become homogeneous and the representative Al investor in a trading environment
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populated with level-k investors behave as if it correctly understands the 1. cursed investors
would behave according to (23) and perceives the remaining 1, level-k investors would use
level-k strategies. From the implied price signal sgft) in (16), the AI investor behaves as if it

forms the belief using the posterior
Ev; | s0] = h* s,, + (1 — kAo,

where the Al’s Bayesian weight on the price signal,

Ak ngk)
hi' = ——, (25)
b Ty + Ték)

with 7 is the precision coefficient in (18).

The first-order condition gives a linear demand,

By | s®1 _
oAk (p) = Efv|sp]-p (26)
/y
Therefore, according to the expression of s;()k) in terms of p, it holds that
hA kw
Ak _ ¢
/Bp hAkZ ) ) (27)
P (:k
M,c M,k -S
(1 o hA k) hA kbep™ Hibsp
IMA,k — ¢ ] (28)
v+ hp C(k)

These expressions show how Al demand depends on the information embedded in prices.
The numerator of ﬁﬁ’k reflects the direct response of demand to price, adjusted for the
fact that price also carries information about fundamentals. The denominator captures the
equilibrium feedback from the positive mass ¢ of Al investors: because Al demand affects
the market-clearing price, the representative learned AI rule internalizes the price signal
generated by aggregate Al trading.

Thus, despite starting from heterogeneous learning algorithms and exploring indepen-
dently, Al investors endogenously converge to a common demand rule. This common rule
coincides with the optimal trading rule of uninformed rational-expectations investors in a
rational-expectations equilibrium (REE) of the trading environment populated by level-k
strategic investors. Algorithmic herding therefore carries the Al population to the rational-

expectations demand rule associated with the level-k environment.
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Strategic investors: Level-k thinking investors with k£ > 1. Level-k thinking in-
vestors, with k£ > 1, know the population shares of cursed investors and Al investors in the
market. Their reasoning is anchored at level 0, which we specify as cursed-investor behavior.
For k£ > 1, a level-k investor forms beliefs about price formation by assuming that other
sophisticated investors reason at level k — 1, while Al investors follow the trading policies
learned in the corresponding perceived environment. In particular, the level-£ investor be-
lieves that Al investors have been trained in an environment with measure ¢, of level-(k —1)
investors. Given this perceived price-formation rule, the level-k investor chooses a demand
schedule that maximizes expected trading profits. Higher k therefore corresponds to a deeper
ability to infer information from prices and to anticipate the trading behavior of other market
participants.

Starting from level-0 investors, we recursively construct level-k investor strategies and Al
policies learned in the corresponding level-k environment, for £k = 0,1, 2,.... This recursion
differs from the standard level-k reasoning hierarchy because the market contains a positive
measure ¢ of autonomous Q-learning investors. These Al investors do not reason through a
finite hierarchy of beliefs. Instead, for each perceived level-k environment, they learn trading
policies from repeated market interactions generated by the strategies of level-k investors.

For each k > 1, consider a level-k investor’s perceived market environment. The investor
assumes that non-Al investors other than itself use the demand schedules associated with
level-(k — 1) reasoning. She also takes as given the Al trading policy that would be learned
when Al investors are trained in an environment populated by a measure v, of level-(k —
1) investors. Thus, in the level-k investor’s subjective model, prices are formed from the
aggregate order flow generated by level-(k — 1) non-Al investors, Al investors following the
policy learned in the corresponding level-(k — 1) environment, and any exogenous noise
supply.

Given this perceived price-formation rule, the level-k investor chooses her own demand
schedule to maximize expected trading profits. The expectation is taken under her perceived
joint distribution of fundamentals, private signals, aggregate order flow, Al trading, and
prices. Its optimization therefore treats the strategies of lower-level non-Al investors and
the learned Al policy as fixed components of the pricing rule, while choosing her own demand
schedule as the best response to that perceived rule.

The Bayesian posterior is

Elvs | 16, i) = hyj;/[’k Nt + hé\/[’k Sz(ft_l) + hy,k v, (29)
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where the posterior weights are

k—1)
pME — ™ pME — ng Mk — Ty
no = (k DK p = (k—1)° v (k 0"
Ty +TMm + Tp To + Tv + Tp Ty +TMm + Tp

The first-order Condltlon gives 2M*(p,) = (E[v | nis, pe] — pt)/7- Therefore, according to the

-1 .

expression of sp in terms of p, it holds that

puse I - (30)
! T ety
1— thg(k b
Bk — %7 (31)
th: th: (k D

3 Algorithmic Herding

We now show that, in any fixed level-k market environment, Al investors who learn through
reinforcement learning endogenously converge to a common demand rule. This common rule
coincides with the optimal trading rule of uninformed rational-expectations investors in a
rational-expectations equilibrium (REE) of that environment. Throughout this section, we
hold fixed the distribution of rational investors with heterogeneous sophistication.

We say that Al investors’ learned strategies are consistent with rational expectations
if two conditions hold. First, each Al investor’s limiting demand rule is optimal given the
fundamental information it can infer from prices. Second, the price-formation rule embedded
in the Al investors’ learned policies, denoted by P4y, coincides with the actual market-
clearing price rule generated by aggregate demand. Thus, when Al investors use 732}6 (pe) to
extract payoff information from the equilibrium price p;, this inference is correct under the
true price-formation rule.

We approximate the original trading environment by a sequence of finite, discretized
economies that are tailored to the tabular Q-learning problem. In each approximating econ-
omy, the admissible AT demand coefficients are restricted to a finite grid XA, and the exoge-
nous shocks are truncated at finite bounds. The market-clearing equation and the demand
schedules of rational investors with heterogeneous sophistication are otherwise kept fixed at

their values in the original model.” As the grid becomes finer and the truncation bounds

"This approximation mirrors the algorithmic environment faced by tabular Q-learning. The algorithm
does not choose from a continuous action space; it selects from a finite grid of actions and updates action
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grow, these finite approximating economies converge to the original trading environment.

For each fixed approximating economy, the limiting object of Al learning is a mean-field
fixed point. This object imposes two consistency requirements. First, taking the population-
average Al demand rule as given, each atomistic Al investor learns action values from the
trading profits generated by the corresponding market-clearing prices and chooses demand
coefficients according to its limiting learning policy. Second, the population-average demand
rule induced by these individual limiting policies must coincide with the population-average
Al demand rule that was used to generate prices. Thus, the fixed point is not a new economic
equilibrium concept separate from market clearing. It is the consistency condition that closes
the learning problem in a finite economy with a continuum of atomistic Al investors.

This formulation follows the standard mean-field logic: each individual Al investor is
negligible and takes the aggregate state as given, while the aggregate state must be repro-
duced by the population of individual decisions. In our setting, the relevant aggregate state
is the population-average Al demand schedule, because it enters the market-clearing price
and therefore determines the realized rewards from which AI investors learn. The rational-
expectations demand rule of the original model is then obtained as the limit of these learned

mean-field fixed points as the auxiliary economies are refined.

Definition 1 (Discretized bounded environment). Fiz a level-k trading environment. A dis-
cretized bounded environment is a finite approximating economy for the Al learning problem

in that environment. In this approximating economy, Al investors choose demand coefficients
Ak pAk
(HA".B1%) € Xa € [=By Byl x [~ Bs, B,

where (ui’k, ﬂﬁf) represents the linear demand schedule

Ak o\ _ Ak Ak
T\ (p) = 1A — B, AD-
The payoff shock and the noise-trader shock are truncated at finite bounds (B,, B,). The
demand schedules of cursed investors and level-k strategic investors, together with the market-
clearing equation, are kept the same as in the original level-k trading environment. Prices and
realized trading profits are evaluated using this market-clearing equation under the discretized

Al action space and the truncated shock distributions.

Definition 2 (Mean-field fixed point in a discretized bounded environment). Fiz a dis-

cretized bounded environment associated with the level-k trading environment. A mean-field

values using realized trading profits.
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fized point is a population-average Al demand-coefficient pair
(4% 744) € ol

where co(Xa) denotes the convex hull of the finite action grid. Given (iy" ,B %), market-
clearing prices are determined by the fixed demand schedules of cursed mvestors and level-k
strategic investors, the truncated shocks, and the population-average Al demand schedule
w5 (pan*) = A" — Boap.

The pair (MA ,BpA) or equivalently the associated average demand schedule fﬁ’k(p), s a
mean-field fixed point if the following two conditions hold. First, taking as given the price
process generated by the market-clearing equation under J’U’g’k(p), each atomistic Al investor’s
limiting Q-learning policy is optimal with respect to the expected trading profits induced by
that price process. That is, the limiting Q-values coincide with the expected continuation
values of the corresponding demand coefficient pairs in Xa, evaluated at the market-clearing
prices generated by Eﬁ’k(p). Second, the population average of the demand coefficient pairs
induced by these limiting individual policies is exactly (,uA ,ﬁ ) Thus, the aggregate Al
demand schedule that enters the market-clearing equation is reproduced by the individual
learning policies that are optimal under the price process generated by that same aggregate

demand schedule.

3.1 Theoretical Results

The next two results establish the main technical claims on convergence and algorithmic
herding for heterogeneous, atomistic Q-learning investors. Proposition 1 studies learning
in a fixed discretized bounded environment with level-k strategic investors and shows that
heterogeneous Al investors converge to a unique mean-field fixed point. Proposition 2 then
studies the approximation step and shows that, as the discretized bounded environments
converge to the original level-k trading environment, the corresponding mean-field fixed

points converge to the rational-expectations demand rule.

Proposition 1 (Convergence of fixed-environment learning). Fiz a finite population and
a discretized bounded environment populated with level-k strategic investors. Suppose the
Boltzmann exploration temperatures lie in a compact subset of (0,00), the learning step sizes
satisfy the stochastic-approximation conditions in Appendiz A, and the initial state is locally
denominator-safe, in the sense that the relevant deterministic and stochastic learning paths
FAk

1)

remain in a denominator-safe state set. Let (ﬂﬁ’jt, be the learned population-average
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Al demand coefficient pair after period t. Then

—Ak *A,k) _ (_A,k *A,k)’

thm (,uA,t, N Ny Ba almost surely,
— 00

where m’\ g 1s the environment’s unique learned mean-field equilibrium.

This proposition is pointwise in a fixed discretized bounded environment. Heterogeneity
in exploration temperatures affects the limiting mixed policies over grid actions, while het-
erogeneity in learning rates affects the speed of adjustment. Under the stated conditions,
however, neither source of heterogeneity changes the population-average limit.

Boltzmann exploration makes the population learning operator smooth and contractive
on the relevant denominator-safe state set, namely the set of learning states in which aggre-
gate price sensitivity is bounded away from zero. On this set, market clearing determines a
finite and stable price process. The contraction implies uniqueness of the mean-field fixed
point and almost-sure convergence of the stochastic Q-learning dynamics to that fixed point.

The economic force behind the contraction is market-clearing price feedback. When Al
investors collectively tilt their demand toward a particular set of coefficients, the market-
clearing price adjusts against that aggregate tilt, reducing the incremental profitability of
the deviation. This feedback makes the best-response learning map stable and pulls hetero-
geneous learners toward the same population-average demand rule. Thus, within any fixed
discretized bounded environment, heterogeneous Al investors herd onto a single mean-field
fixed point rather than drifting toward persistently different trading rules. The proof is in
Appendix A.

Proposition 2 (Mean-field fixed points converge to rational-expectations demand). Sup-
pose the original level-k trading environment satisfies the reqularity condition stated in Ap-
pendiz A. Fix a compact interval of exploration temperatures and a compact neighborhood K

of the rational-expectations Al demand coefficients

(5.

Then, for every e > 0, there exist sufficiently large action and shock bounds and a sufficiently
fine action grid, chosen independently of the population size and of the particular exploration
temperatures, such that, for every finite population of Al investors, the corresponding dis-

cretized bounded environment admits a unique mean-field fized point

_Ak QAk
(MA ) p,A) € IC7
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and this fixed point satisfies

_Ak RA, _Ak RA,
| (ra%B2%) = (@, 32)|| <=
Equivalently, the mean-field fixed points of sufficiently accurate discretized bounded environ-

ments converge locally to the rational-expectations AI demand coefficients of the original

level-k trading environment as the action grid becomes finer and the truncation bounds grow.

In the original level-k trading environment, expected trading profit is a strictly concave
quadratic function of the AI demand coefficients. Therefore, for any price process induced
by aggregate demand, Al investors have a unique optimal demand-coefficient pair. The

rational-expectations Al demand coefficients

(1 5%)

are the fixed point of this optimal-demand map: they are optimal when prices are generated
by the aggregate Al demand rule associated with those same coefficients.

The discretized bounded environments approximate this continuous optimization prob-
lem. In each discretized environment, Boltzmann exploration smooths the choice over grid
actions. The exploration temperature affects how dispersed individual choices are across
nearby actions, but it does not alter the limiting target as the grid becomes fine and the
shock bounds grow. Appendix A shows that the discretized Boltzmann mean maps, to-
gether with their derivatives, converge uniformly on K to the continuous optimal-demand
map. This uniform convergence yields local existence, local uniqueness, and convergence of
the mean-field fixed point to the rational-expectations Al demand coefficients.

Economically, strict concavity gives Al investors a well-defined optimal demand rule
against the market-clearing price function, while the discretization and truncation errors
vanish as the approximating environments are refined. Hence, the demand rule learned by
Al investors in the discretized bounded environments converges to the rational-expectations

demand rule in the original level-k trading environment.

Theorem 3 (Algorithmic herding toward rational-expectations demand). Fiz a level-k trad-
ing environment. Suppose the assumptions of Proposition 2 hold. Then, for every ¢ > 0,
there exist sufficiently large action and shock bounds and a sufficiently fine action grid such
that the following statement holds. Consider any discretized bounded environment constructed
with these bounds and this grid, indexed by A that implicitly includes both the grid fineness
and the truncation bounds. Suppose the fized-environment learning assumptions of Proposi-

tion 1 hold in this environment. Let ([Lg’f:, Bﬁfﬁ denote the population-average Al demand
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coefficients induced at time t by the Q-learning policies of the Al investors. Then

: _Ak RAk _Ak Ak
tllglo H (/LAvt,prA’t) — (,u By )HOO < e, almost surely.

The theorem combines two different convergence statements. The first is a learning re-
sult in a fixed discretized bounded environment. By Proposition 1, the stochastic Q-learning
dynamics of heterogeneous atomistic Al investors converge almost surely to the unique mean-
field fixed point of that environment. This step holds with the action grid and the shock
bounds fixed. The second is an approximation result across discretized bounded environ-
ments. By Proposition 2, as the action grid becomes sufficiently fine and the shock bounds
become sufficiently large, the mean-field fixed point of the discretized bounded environment
lies arbitrarily close to the rational-expectations AI demand coefficients of the original level-k
trading environment. Hence, after first taking the learning limit within a fixed approximat-
ing environment, the learned population-average Al demand can be made arbitrarily close to
the rational-expectations Al demand rule by refining the approximating environment. This
is an iterated-limit statement. The limit ¢ — oo is taken first, holding fixed the discretized
bounded environment. The approximation parameters are then chosen so that the limiting
mean-field fixed point of that fixed environment lies within the prescribed e-neighborhood
of the rational-expectations AI demand coefficients. The theorem does not assert almost-
sure convergence along an arbitrary sequence of simultaneously expanding action grids and
growing shock bounds. The result formalizes algorithmic herding. Although AI investors
may differ in exploration temperatures, learning rates, and initial Q-values, their population-
average demand converges to a single mean-field fixed point in any fixed sufficiently accu-
rate discretized bounded environment. As the approximating environment converges to the
original level-k trading environment, this common learned demand rule converges to the
rational-expectations Al demand rule. Thus, algorithmic herding and rational-expectations
price inference arise as the two components of the same limiting argument: learning selects

a common rule, and approximation identifies that rule with rational-expectations demand.

3.2 Limit of Level-k Strategic Reasoning

We next consider the limit of the level-k reasoning hierarchy as k& — co. This limit corre-
sponds to the case in which strategic investors perform arbitrarily many rounds of reasoning
about price formation. The key question is whether the recursive construction of perceived
price-formation rules, strategic demand schedules, and the associated learned Al demand

rules converges to a well-defined limiting level-oo trading environment.
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Proposition 4 (Convergence of the level-k recursion). The level-k recursion converges to a

unique fized point for all opr > 0 if

27py072

8po? (33)

P, <

Proposition 4 provides a sufficient condition under which the hierarchy of level-k strate-
gic reasoning is well defined in the limit. The condition requires the measure of strategic
investors, 1, not to be too large relative to noise-trader risk and the strength of funda-
mental uncertainty. Under this condition, the recursive mapping from level-(k — 1) beliefs
and demand schedules to level-k demand schedules is stable and admits a unique limiting
fixed point. Hence, as k — oo, the economy converges to a well-defined level-oo trading

environment.

3.3 Simulation Evidence

Theorem 3 establishes the convergence and herding result analytically. We now provide
complementary numerical evidence by simulating the tabular Q-learning algorithm described
in (6). The simulation asks whether a large finite population of independently learning Al
investors converges to the rational-expectations Al demand rule predicted by the theory.

We simulate N atomistic Al investors trading in the level-k market environment. The
continuum of Al investors in the model is approximated by a large finite population. Each
AT investor learns independently from its own realized trading profits. To match the tabular
implementation, we restrict the AT action space to a finite grid of price-sensitivity coefficients
Bﬁ ;k, while fixing the intercept at ,utA * = 0. Ineach period t, an Al investor selects a grid point
according to the Boltzmann rule and updates the estimated value of the chosen coefficient
toward the realized trading profit generated by that choice.

Market clearing links the learning problems of the Al investors. In each period, the price
clears the market given the realized population-average Al demand, the demand schedules
of rational investors with heterogeneous sophistication, and noise-trader demand. Thus, al-
though Al investors update their Q-values independently, their realized rewards are jointly
determined through the market-clearing price. The simulation therefore directly imple-
ments the mechanism behind the theory: individual reinforcement learning interacts through
prices, and price feedback can cause heterogeneous Al investors to herd toward the rational-

expectations demand rule.

Simulation setup. FEach Al investor chooses a price-sensitivity coefficient Bﬁ ;k from a

finite grid on [0,0.6] with mesh size 0.002. To focus on learning over price sensitivity, we
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Figure 2: Learning Convergence to the Rational-Expectations Benchmark
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hold the intercept fixed at utA k= 0. Al investors use a common Boltzmann exploration
temperature x. For each grid point, an investor updates its estimated value as the running
average of realized trading profits, corresponding to the reward-averaging version of tabular
Q-learning in this stateless bandit environment.

We simulate N = 100 Al investors. The remaining market parameters follow the bench-
mark calibration: o, = 2, 0, = 0.2, v = 0.2, asset supply S = 0, total rational-investor

measure 1) = 1.5, and aggregate rational-investor coefficients 5}’; =4.0 and Bf; =4.5,.

Results. The learning dynamics converge to the rational-expectations demand rule. Fig-
ure 2 shows that the cross-sectional average of the learned price-sensitivity coefficients con-
verges to the rational-expectations coefficient 6;,4”“ in Panel (a), and that the average esti-
mated expected reward converges to its equilibrium level in Panel (b).

This convergence occurs despite heterogeneity in initial value estimates and independent
exploration across Al investors. Over the learning horizon, the cross-sectional dispersion of
learned coefficients declines and the population concentrates on a common trading rule close
to the rational-expectations demand. The simulation therefore provides direct numerical
evidence of algorithmic herding: independently learning Al investors, linked only through
market-clearing prices, endogenously herd on the same near-rational demand rule. Ap-
pendix A.9 reports the full cross-sectional distribution of learned coefficients and documents

its concentration over time.
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4 Market Sophistication and AI Performance

This section studies Al performance in markets that differ in investor sophistication. First,
we compute the expected trading profits of rational investors and Al investors in any given
trading environment. Second, we study limits on AI performance in an environment with
cursed investors, level-oo sophisticated investors, and Al investors, comparing Al investors

separately with level-oo investors and cursed investors.

4.1 Expected Trading Profits

Fix a market. Given the investor composition (., s, ¢) and the sophistication level k
of strategic investors, the equilibrium price rule is summarized by &, ¢, and pu: aggregate
price sensitivity, aggregate signal loading, and the aggregate intercept.® The formulas below
evaluate a single investor’s net expected profit holding the environment fixed. They apply
to any admissible rational-investor coefficients and any Al coefficients evaluated against the

same price rule.

Proposition 5 (Rational-investor expected profit). Consider a rational investor with de-

mand coefficients ( ,]7‘/[, BZ],” pM). The investor’s single-period net expected profit is

I = 2 {1(6 - o — wl [(83'¢ - 50+ &4 — B
+HE= QB = B C)or + B, o2}
—sa {LBYE=BYOv+ et — )]’
H(B,€ = B,1C) %0 + (B, )i + (8)) 0%} . (34)
The formula applies to cursed investors and to strategic level-k investors after substituting

their demand coefficients.

Proposition 6 (Al expected profit). Consider an Al investor with demand coefficients

( I;,L‘,/ULA). The Al investor’s single-period net expected profit is

1 = g5 6= 0l [eu* = 3 (7 4 )]
—BAC(E — Qo + B0
_ ;—g{[fuf‘_ﬁﬁ (C®+u)}2+(5f)2(4203+a§)}. (35)

8For ease of notation, we drop superscripts on (&, ¢, 1) in this section.
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Proofs, including the gross-profit and trading-cost decompositions, are in Appendix C.
The first brace in each formula is gross expected trading revenue. Its first product is the
unconditional mean component: unconditional average excess payoff times unconditional av-
erage demand. The remaining gross-profit terms measure how the investor’s position covaries
with payoff-relevant shocks. A rational investor earns covariance profits from private-signal
exposure Bf]” and from price sensitivity ﬁé‘/l . An Al investor has only the price-sensitivity
channel, so its covariance term depends on how price movements load on fundamentals and
noise trader demand.

The second brace in each formula is the expected quadratic trading cost. For ratio-
nal investors, costs rise with the mean position, with exposure to fundamental variation,
with idiosyncratic private-signal noise, and with positions induced by noise trading. For
AT investors, costs rise with the mean position and with the price variation generated by
fundamentals and noise trading. These decompositions identify the forces behind the limits
below: prices can be informative, but exploiting price information requires taking positions

that also absorb noise-trader demand and incur trading costs.

4.2 Limits of AI Performance

We now focus on an environment with cursed investors, level-oo sophisticated investors, and
Al investors. Level-oo investors provide the rational-expectations benchmark from the pre-
vious section: they understand the population composition, the equilibrium price function,
and the price-inference problem. Cursed investors use their private signals but fail to extract
the information contained in prices. Al investors condition on prices and therefore depend
on the information that equilibrium prices aggregate.

Throughout this subsection, impose equal trading costs, vas = 74 = 7. This benchmark
isolates information-channel limits. Profit rankings then reflect differences in what each
investor learns from private signals and prices, rather than differences in the cost of taking

a given position.

4.2.1 Al and Level-oco Investors

Level-co investors are the strict benchmark for AI because they have rational expectations
and a finer information set. They condition on the same equilibrium price as Al investors and
also observe private signals. This comparison therefore asks whether price-based learning
can match an investor who understands the price system and observes the signal that helps

generate it.
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Proposition 7 (Level-co investors always outperform Al). In any nondegenerate convergent

environment with cursed investors, level-oo investors, and Al investors,

Ve 14 = = >0 36
2v(7y + ) (7o + Tvr + ) (36)

for all oy > 0, where 7, = (*7, is equilibrium price precision.

The proof is in Appendix C. Level-oo investors strictly dominate Al because they observe
a richer information set. Both types observe the price and face the same trading cost, but
level-oco investors also observe private signals. Conditional on the price, those signals still
lower posterior uncertainty about v, and the lower conditional variance raises the expected
square of the optimal trading return. The profit gap in (36) is exactly the value of that extra
signal after conditioning on the price signal.

The result also shows why AI performance is limited by the market environment that
trains it. Al investors learn from prices, but prices are equilibrium objects produced by other
investors’ trades. When sophisticated investors infer from prices correctly, their trades move
prices closer to fundamentals. This stabilizes prices and removes some of the mispricing
variation that an Al investor could otherwise exploit. More sophistication among rational
investors therefore has two effects that both work against Al: it creates competitors with
better information, and it makes the price signal less profitable as a trading object.

Figure 3 visualizes the uniform limit in (36). The plotted object is II* —IT*>, so negative
values correspond to level-co dominance. The heatmap remains negative throughout the
parameter region. Changes in private-signal noise and noise-trading volatility change the
magnitude of the gap, but not its sign. When private signals are precise, the extra signal
is valuable. When prices are precise, Al learns more from prices, but level-oo investors

condition on that same price and retain the additional private-signal channel.

4.2.2 Al and Cursed Investors

The comparison with cursed investors isolates a different AI limit. Cursed investors have
biased price inference but receive private signals. Al investors use the price signal unbiasedly
but do not receive private signals. The next result reduces the ranking to a comparison

between the precision of the private signal and the precision of the price signal.

Lemma 8 (Cursed versus Al: profit comparison). In any informative nondegenerate envi-

ronment, under the maintained equal-cost assumption,

B h— hy L ™ Tp
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Figure 3: A Uniform Limit: Level-oo Investors Outperform Al
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Notes: The figure plots the difference between Al net expected profit and level-co investor net
expected profit, 14 —ITM:>_ The horizontal axis is noise-trading volatility ¢, and the vertical axis
is private-signal noise o);. Negative values mean level-co investors earn higher net expected profits
than AT investors. Parameters are v =0, S =0, 0, =1, ypy = va = 1, 9. = 0.30, ¥ = 0.30, and
¢ = 0.40. The heatmap ranges are o) € [0.05,6] and o, € [0.05,1].

Therefore,
e >t = >,

The proof is in Appendix C. The result compares two usable signal channels. Cursed
investors do not learn from prices: a high price lowers the trading surplus they perceive,
but it does not raise their estimate of the asset payoff. Their information advantage comes
only from the private signal. The weight h is the value of that private-signal channel. It is
close to zero when the private signal is mostly noise, and it approaches one when the private
signal is very precise. Cursed investors outperform Al only when this private-signal channel
is more valuable than the price information they fail to use.

Al investors use the opposite channel. They update from the equilibrium price signal,
and h, measures the value of that price-signal channel. This value is high when informed
trading makes prices precise and noise trader demand is small; it is low when prices mostly
reflect noise trading. Because both investor types trade the same asset at the same price and
face the same trading cost, the ranking does not come from unconditional average mispricing
or from the price paid per share. It comes from which signal improves payoff forecasts more.

The profit ranking therefore reduces to whether the private signal is more precise than the
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equilibrium price signal.
Proposition 9 (Large noise trading: cursed investors dominate). If

Yoy

2 >
o o

b

then, for every oy > 0,
e > 1.

The proof is in Appendix C. Large noise trading makes the price channel too noisy for Al.
Al investors benefit from private information only when other investors’ trades make prices
sufficiently informative. When noise trader demand is volatile, price movements mostly
reflect nonfundamental demand rather than payoff information. The equilibrium price then
remains less precise than the private signal for every level of private-signal quality.

Cursed investors still misunderstand prices, but the result says that their remaining
information source is always better than AI’s only information source in this region. If
private signals are weak, prices contain little payoff information for Al to learn from. If
private signals are strong, noise trader demand is still large enough to keep prices too noisy.

Across both cases, the Al price channel is dominated by the private-signal channel.

Proposition 10 (Small noise trading: Al dominance window). Suppose the objective en-
vironment 1s nondegenerate, the fized-point price precision T, (Tar) is well defined for each

v > 0, and the intercept channel converges. If

oy
2y

o, <

Y

then there exist thresholds o%; < ol such that
e <4 <« oy € (ok, o).

The proof is in Appendix C. Al dominance over cursed investors is a window, not a
universal result. When private signals are very precise, cursed investors can have accurate
forecasts of the payoff. They fail to extract information from prices, but this mistake does
not offset the value of a highly accurate private signal. Al observes only the price, which
aggregates information indirectly through equilibrium trading, so the direct private-signal
advantage dominates.

When private signals are very noisy, cursed investors also dominate. Their own signal
is weak, but that signal is also the input that makes prices informative. Cursed and level-

oo investors then trade only weakly on payoff information, so prices contain little useful

31



Figure 4: Cursed Investors and the AI-Dominance Window
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Notes: The figure plots the difference between AI net expected profit and cursed-investor net
expected profit, IT4 — IT™¢. The horizontal axis is noise-trading volatility o, and the vertical axis

is private-signal noise ;. Positive values indicate Al dominance over cursed investors. Moving
right raises noise-trading volatility and illustrates the large-noise region in which cursed investors

dominate. At low o, the positive region appears for intermediate o, illustrating the Al-dominance

window. Parameters are v =0, S =0, 0, =1, var = va = 1, ¥, = 0.30, s = 0.30, and ¢ = 0.40.
The heatmap ranges are oy € [0.05,6] and o, € [0.05, 1].

variation for Al to exploit. Al gains little from observing prices when the trades that form
prices carry little information about fundamentals.

Al can outperform cursed investors only in the middle. Private signals must be infor-

mative enough to enter prices through informed trading, but not so precise that the direct

private-signal channel dominates the price-information channel. Small noise trading makes
this middle region possible: prices can aggregate private information without being swamped
by noise trader demand. The AI advantage is therefore bounded on both sides by the quality
of the information that prices aggregate.

Figure 4 shows the two limits in the same comparison. On the right side of the heatmap,
high noise-trading volatility keeps prices too noisy, and cursed investors earn higher profits.
On the left side, where noise trading is small, AI dominance appears only for intermediate
oy The bottom of the figure corresponds to very precise private signals: cursed investors’
direct information is too strong for Al to match. The top corresponds to very noisy private
signals: prices inherit too little payoff information from informed trading. The positive

region appears between these two forces, where prices aggregate enough private information

32



for AI but private signals are not so precise that cursed investors dominate directly.
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Appendix

A Proofs of Algorithmic Convergence and Herding

This appendix proves Proposition 1, Proposition 2, and Theorem 3. These results con-
nect the learning of a continuum of heterogeneous Al investors to the rational expectations
equilibrium (REE) of the benchmark environment. Only Al investors converge to rational
expectations. Human demand is held at the fixed (possibly boundedly rational) coefficients
M, BM, M, while Al investors optimize against the actual market-clearing price function.
The benchmark environment is unbounded, and Al demand coefficients can be chosen from
the continuous space R?. The proof has two distinct parts. The first part fixes one dis-
cretized bounded environment and shows that heterogeneous Al learning converges to that
environment’s mean-field equilibrium. The second part refines the auxiliary environments
and shows that their local deterministic mean-field equilibria converge to the benchmark
coefficient vector.

The argument proceeds in four steps. First, we place the financial market in a discretized
bounded environment with a finite grid of Al investor demand choices and truncated shocks.
In this environment, the market-clearing feedback from actual Al demand to prices is Lip-
schitz, and Boltzmann exploration turns the learning operator into a contraction under an
explicit condition. Second, the heterogeneous Q-learning recursion is a stochastic approxi-
mation to stable learning dynamics, so learned aggregate Al demand converges almost surely
to the mean-field equilibrium in the fixed discretized bounded environment. Third, in the
benchmark environment, expected trading profit is quadratic, the Boltzmann mean equals
the unique best response, and the best-response fixed point gives the benchmark demand
coefficient vector. Fourth, deterministic mean-field equilibria in sufficiently accurate dis-
cretized bounded environments converge uniformly to this benchmark map as the grid is
refined and the bounds grow.

The stochastic learning theorem is pointwise in each fixed discretized bounded environ-
ment, while the approximation theorem is deterministic and varies the auxiliary environment.
Thus, for any tolerance ¢, a sufficiently accurate discretized bounded environment has a local
mean-field equilibrium within € of the REE demand coefficient vector. If that same fixed
environment also satisfies the fixed-environment learning conditions stated below, including
stochastic localization, heterogeneous Al investors who learn within it converge to aggregate
demand coefficients within ¢ of the REE. ?

9The notation separates three coefficient objects. For any learning state s, ma p(s) is the demand
coefficient pair induced by the policy-implied expected profile in one discretized bounded environment. The
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A.1 Discretized bounded environment

The first step is to define a class of discretized bounded environments that approximate the
benchmark environment faced by Al investors. The discretized bounded environment keeps
the economic structure of the main model-—human demand, Al demand, noise-trader de-
mand, and market clearing—Dbut restricts the coefficient choices in the AI demand function
to a finite grid and truncates the shocks. These restrictions make prices, demand coefficients,
and rewards uniformly bounded, which is what the stochastic approximation argument re-

quires. Later sections refine these restrictions at the deterministic approximation stage.

Brief summary of market structure. Time is discrete, t = 1,2,.... A single risky asset

with per capita supply S is traded each period. The asset payoff is vy ~ N (v, 02), i.i.d. across

2

t. Noise traders submit 2, ~ N(0,0?), independent of (v, ;). Write 7, = 0,2, Tay = 03f,

7, = 0.2, and 7¢ = 7, + 73y. The maintained primitives satisfy v4 > 0, vas > 0, ¢ > 0, and
2

2 2
0y,01,0: > 0.

Human investors. A measure 9¢ of cursed humans and a measure ' of level-k humans
trade with linear demands. Each human observes 7; = v + e;, where e; is idiosyncratic
with mean zero. In the continuum, the idiosyncratic errors average out, so aggregate human

demand loads on v through the average coefficient on 7;. The cursed demand is

2" (0i,p) = By"ns — By p + M, (A1)
with . B
c ™ c c TyU

7]]‘47 = ) 5;)\/[7 = NM7 = ~" (A2)
TMT Y™ YMT

The level-k demand is
o (i, p) = B En; — B 4 Mk,

where the coefficients come from the level-k recursion in the main text. Those coeflicients

are finite and fixed.

Aggregate human demand. Define the fixed aggregate human coefficients!”

M . M, 1 aM.k M . M, | pM.k M. M, 1 Mk
577 = ¢Cﬁn c+¢ﬁn ’ /Bp T ¢06p C+¢6p ) M T ¢CM C+,¢lu : (AS)
learned fixed point in that environment is denoted m} p. The local deterministic fixed point of the raw-profit

Boltzmann coefficient map is denoted ma g, without a star. The benchmark REE demand coefficient vector
‘o W REE
ism .

'%In the notation of the main text, S5/ = (.

38



AT investors and discretized bounded demand choices. A continuum of Al investors

of measure ¢ observes only prices and uses linear demand!*
2 (p) = —B'p + .

For the discretized bounded environment, fix bounds Bg, B,, > 0 and mesh sizes Ag, A, > 0.
Assume the bounds are mesh-compatible, so 2Bz/Ag and 2B,,/A,, are nonnegative integers,
and define

Ba = {—Bg, —Bg -+ Ag, cee Bﬂ}7 Ur = {—BH, _BM —+ A/u .. 7BM}'

The arm set is

MA = BAXUA, M = |MA|

Finite number of AI investors. The learning argument in discretized bounded envi-
ronments represents the Al sector by a finite number of Al investors, i = 1,..., N, each
carrying an equal share 1/N of the measure-¢ Al continuum. Each investor ¢ may differ in
its degree of exploration and learning speed. The number of Al investors NV is finite from this
section through Section A.7; the limit as N — oo is discussed at the close of the appendix
in Section A.8. Equivalently, the analysis is uniform in N: the approximation thresholds
derived below do not depend on N, so the N — oo statement reduces to a term-by-term

application of the finite-N result.

Population profiles on the demand grid. A population profile f € AM~1 is a proba-
bility distribution over the Al investor demand choices in M. It indicates the proportion
of AT investors who choose each arm. Each arm a € {1,..., M} corresponds to a pair
(Bala), pala)) € Ma, so

|Bala)l < Bg,  |pala)| < By

Given a profile f, the mean Al demand coefficients are

Ba(f) = f@)Bala),  palf) =) f(a)uala). (A4)

HTn the appendix, B4 denotes this AI price-sensitivity coefficient; it corresponds to B{f in the main-text
notation.

39



Write the corresponding aggregate price sensitivity as
E(f) = By" + ¢Balf)- (A5)
For a coefficient pair m = (5 4, 14), use the same notation
&(m) = B + ¢Pa.

Shock truncation. For the bounded-model learning theorem we also truncate the exoge-

nous shocks:
v, ~ N(D,02) truncated to |v; — 9| < B,, z ~ N(0,0?) truncated to |z| < B..

Throughout, truncated means the conditional Gaussian law given the displayed truncation

event, with v; and z; truncated independently. Hence
|Ut| S Vmax = ’1_)| + Bv; ’Zt| S Bz
almost surely.

Price and profit induced by a profile. Market clearing gives

BMv+ 2+ M + pa(f) — S

) — A
p(f3v,2) &7 (A6)
If arm a is chosen, demand and profit are
SL’(CL; f;’U,Z) = _5A<a>p<f;v72) +MA(0J>7 (A7>
ma: fiv.2) = (0 = p(f50,2))e(a: fiv,2) = Srala; fv,2)" (A8)

Assumption 1 (Local denominator safety in the fixed learning environment). For the fized
discretized bounded environment used in the learning theorem, there exist 5 >0 and a

nonempty closed set of learning states Sg C [0, 1]N*M such that:

§(f(s) =&, forallse Sp.

The assumption is pointwise for one fixed learning environment.!?

12At this stage it only identifies the local region on which prices and rewards are evaluated. After the
ODE is introduced, the same condition can be read as a restriction on initial states whose learning paths
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Under Assumption 1, define

Amax = ’B%‘Vmax + Bz + |,EM - S| + (bB;u

Amax _
’ Xmax = B@Pmax + Blu II:= (Vmax + Pmax)Xmax + Py—AXQ

Pox = .
a §B 2 max

(A9)

Then [p| < Poax, |7 < Xmax, and || < IT uniformly along Sp. For profiles induced by states

in Sp, write the raw expected profit as

Ri(f,a) = E,.[r(a; f;v, 2)], (A10)

and the normalized expected reward as

m(a; f;v, 2) +1:I] _ Rp(f,a) +ﬁ. (A11)

=E,. Z _

For every f = f(s) with s € Sg, this normalized reward belongs to [0, 1].

Definition 3 (Discretized bounded environment). A discretized bounded environment is the
finite-grid, shock-truncated environment described in this section. Al investors choose co-
efficient pairs from the grid Ma; arm a corresponds to (Ba(a),pa(a)). Ezogenous shocks
are truncated at (B, B.), the price clears according to (A6), and payoffs are the normal-
ized trading profits (A11l). Local denominator safety in Assumption 1 makes the environ-
ment denominator-admissible on Sg. The learning theorem additionally imposes the self-map
condition (Assumption 2), the contraction condition, and ODE- and stochastic-localization

conditions stated below; when these hold, the environment is learning-admissible on Sg.

A.2 Policy-implied profile map

The next step links individual learning states to the population demand profile that clears
the market. Each Al algorithm stores learned rewards for the grid arms, and Boltzmann
choice maps those rewards into arm probabilities. Aggregating these probabilities gives the
policy-implied expected population profile. Working with this conditional mean field isolates
the price-feedback channel; realized arm draws and realized trading profits are handled later
by stochastic approximation.

Recall the N Al investors of equal mass 1/N introduced in Section A.1, with exploration
temperatures k; and learning-speed multipliers ¢;. The profile f(s) below is the policy-

implied expected profile used by the conditional mean-field learning problem.

remain in this denominator-safe region.
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States and policies. Al investor i’s reward-estimate vector is s* = [s'(1),...,s'(M)] €
[0, 1]™. The full state profile is

s=[s,...,s"] €0, JVM.

AT investor i uses Boltzmann exploration

exp(s'(a)/k;)

T Y exp(si(j) /)

(A12)

Expected population profile. The policy-implied expected profile induced by the cur-

rent state profile is
N
1 )
= — E (s =1,..., M. Al

This is the conditional mean-field object used below.

Discount-factor irrelevance. In the bandit environment, heterogeneous discount factors

only add an arm-independent continuation constant to fixed-point Q-values.

Lemma 11 (Discount-factor irrelevance). At any fized point of Q-learning in the bandit
environment with p; € [0,1), the Boltzmann policy of Al investor i and the mean-field fized
point is independent of {p;}.

Proof. The bandit structure makes discounting irrelevant for the policy. At a fixed point, the
continuation value is the same no matter which arm is chosen, so discounting adds a common
constant to all arm values. Boltzmann probabilities depend only on value differences, and
this common term cancels.

The fixed-point Q-values satisfy
Q;(a) = ra(f*,a) + pi Y _ oi(Q;,d")Q; ().

Let
V=Y 0i(Q),d)Q; (d).

Then Qf(a) = rp(f*,a) + p;V;* for all a, so

Vi =0 Qd)rs(f7 ) + oV =TV

a/
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where 7; := )", 0,(QF,d")rp(f*,a'). Thus V" =7;/(1 — p;) and

Q(a) = ru(f*,a) + LT

The second term is constant across arms, hence cancels in the softmax. O

The preceding argument requires p; € [0,1). By Lemma 11, the remainder of Sec-

tions A.2-A.5 sets p; = 0. Define the harmonic-mean normalized temperature

PEARE
I § Al4
Ry (N - /fi) ) ( )
so k < kg < K.

Finally define the conditional expected normalized-reward operator
Gp(s)'(a) :==75(f(s),a). (A15)

The dependence on i enters only through the profile map f(s).

Definition 4 (Mean-field equilibrium in a discretized bounded environment). Using the
usual fized-point definition of mean-field equilibrium, a state profile s is a mean-field equilib-

rium of the fixed discretized bounded environment if
s = Gp(s).

The induced demand-profile equilibrium is f(s), and the induced aggregate Al demand coef-
ficient pair is

ma,g(s) = (Ba(f(s)), ma(f(s))).

A.3 Lipschitz continuity of the normalized expected reward

The contraction proof needs one bound: a small change in the population profile cannot have
an arbitrarily large effect on expected profits. The reason is market clearing. A change in
the profile changes aggregate Al demand, which changes the price and, in turn, affects each
arm’s trading profit. In the discretized bounded environment the denominator is bounded
away from zero on the relevant learning-state set and all positions are bounded, so this
feedback is Lipschitz. The Lipschitz constant derived here is the primitive input into the

fixed-point argument.
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Lemma 12 (Lipschitz normalized reward). Under Assumption 1, for each arm a,

re(f.a) —re(fa)l < Ollf =l Vf=[(s), ['=[(s) s €Sa,

where I
O0p = 2%37 L.p = ((Vmax + Prax + 74 Xmax)Bs + Xmax)Lp,37 (A16)
and
Apnax B B
Lpp =6 <—25 + —“) . (A17)
5 $p

Proof. We first bound how much a change in the population profile can move the market-
clearing price. We then pass that price movement through a fixed arm’s demand and profit.

The final step divides by the normalization that maps raw profits into [0, 1].
Fix (v, z) and write p(f) = A(f)/&(f) with

A(f) =By + 2+ @™ + opa(f) = S.

roram L7 () A AL — Al &) — £(f)
& am - ap A
Hence
() - i) < ELZADL Ag;‘“"’wg(f) e
Since

1Ba(f) = Ba(F) < Bellf = f'lly,  1Ealf) — BaCf)] < Bullf = f'll,

we obtain

p(f) = p(f) < Lysllf = [l (A18)
Now
|z(a; fiv,2) — z(a; f'0,2)| < Bglp(f) — p(f)].
Using (A8), the bounds |v| < Vipax, |P| < Puax, and |z| < Xjay, yield

7w (a; f30,2) — m(a; f150,2)] < (Vinax + Prnax + Y4 Xmax) Bs + Xmax) [p(f) — p(f")|
< Lysllf = f'lli.

Normalization and expectation preserve the bound:

r5(f,a) — rp(fa)| < 228

< LIS = = 0allf = .
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A.4 Contraction and fixed point

With the reward feedback bounded, the discretized bounded environment has a unique de-
terministic learning fixed point when exploration is sufficiently smooth. Boltzmann choice
maps learned rewards into expected arm shares. Lower temperatures make those shares more
sensitive to small value changes; higher temperatures flatten the response. With heteroge-
neous temperatures, aggregate sensitivity is governed by the average inverse temperature,

equivalently the harmonic-mean temperature.

Lemma 13 (Heterogeneous-temperature contraction). Suppose rp(f,a) is 0p-Lipschitz in

f with respect to || - |[1. Then, for every arm a and every pair of state profiles s,§ € Sp,
20p .
r5(f(s),a) —=r5(f(8),a)] < —||s = |-
Ky
Define the contraction condition as
20
=L <1 (A19)
Rg

Under (A19), Gg has Lipschitz modulus 20p /kg < 1 on Sp.

Proof. The contraction comes from the Lipschitz sensitivity of the expected population pro-
file to learned values. For each investor, the reward effect equals the profile Lipschitz constant
times the softmax sensitivity of that investor’s policy. Summing over investors produces the
average inverse temperature, which is the reciprocal of the harmonic-mean temperature.

Fix an arm a. Because f(-) is the expected profile map,
N

156) = 1@l = 32| 5 Do [onls',3) = on(3'. )]

j=1 i=1
1 N
S PILCORLICRID

The Jacobian of the softmax is

an(Saj) _ 1

st = w0l D= aits, 0],

Hence

/=1

SISO S B
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The mean-value theorem therefore gives
loi(s', ) = 0a(8", )l < 3H5i — e < 3HS — 8|
K K

Therefore

. 2 .
17(s) = F(S)llr < —Is = 8l[ce-
Ry
Applying Lemma 12 to the two endpoint state profiles, both of which lie in S, gives

rp(f(s),a) — rp(f(5), )] < iijns .

]

The Lipschitz bound in Lemma 13 does not give a contraction mapping unless Gz also
sends Sp into itself. Although Gg(s) € [0,1]¥*M holds automatically because 7 € [0, 1],
Assumption 1 only restricts the denominator at points s € Sg, not at the images Gp(s).
The reward r5(f(s), -) ranks arms by current-profile profitability, and the softmax over those
rewards can shift the aggregate 34 outside the denominator-safe range, so £(f(Gp(s))) >
&, need not follow from Assumption 1 alone. Forward invariance is therefore a separate

hypothesis.

Assumption 2 (Forward invariance of Sg under Gg). The learning-state set Sg from As-

sumption 1 satisfies

G5(Sp) C Ss.

Assumption 2 holds under two leading parametric cases.

(i) Global denominator safety. If Bé” > ¢Bg, then &(f) > BIJ)W — ¢Bg > 0 for every
fe AM=L Setting Sp = [0,1]"M and ¢, = BM — ¢Bg satisfies Assumptions 1 and 2
jointly, since Gg(s) € [0, 1] for every s.

(ii) Near-equilibrium ball displacement. Suppose sy € Sp and 6 > 0 satisfy {s : [|s —
Solloc < 0} C Sp and

RH

20
1G5 (50) — solloe < (1 _ —B) 5

For any s with ||s — s/l < d, the triangle inequality and Lemma 13 give

20 20
16G5(6) ol < [Gn(s) — (ool + 1Gs(50) = sl < 225 + (1 _ —B) 53

RH

Hence G maps the closed ball {s : ||s — sy||c < 0} into itself, and Sp may be taken to be
this ball.
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Combining Lemma 13 with Assumption 2, Gg is a contraction mapping on S with
modulus 205 /ky < 1 under (A19).

Theorem 14 (Unique local deterministic fixed point in the discretized bounded environ-
ment). Under Assumption 2 and (A19), Gp has a unique fized point s* € Sg. Moreover,

every fized point in Sg is common across Al investors:
st = =N =5 [0,1]M, s*(a) =rp(f*, a), (A20)

where

F(a) = %Zoi(s*,a). (A21)

Proof. Lemma 13 and Assumption 2 together turn the normalized-reward operator into
a contraction on a complete local state space, so Banach’s theorem gives existence and
uniqueness on Sg. The common-value conclusion shows that, once the aggregate profile is
fixed, all Al investors face the same expected reward vector. Heterogeneous temperatures
affect how they randomize over arms, not the reward vector they learn.

The set Sp is closed in the complete space [0, 1] so it is complete under || - ||oo.
Lemma 13 and Assumption 2 make G a contraction on Sg, so Banach’s fixed-point theorem

gives a unique fixed point s*. Because G'z(s)(a) does not depend on 7, any fixed point satisfies
s"*(a) = rp(f(s*),a) Vi, a,

hence all Al investors share the same fixed-point reward vector. O

For later reference, when the hypotheses of Theorem 14 hold, write the coefficient pair

induced by its unique deterministic learning fixed point as

ma g = (Ba(f(s)), na(f(s7)))-

A.5 Mean-field Q-learning with heterogeneous learning speeds

We next show that the fixed point is the limit of the heterogeneous Q-learning through
stochastic approximation. Each Al investor updates only the arm it plays, so realized trading
profits add martingale noise around the conditional expected drift. Bounded rewards keep
the noise controlled, and Boltzmann choice assigns positive probability to every arm. The Q-
learning recursion therefore tracks an ODE whose unique global attractor is the contraction

fixed point.
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Consider the stochastic mean-field Q-learning recursion for the discretized bounded en-

vironment.

Assumption 3 (Common-base stepsize schedule). There exist constants 0 < cpn < ¢ <

Cmax < 00 and a scalar sequence a; > 0 such that
0 <oy =ciap <1, i=1,...,N, t>0,

and

o0 o0
E a; = 00, E a? < oo.
t=0

t=0

Stochastic recursion. At time ¢, Al investor i draws an arm a} according to o;(s,-).
Conditional on s;, the mean-field environment uses the policy-implied expected profile f(s;).

The realized normalized reward sample for arm a is

m(a; f(s¢);vp, 2) + 11
211 ’

7 (a) ==

where (v, z;) are independent truncated exogenous draws. Thus the stochastic recursion
below learns from rewards evaluated at the conditional expected mean field f(s;). The

update rule is
si+1(a) = si(a) + aul{a; = a}(7y(a) — si(a)). (A22)

On any path that remains in Sg, both si(a) and 7i(a) lie in [0,1]; with 0 < ay < 1, the
update is a convex combination and remains in [0, 1]¥*. The theorem below imposes the
additional local requirement that the path relevant for the fixed learning problem remains

in Sg.
Associated ODE. Define the drift
Fy(s)(a) == ¢;oi(s",a) [r5(f(8), a) = s'(a)]. (A23)
The limiting ODE is
§'(a) = Fi(s)(a), i=1,...,N,a=1,...,M. (A24)

Assumption 4 (ODE localization). The local set Sp is positively invariant for the ODE
(A24): every ODE solution with initial condition in S exists for all t > 0 and remains in

Sp.
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Assumption 5 (Stochastic localization). For the local set Sg and initial state sy used in

the fized-environment learning theorem, define the no-exit event
Ep(sy) := {st € Sp for all t > 0}.
The stochastic recursion is localized on Sg from sq if

Pl"(gB(So)) = 1.

13

Theorem 15 (Almost-sure convergence in the fixed conditional-mean-field environment).
Suppose Assumptions 1, 2, 3, and 4 hold, and (A19) holds. Start from sy € Sp. Suppose

stochastic localization holds from sqg as in Assumption 5. Then:
1. the ODE (A24) has the unique equilibrium s* on Sg from Theorem 1/;
2. 8* is globally exponentially stable for ODE trajectories in Sp;

3. the stochastic recursion (A22) converges almost surely:

sy — s*;

4. the policy-implied expected profile converges:
f(se) = [

Proof. The learning recursion is a stochastic approximation to the conditional mean-field
dynamics. We decompose each update into its conditional mean and a bounded martingale
difference. The conditional mean defines an ODE whose fixed points coincide with the con-
traction fixed points. A standard sup-norm Lyapunov comparison gives global exponential
stability. Benaim’s asymptotic-pseudotrajectory theorem then transfers this ODE conver-
gence to the stochastic recursion. This parallels Wang and Jia (2021)’s ODE approximation,
while verifying the bounded martingale-difference conditions for the present price-clearing

reward.

Step 1: Drift-plus-noise decomposition. Let F; be the filtration generated by the history

13This is a path condition, not a consequence of the initial state alone. It can be verified by an absorbing
state space, projection, or a model-specific no-exit argument; no such device is imposed here.
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up to time ¢. From (A22) and Assumption 3,

St () = si(a) = ai(Filse)(a) + M, (@),

where

M;,(a) = c;l{a; = a}(7}(a) — si(a)) — cioi(s;, a) [rp(f(se), a) — sy(a)].

Conditional on JF;, the action draw and the exogenous shocks are independent, and the

profile entering the reward is the conditional expected quantity f(s;). Hence
E[M;,(a) | 7] =0.
Also |#(a) — si(a)| <1 and |ra(f(s:),a) — si(a)| <1, so
| M1 ()] < 26max.

Thus the recursion is a bounded stochastic approximation with drift F' and martingale-

difference noise.

Step 2: Fized points of the ODE. If s is an equilibrium of (A24), then

0= coi(s",a) [re(f(s),a) — s'(a)].
Since ¢; > 0 and 0;(s%,a) > 0 for every arm,
s'(a) = rp(f(s),a) Vi, a.
Therefore equilibria of the ODE coincide with fixed points of the operator Gg. By Theo-

rem 14, the ODE has the unique equilibrium s* on Sg.

Step 3: Global exponential stability of the ODE on Sp. Because Sp is compact and
§(f(s) =€ » on Sg, continuity gives an open neighborhood of Sp on which the denominator
is still bounded away from zero. On that neighborhood, the softmax is smooth and r5(f(s), a)
is locally Lipschitz in s; restricting back to the compact local state space gives a Lipschitz
drift F'. Hence every ODE solution starting in Sg is unique and absolutely continuous up

to any possible exit time, and Assumption 4 keeps the solution in Sg for all ¢ > 0. Define

V(s) :=|[|s — 8" 0o-
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For an absolutely continuous trajectory ¢ — s(t), the upper right Dini derivative!® of V' (s(t))
satisfies

DTV (s(t)) < max sgn(s'(t,a) — s"*(a)) §'(t,a),
((0) < ma s (t,0) (@) 81,0

where I(t) is the set of active coordinates attaining the sup norm. Fix ¢ and choose an active

coordinate (i*,a*) € I(t) that attains this maximum. The case V (s(t)) = 0 is immediate, so
suppose V(s(t)) > 0. Let

X" = sgn(si* (t,a*) — si*’*(a*)).
Then x*(s" (¢,a*) — s"*(a*)) = V(s(t)). Along the ODE,

Xt 0¥) = e (57 (1), )" (7‘3( F(s(t)),a*) — s (¢, a*)) .

Using s'"*(a*) = rg(f*, a*),

> *

DV (s(t) < cinoin (5" (1), @) (X [rp(f(s(0)), a) = 7 (", a)] = V(s(1))).

By Lemma 13,
* * * 29
el F(s(0)),0") = ra(f,0%)| < Z2V(s(0)),
Hence
+ I * 293
DTV (s(t)) < ciwop(s' (t),a*) | — — 1) V(s(t)).
RH
Because s'(a) € [0,1] and k; > K,
Ui(s ,(1,) e M@l/ﬁ =! Omin >

Therefore 2
D+V(S(t)) S _VV(S(t>)’ V = CminOmin (1 - _B) > 0

The scalar comparison inequality yields
V(s(t)) < e "V (s(0)).

So the ODE is globally exponentially stable on Sg.

Step 4: Almost-sure convergence of the recursion. By stochastic localization, the realized

14The sup norm is not differentiable at ties across active coordinates, so we use its upper right Dini
derivative. This is only a convenient way to write the usual sup-norm Lyapunov comparison. Because the
sup norm is the maximum of finitely many absolute coordinate values, Danskin’s theorem gives the displayed
inequality on each DTV,
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recursion remains in Sp almost surely. The set Sp is compact and denominator-safe. On
this set the drift F'is Lipschitz, and the noise sequence is a bounded martingale difference; in
particular, it has uniformly bounded second moments. Together with Assumption 3, these
are the standard Robbins—-Monro/Benaim hypotheses: the stochastic path is confined to
a compact no-exit set, the drift is Lipschitz there, martingale increments have uniformly
bounded second moments, Y, a; = oo, and Y, a? < co. ODE localization ensures that
the limiting flow is defined on the compact set visited by the stochastic path. Hence the
linear interpolation of s; is an asymptotic pseudo-trajectory of (A24); see Benaim (1999).
Because the ODE has the unique globally attracting equilibrium s* on S, global exponential
stability implies that the only internally chain-transitive subset of Sp is {s*} Benaim (1999).
Hence the asymptotic-pseudotrajectory limit set equals {s*}, and the recursion converges
almost surely to s*. If localization held only on an event with probability less than one, the
same argument would give convergence on that no-exit event. Finally, the map s +— f(s) is

continuous, so f(s;) — f*. O

Remark 1 (Stepsize perturbations for fixed N). The exact proportionality cy; = c;a; keeps
notation clean. For any fivzed N, the same argument allows 0 < ay; < 1 and maxy<;<n |ou;/a;—

¢i| = 0. Writing ay; = ay(c; + €4), the recursion becomes

sipa(a) — sy(a) = ar(Fi(se)(a) + My, (a) + G(a)),

where

(i (a) == e1{a; = a}(7{(a) — si(a)).
Since |7y(a) — sj(a)| < 1, sup,, [¢{(a)| < max;|e;| — 0. Thus the weaker condition adds only
a uniformly vanishing adapted perturbation, which leaves the asymptotic-pseudotrajectory

property intact Benaim (1999). A joint limit in which N changes would require a separate

triangular-array condition that is uniform in N.

Corollary 1 (Initial-state buffer for deterministic local denominator safety). Fiz one dis-

cretized bounded environment with deterministic fived point s* and induced coefficient pair

Define the state-to-denominator Lipschitz constant

_ 2¢Bg

L¢
é’s IiH

(A25)
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If, for some §B > 0,
§(m") — Lesllso — 8"l 2 €5, (A26)

then the closed ball
Sp(so) = {s : [|s =s[Joc < [[s0 — 8[|}
s denominator-safe:

£(f(s)) =€,  VseSp(so).

If, in addition, (A19) holds on this ball, then every ODE path starting in Sp(sg) remains in
Sp(so) and
§(f(s(t;80)) =&, forallt > 0.

The buffer guarantees only deterministic ODE invariance; realized action and reward shocks
can move the stochastic recursion (A22) outside any ball that the mean ODE never leaves,

so Assumption 5 must be imposed separately when applying Theorem 15.

Proof. For any two state profiles s, s’, the profile-sensitivity bound proved in Lemma 13 gives
/ 2 !/
1f(s) = f(s)]lh £ —ls = 8']|w-
Rg
Since |B4(a)| < Bg for every arm,

€(f(s)) = E(F(SNI < @Bsl| f(s) — f(Sh < Leslls — 8l

For any s € Sg(so), this Lipschitz bound gives

é(f(S» 2 g(f*) - Lﬁ,sHS - S*Hoo Z é-(m*) - Lﬁ,sHSO - S*Hoo Z éB'

Thus Sgp(sp) is denominator-safe. If the contraction condition holds on this ball, the com-
parison argument in the proof of Theorem 15 gives, for any initial condition sy € Sp(sy) and
for some v > 0,

Is(t:80) — 8"[loo < e[|S0 — 8"[loc < lI80 = 87|oc-

An exit-time argument justifies applying the comparison up to the first possible boundary
exit and then rules that exit out. Hence every ODE path starting in the ball remains in

Sp(so), and the denominator bound holds along each such path. O

The corollary is stated for one fixed learning environment. The REE-neighborhood ver-
sion of the buffer is stated after the compact rectangle K has been introduced in Section A.7;

see Corollary 3.
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Corollary 2 (Convergence of learned coefficients in the discretized bounded environment).

Under the assumptions of Theorem 15, define the learned mean coefficient pair

me = (Ba(f(s0)) fa(f(se))),  m" = (Ba(f"), al(f"))-

Then m; — m* almost surely. Moreover, if raw temperatures are defined by ¥; = 2Ilk;,
then m* is a fized point of the raw Boltzmann coefficient map for the discretized bounded

environment, defined on coefficient pairs with positive denominator by

N

1 exp(Rg(m,a)/v;)
Tz (m a), pala)),
N;;Zk exp(Rn(m. k:)/ﬁ)wA( ); a(a))

where Rg(m, a) denotes the truncated raw expected profit obtained from (A10) after replacing
(Ba(f), ma(f)) by the candidate pair m in the price formula.

Proof. The corollary translates state profile convergence into the demand coefficient conver-
gence. Since average demand coefficients are continuous functions of the arm probabilities,
convergence of the learned profile implies convergence of aggregate coefficients. The raw-
profit fixed-point statement then follows from the affine relation between normalized rewards
and raw profits: softmax choice is invariant to common payoff shifts, with the multiplicative
rescaling absorbed into temperature.

The convergence m; — m* follows from Theorem 15 and continuity of the finite-grid
averaging maps in (A4). At the fixed point, s*(a) = rg(f*,a) for every arm and Rg(f*,a) =
Rp(m*,a). Because rp(f*,a) = Rp(m*,a)/(2I1) + 1/2, with the additive 1/2 and the multi-
plicative 1/(2II) both arm-independent, the softmax at normalized temperature x; coincides
with the raw-profit softmax at temperature ¥; = 2Ilx; (Lemma 17). Thus f* is the raw
Boltzmann profile generated by m*, and averaging the arm coefficients under that profile
gives m* = T5™(m"). O

Scope of the fixed-environment learning theorem. Theorem 15 and Corollary 2 are
stated for one fixed finite action grid, one fixed shock truncation, and initial states in a set
Sp satisfying Assumptions 1 and 2, the contraction condition (A19), ODE localization, and

stochastic localization. In such a fixed discretized bounded environment,

A,B
m;T — M g almost surely.

Thus the learning theorem gives pointwise dynamic convergence for each learning-admissible

discretized bounded environment.
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A.6 Continuous-action benchmark and equilibrium identification

The discretized bounded environment has a well-defined learning limit. In the benchmark
environment, expected profit from an Al demand rule is a strictly concave quadratic in the
demand coefficients. Raw-profit Boltzmann choice is therefore Gaussian around the unique
best response. Temperatures scale dispersion around the optimum, but they do not change
the mean.'> The aggregate Boltzmann mean is consequently the best-response map, and its

fixed point gives the benchmark coefficient vector.

Admissible aggregate pairs. For m = (84, i) € R?, write
¢ =8, &(m) = B + ¢fa, pip(m) == g™ + @fia — S.

An aggregate pair m is admissible if £(m) > 0. All formulas below are understood on the
admissible set.
For explicit equilibrium identification, impose the benchmark regularity condition

ya >0, o2 >0, o2 >0, >0, Byt >0, By + ¢ > 0. (A27)

z

This regularity condition focuses attention on the financially admissible equilibrium: Theo-

rem 16 shows that it implies £(m®FF) > 0.

Continuous-action expected profit. Let (8,1) € R? be a generic Al action and let

m = (B4, fia) be admissible. The price has the same form as in the main model:

P = é(fn) ot §<7ln> o ?%)' (A28)
Write
mp(m) = Elpnl,  a(m) :=E[p2],  d(m) =17 —m,(m),
and
Eyp(m) == E[(v — pm)pm]. (A29)

The raw expected profit of action (3, ) against aggregate pair m is

R(B, psm) = pd(m) — BEy,(m) — WEA(H2 — 2pBmy(m) + 62(1(7”)) (A30)

15The relevant temperature parameter in this section is the raw-profit temperature.
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Raw-temperature Boltzmann densities. Fix raw-profit temperatures 9J; € [,9] C

(0,00),7=1,...,N. For an admissible aggregate pair m, define Al investor i’s continuous-
action Boltzmann density with respect to Lebesgue measure in the chosen (5, u) coordi-
nates':

@i(B, 1| m) o< exp (M) (A31)

Theorem 16 (Continuous-action benchmark equilibrium). Suppose the benchmark regularity

condition (A27) holds, and fix raw temperatures 9; € (0,00). Then:

1. for every admissible aggregate pair m, the function (B,u) — R(B,u;m) is a strictly

concave quadratic and has a unique mazimizer, denoted T'(m) = (5*(m), u*(m));
2. for every Al investor i, p;(- | m) is Gaussian. Its mean is T(m) and its covariance is
9;H(m)™, where
q(m —my,(m
H(m) = Y4 ( ) P( ) :
—my(m) 1

3. the aggregate Boltzmann mean map

N
1
T = 3 [ G il m)
equals T'(m) for every admissible m, so it is independent of the temperature vector
{792'};17

4. the self-consistency equation

m =T (m)

has the unique admissible solution m®PF = (B4, i*,), where

. (B yal+ ot pyp)or
A~ n_MQ 2 2 - 77_M 27 (A32)
Ya((BY)202 + 02) + B o2
. Bytad(S — M)+ o2v
Ha = . (A33)

1a((B))07 + 02) + 8B} o}

6The coordinate/base-measure convention is part of the approximation: the finite grids below use equal
rectangular cell weights in these same coordinates. A reparameterization of (3, 1) would generate a different
base measure and Boltzmann mean; the present convention matches the discretization in Section A.7, which
assigns equal weight to each rectangular cell in (8, ) coordinates.

1"Heterogeneous raw temperatures change the covariance matrices of the Gaussian Boltzmann policies, but
not their means. Accordingly, they affect cross-sectional dispersion around the optimum, not the population
mean.
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Its implied denominator is

repy (4B +0)((8)) o} + 02)

) = (B0 +02) + 9B o2

(A34)

REE

Under (A27), this quantity is strictly positive, so m is admissible and therefore is

the unique admissible solution.

Proof. Gaussian shocks and the affine price rule make expected profit quadratic in (3, u).
Positive price variance makes the Hessian negative definite and gives a unique best response.
Completing the square shows that each Boltzmann density is Gaussian around this best
response; temperature changes only the covariance matrix. The aggregate Boltzmann mean
therefore equals the best-response map, and the fixed point reduces to a two-equation linear
system that matches the benchmark coefficients.

Fix an admissible aggregate pair m and suppress its dependence in the notation. From
(A28),

2

_ (- 202 L m) = m,(m)? + Var
Var(on) = (goor ) o3+ g > 0 alm) = myfom) + V(i)

The Hessian of R with respect to (8, u) is —H (m), where

Because
det(H(m)) = 74 (a(m) — my(m)®) = AVar(pm) >0, tr(H(m)) = 7a(a(m) + 1) > 0,

H(m) is positive definite (for a symmetric 2 x 2 matrix, positive determinant and positive
trace are jointly equivalent to positive definiteness). Hence R(-,-;m) is a strictly concave
quadratic and has a unique maximizer T'(m) = (5*(m), u*(m)). This establishes part (1).

The first-order conditions are

g—f =d(m) —va (,U - ﬂmp<m)) =0, (A35)
g_]; = —E,p(m) + va(umy(m) — Bg(m)) = 0. (A36)
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Because R is quadratic and H(m) is positive definite,

R(B.pim) = RO3*(m). " (m): m) — & (i . im) H(m) (i } i%) '

Exponentiating shows that o;(- | m) is Gaussian with mean T'(m) and covariance 9; H (m) ™.
This establishes part (2).

Part (3) follows directly from part (2): each Gaussian ¢;(- | m) has the common mean
T(m) and an investor-specific covariance ¥; H(m)™!. Averaging Gaussians with a common
mean preserves that mean, so 7 (m) = T'(m) for every admissible m.

For part (4), impose self-consistency:

Solving (A35) for p = fm,(m)+d(m)/v4 and substituting into (A36) gives 8*(m)vyaVar(p,,) =
Var(p,,)—Cov(v, pn), using ¢(m)—m,(m)* = Var(p,,) and d(m)m,,(m)—E,,(m) = Var(p,,)—

Cov(v, pm). Hence the first-order conditions imply

_ Var(p,,) — Cov(v,pm)7 1 (m) = B (m)m, (m) + d(m)

Fr(m) YaVar(pm) Ya

Substituting the affine price moments into these expressions gives

(B))o} + 02 = BB oy — 6B, 03 Ba

B*(m) = '7A(<67]]V1)2012)+U§) )

_ BYoRS — M) — oota + ot

N va((B)1)202 + 02)

Thus the fixed-point conditions form a linear system in (84, fi4). Solving that system yields
the unique algebraic solution (A32)-(A33). Substituting (A32) into £(m) = B + ¢34 gives
(A34). The denominator in (A34) is strictly positive because y4 > 0, (3)1)*02 + 02 > 0,

p(m)

z

¢ >0, and B} > 0. Under (A27), the numerator is also strictly positive, so £(m/#) > 0.
Hence the algebraic fixed point is admissible, and uniqueness among admissible fixed points

follows from uniqueness of the algebraic solution. O
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Equivalence to the main-text benchmark. The closed-form solution (A32)-(A33) co-

incides with the benchmark coefficients from the main text,

A,envéﬁ
BA,env _ 1 hp @17»1 A37
P o Aenv ¢ ( )
Ya+ hp BM
n
env\ env gM =S
A,env <1 B h;" )U B hﬁ’ HB%
I - Aenv ¢ ) (A38)
YA + hp '57]7\_/[
where N
hA,em) _ (577 ) &
p

 (B))20% + o2
and ﬁ_fiw , _éw , 1™ are the aggregate human-demand coefficients defined in (A3). Substituting
the definition of h/4"™ into (A37), multiplying numerator and denominator by 8 ((8)1)%02+
o), and usin ' 3262 + 02) = (BM)202 recovers ; the analogous calculation
2), and using by ((B))*op + 02) = (B)")*0s (A32); the analog lcul

z

for pAe™ recovers (A33).

A.7 Deterministic approximation to the REE

The final approximation step connects fixed-environment learning to the benchmark environ-
ment. The argument has three links. First, the learning theorem uses normalized rewards
to keep Q-values in a compact state space, while the benchmark model uses raw profits
to exploit the quadratic structure; in any fixed discretized bounded environment, the two
Boltzmann rules coincide after a deterministic temperature rescaling. Second, in a compact
admissible neighborhood of the benchmark fixed point, the raw-profit Boltzmann mean maps
generated by sufficiently accurate discretized bounded environments converge uniformly to
the continuous Gaussian map. Third, a local fixed-point argument identifies the unique
nearby deterministic mean-field equilibrium and shows that it lies close to the benchmark

coefficient vector.

Lemma 17 (Affine rescaling in a discretized bounded environment). Fiz one discretized
bounded environment and let TI be the bound from (A9). For any raw temperature 9; > 0,

set

Then, for every arm profile f and every arm a,

exp(ra(f,a)/ri) _  exp(Rp(f,a)/V;)
2orexp(re(f, k) /i) > opexp(Ra(f,k)/ )
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Hence normalized-reward Boltzmann policies with temperature k; coincide with raw-profit

Boltzmann policies with temperature 19;.

Proof. By (A11) and k; = 9;/(211),

re(f,a)  Rp(f,a)
Kj ’19,

The second term is common across arms. Thus the normalized-reward softmax is the raw-
profit softmax multiplied in numerator and denominator by the same factor exp(I1/1;), which

cancels. O

Definition 5 (Deterministic Boltzmann map in the discretized bounded environment). Fiz
raw temperatures ¥; € [9,9). For a discretized bounded environment with action grid Ma
and shock truncation (B,, B.), write m = (Ba, fia) for a candidate aggregate pair and define

the truncated raw expected profit

Rap(Bom) =Bl (0= p) (=80 + ) = S (=B + )], (A39)

where Ei"z is expectation under the independent conditionally truncated Gaussian shocks

described in Section A.1, and

Btz M+ gia— S
BZJ)‘J‘Hf)BA

tr

Dy -

For Al investor i, define the raw Boltzmann probabilities in this discretized bounded environ-

ment

WAB(a | m) = exp(Ra s(Bala), pala);m)/9;) '
' Sonl, exp(Rap(Ba(k), pa(k);m)/0;)

The associated mean-coefficient map is

(A40)

N .—%ZZ Pa | m) (Bala), pa(@)). (Ad1)

Given a compact admissible neighborhood K of m®EE

, a local deterministic mean-field equi-

librium in the discretized bounded environment is a pair map € K satisfying map =
N9 . . . .

TA 5 (ma g). For a fized bounded environment, comparison with a normalized-reward learn-

ing fized point uses the temperature match ¥; = 211k, .

Throughout the deterministic approximation step, raw temperatures are kept in a com-

mon compact interval [J,9] C (0, 00), independently of the discretized environment and the
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finite population size. Therefore, when a particular discretized bounded environment is in-
terpreted as a normalized-reward learning problem, the matched normalized temperatures
are environment-specific: ; = 9;/(2I1).

For every compact set Koy C {m € R? : {(m) > 0}, the map ’ng is continuous on .
Once the denominator is bounded away from zero on Ky, the truncated expected profit in
(A39) is continuous in m, and the finite-set softmax in (A40) is continuous in its payoff

vector.

Remark 2 (Raw learned map equals the deterministic grid map). Fix one discretized
bounded environment, raw temperatures ¥; = 2Ilk;, and an aggregate coefficient pair with
¢(m) > 0. Because Rg(m,a) in Corollary 2 and Ra p(Sa(a),ma(a);m) in (A39) evaluate
the same trading-profit expression at the same coefficient pair and grid arm under the same
independently truncated shock law, they agree arm by arm. Hence T (m) = ﬂyg(m) on

the admissible set.

Compact neighborhood of the benchmark fixed point. Let mf”F be the unique
benchmark fixed point from Theorem 16. Under (A27), £(m®FF) > 0 by (A34), and the

REE)

continuous map 7' from Theorem 16 satisfies T'(m = mfEP_ Since £ is continuous and

E(mPEEY > 0, choose a compact rectangle

with m2FE ¢ int IC such that

#Lrgcg(m) > >0. (A43)

No self-map condition is imposed on T over K. The first-order-condition simplification in

Theorem 16 gives the linear identity

i
(B0t + o)

E

T(m) — mBEE — —)\T(m — mREE), A 1=

>0, (Ad4)

coordinate by coordinate. This identity makes mf¥F an isolated, nondegenerate zero of
m — T(m); it does not require Ay < 1. Fix one such admissible rectangle for the remainder
of the section.

Corollary 1 gives a fixed-environment initial-state buffer in terms of the denominator at
the fixed point. On the REE rectangle just defined, that denominator has a primitive lower

bound.

61



Corollary 3 (REE-neighborhood buffer for local denominator safety). Fiz one discretized

bounded environment with deterministic fixed point s*, induced profile f*, and coefficient pair

Suppose m* € IC, and let L¢ s be defined by (A25). If Le s > 0 and, for some £, >0,

E(mPER) — ghg — &

A4
Lf,g ? ( 5)

IS0 = 8[lo0 <

with positive numerator, then condition (A26) holds. If (A19) also holds on Sp(sp), then

Corollary 1 gives deterministic denominator safety and ODE localization. To apply Theo-

rem 15, additionally assume stochastic localization on this REE-neighborhood safe set.
Using (A34), condition (A45) is

< [aB (B Pt 1 o)
%= 2685 [ ((5702 + 02) + P02

Iso —ohs —&,| . 6Bz >0.
If 9B = 0, the denominator £ does not vary with the AI demand profile, so the condition
reduces to BZ])‘J > §B > 0.

Proof. If m* € IC, then the linear form &(m) = BIJ,W + ¢B4 and ¢ > 0 imply

E(m*) > inf &(m) = §(m"™F) — ohs.

mek

Substituting this lower bound into the fixed-environment buffer (A26) gives (A45). The de-
terministic denominator-safety and ODE conclusions then follow from Corollary 1. Stochas-
tic localization is the additional no-exit condition required by Theorem 15. Substituting
(A34) gives the displayed primitive expression. The case ¢ Bz = 0 is immediate because £ is
then independent of the AI demand profile. n

Proposition 18 (Uniform quadratic tail bound on K). There ezist constants ¢, Cx > 0
such that
R(B, u;m) < Cx — e (B8 + p?) V(B, 1) € R?, ¥m € K. (A46)

Moreover, for all sufficiently large shock truncation bounds (B,, B,), the same bound holds

for the truncated raw expected profits:

Ra (B, u;m) < 2Ck — %C(ﬁz + p?) Y(B, 1) € R?, ¥m € K. (A47)
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Proof. The bound controls the tails of Boltzmann weights uniformly over the local neighbor-
hood K. On IC, the price denominator stays away from zero and price variance stays positive,
so the negative quadratic term in expected profit is uniformly strong. The remaining terms
are at most linear in (3, 1) and can be absorbed into this quadratic loss. The same argument
applies to truncated shocks once the truncated moments are uniformly close to the Gaussian
moments.

For m € K, the matrix

VA —my(m) 1

imm):< a(m) —mp<m>>

is continuous in m and positive definite. Because K is compact and {(m) > § > 0on I,
the smallest eigenvalue of H(m)/v4 has a strictly positive minimum over K. Hence there
exists Ax > 0 such that

p? = 2pBmy(m) + B2q(m) > \e(B% + 4°)  Y(B,p), Ym € K.

The linear coefficients d(m) and E,,(m) are continuous in m, hence bounded on K. Therefore,

for a constant Lx < oo,

A
R, pim) < Lill(8, 1)l = L2518 )l V(B Ym € K.

Choosing € = ya /2 in Lic|| (8, p)|l2 < L2 /(2¢) + (e/2)||(B, 1) ||3 yields the explicit constants
cx = Yalc/4 > 0 and Cx = LE/(yal) < oo satisfying (A46).

As the truncation bounds grow, the truncated moments converge uniformly to the un-
truncated moments on K. This follows because £(m) is bounded away from zero on K, so
p'" is affine in (v, 2) with coefficients continuous and uniformly bounded in m, and truncated
Gaussian moments converge to the corresponding full Gaussian moments. Hence the coeffi-
cients of the truncated quadratic form converge uniformly to those of the untruncated one
on K.

To make the last step explicit, write
my (m) :==E"[py], ¢ (m) = E"[(p};)?].

Because the truncations are symmetric around the Gaussian means,

(5’,],‘4)2\/&1“" (v) + Var” (2)
£(m)? '

Var(plr) =
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The truncated variances converge to o2 and o2, while £(m) is bounded above and below on
K. Hence

3 tr
T}ngc Var(p,,) >0

for all sufficiently large (B,, B,). The smallest eigenvalue of

therefore converges uniformly to the smallest eigenvalue of H(m)/v4 and is at least A\ /2 once

(B,, B.) exceed the thresholds at which the truncated variances are within A\¢/4 of 62, 0% on

tr
p

on K. The factors 2Cx and cx/2 in (A47) are nominal buffers that absorb this eigenvalue

K. The truncated linear coefficients o — m!’"(m) and E"[(v — pi")p'"] are uniformly bounded
gap; the same completion-of-squares argument with the explicit constants of (A46) delivers
them. O

Proposition 19 (Uniform C' convergence of discretized mean maps on K). For a finite
population size N and raw-temperature vector ¥ = (V1,...,0y), write TA]\E for the map
in (A41). Fiz a compact raw-temperature interval [9,9] C (0,00). Along any sequence of

mesh-compatible rectangular action grids and shock truncations satisfying
Ag, A, — 0, Bg, B,, — 00, B,, B, — o0,

the raw Boltzmann mean maps for discretized bounded environments converge to the bench-
mark map in Ct on K, uniformly over all finite population sizes and all temperature vectors
in this interval:

sup sup supHTANg(m) - T(m)”OO — 0. (A48)
N>19e[9,5)N mek ’

Moreover,
sup sup sup ||DmTAA7[}§9(m) - DmT(m)HOp — 0. (A49)
N=>19e[y,d)N mek
Proof. The proof records four claims. First, an envelope controls continuous and grid tails
uniformly. Second, expanding rectangular Riemann sums converge uniformly on each com-
pact action box. Third, the quotient defining the mean is stable because partition functions
stay bounded away from zero. Fourth, the same argument applies to the derivative quotients
after differentiating under the integral and through the finite grid sums.

For each raw temperature ¥ € [0,7] and each m € K, define the continuous partition
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function and first moment
R(B, u;m R(B, u;m
Zotw) = [ o BEEY gsan o) = [ e TR g
R2 19 RQ 79
Theorem 16 implies that

=T(m) VmeK,VdIeld.

Let ha := AgA, and define the weighted grid sums

Z5P(m) := ha Z exp (RA’BWA(C%’ Hala); m)) :

VP (m) :=ha Y _(Ba(a), pa(a) exp<RA’B(6A(a39’ ala); m)) .

a=1
Multiplying numerator and denominator by the common cell area ha does not change the

discrete Boltzmann mean, so for any finite N and ¢ = (¢4,...,9y),

N A,B

1 Y57 (m)
Tap(m) = <> A5 —
. N & 735 (m)

=1

Tail control. By Proposition 18 and the temperature bounds ¥ < ¢ < ¥, there exist
constants Cy, cg > 0 such that, for all sufficiently large shock truncation bounds, all m € IC,
all ¥ € [9,9], and all (B, ) € R?,

eXp(‘R(B?;a m)) 7 eXp<RA,B(?97 M3 m)) S 006700(52%»#2)7

and

i ’ R ) 2,2
13l o (LS 3, (2L 5,

The right-hand sides are integrable on R2. This integrable envelope also controls the grid
tails. Let

G(B, 1) = (14 (8, 1) o) Coe 0412,

For L > 0, write A, = [—-L,L] x [-L,L]. Then G is integrable. Because G is continu-

ous, positive, and integrable on R?, its improper rectangular Riemann sums converge to its
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integral, so the usual upper-sum comparison for rectangular grids gives

lim limsup  ha > G(Bala), pa(a)) = / G—0

L—oco
Bp:8u=0, B, Bu=oo (5. (@) pala)) AL R\ AL

as L — oo by dominated convergence. Thus both the continuous integral tails and the
weighted grid-sum tails of the partition functions and first moments can be made uniformly
small over m € K and 9 € [, 9] by first choosing L large and then taking the grid fine with

action bounds larger than L.

Compact-box convergence. On every fixed action box Ay, the coefficients of the quadratic
form Ra p(f, p1;m) converge uniformly in m € K to those of R(f8,u;m) as By, B, — oc.
Hence, for each g € {1, 8, u},

9(B, 1) exp (—RA’B(% & m)) — g(B, ) exp <—R(ﬁ’;; m)>

uniformly on Az x K x [, 1]. Since the integrands are continuous on this compact set, the
corresponding rectangular Riemann sums on A4, converge uniformly in (m, ) to the integrals
over Ay. Combining this compact-box convergence with the preceding uniform tail bound

implies

sup_sup | Zy"" (m) — Zy(m)| — 0, sup sup [[V; " (m) = Yy(m)[ — 0
9e[9,5) mek 9e[9,9) meK
as

AB’AM — 0, B,B7BM — OQ, B,, B, — oo.

Quotient convergence. Because Zy(m) is continuous and strictly positive on the compact
set [, 9] x K,

.= inf inf Z > 0.
“ T e mek o(m)

Hence ZﬁA ’B(m) > z,/2 for all sufficiently fine grids, sufficiently large bounds, all ¥ € [9, 9],
and all m € K. The integrable envelope gives a common bound for the continuous and
discrete numerator vectors, so the ratio map (y, z) — y/z is Lipschitz on the relevant bounded
set with z > z,/2. Therefore

Y P (m)  Yy(m)
Z5%(m)  Zo(m)

sup sup
9e[P,9] mEX

Deriwative convergence. It remains to record the same convergence for derivatives. On IC,

66



&(m) is bounded away from zero. The coefficients of the quadratic polynomials R(f, u;m)
and Ra (B, 1;m), and their first derivatives with respect to m = (Ba, jia), are therefore
uniformly bounded on K for all sufficiently large shock truncation bounds. Hence, for each
coordinate ¢ € {1,2}, there is a constant C; > 0 such that

’ OR(f3, ji;m) ’ ’ ORA (B, p;m)

< 2 2
By Bimig ‘_Cl(l‘i‘ﬁ + p”)

uniformly over m € K and over all sufficiently large truncation bounds. Moreover, on each
compact action box A, the same moment convergence gives uniform convergence of the

derivatives:

sup  sup ||DpRa (B, p1;m) — Dy R(B, s m)|| . — 0.
(Bu)€AL mek

Indeed, both derivatives are polynomials in (3, ) whose coefficients are C'* functions of m
and of the first two moments of the shock law. The denominator satisfies inf,,cx £(m) > 0,
so differentiating the affine price coefficients with respect to m = (84, fia) is uniform on K;
the truncated first and second moments converge to their Gaussian counterparts. Combining
this uniform derivative convergence with the polynomial bound and the Gaussian envelope

above gives integrable envelopes for the derivative integrands:
(1B 4 e D (8, 0) oo (14 B2+ )P4,

The same tail and compact-box Riemann-sum argument applied to

1 0RA B (RA,B) (B, 1) ORA B (RA,B)
- exp , exp

¥ Omy 0 9 Omy v
shows that
sup sup ||DmZﬁA’B(m) — Dy Zy(m)]|x — 0,
vey, 9] meK
and

sup sup ||DmY19A’B(m) — Dy Yy(m)|lop — 0.
9, 9] meK

Here the derivative of the discrete sum is obtained by differentiating the finite sum term by
term, while the derivative of the continuous integral is obtained by dominated convergence

using the derivative envelopes above. Because the partition functions are uniformly bounded
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below by z,./2 for sufficiently accurate environments, the quotient derivative formula gives
yoP Y,
Dyl %5 | = Dul 22 ) = DT
Zy Zy

Finally, since Yy(m)/Zy(m) = T(m), averaging the level quotient convergence over any

uniformly over K x [0, J].

finite population gives

1728 (m) — T(m)|| . < Y5 0
sup ~(m) —T(m < sup sup ||—55—=—T(m
mek P 7 petn.dmek || Zy " (m) o

The right-hand side does not depend on N or on the particular temperature vector 1, and

it converges to zero. The derivative convergence is uniform in the same way:

Yom) o (Yo(m)
Dm(&f’B(m)) Dm<Ze(m)>||op’

and the right-hand side converges to zero. This proves (A48) and (A49). O

supHDmTAj\fg(m) — DmT(m)Hop < sup sup
meK 96[@5] mekC

The learning theorem below is pointwise in a fixed admissible environment.'®* The ap-
proximation theorem is a deterministic statement about local fixed points in K, where &(m)
is bounded away from zero. Existence and uniqueness of a finite-environment learned mean-
field equilibrium come from Theorem 14 under the fixed-environment conditions above; the
approximation theorem below supplies a unique local deterministic fixed point in K and
shows that this point is close to the benchmark fixed point once the discretized bounded

environment is sufficiently accurate.

Theorem 20 (Deterministic approximation to the REE). Fiz a compact raw-temperature
interval [9,9] C (0,00) and the compact admissible rectangle K from (A42)-(A43). For
every € > 0, there exist thresholds

Bg,B,,B,,B, <00,  Ag,A,>0

such that whenever

[\
>

Bs>Bs, B,>B,, B,>B, B.>B, Ag<Az; A

18 Assumption 1 is a local condition on one fixed finite learning environment.

68



then, for every finite N and every raw-temperature vector ¥ € [0,9]V, the raw Boltzmann

map 72[}’;9 has a unique local deterministic fized point ma g € K. This fized point satisfies
sz - m | < e

Equivalently, for any sequence of finite population sizes N;, temperature vectors 99 € [0, VIRER
and unique local deterministic fixed points in IKC along an approximating sequence,

REE __ <_* —*) — (ﬁ;:l,env, 'uA,eTw)

ma.p — mMm A Ma

as
A,ByAu — O, Bﬁ,BM — 00, Bv, Bz — OQ.

Proof. The proof has three parts. First, a local index argument shows that the discretized
map has a fixed point in K once it is uniformly close to the continuous map. Second, uniform
derivative convergence makes this fixed point unique in K. Third, a separation argument
places the unique fixed point near the benchmark fixed point.

Fix an arbitrary finite N and 9 € [, J]". The thresholds below are chosen from Propo-
sition 19 and therefore do not depend on this particular N or temperature vector. The
sequential convergence in Proposition 19 implies such finite thresholds: if no threshold ex-
isted for one of the bounds used below, a violating sequence of grids, bounds, population

sizes, and temperature vectors would contradict (A48) or (A49). Define
F(m):=m—T(m), Fﬁi’g(m) ::m—’TA]Yg(m).

By (A44),
F(m) = (1 + Ap)(m — mBEF).

Since m"FF € int K, both hg and h,, are strictly positive. Let

1+ Ar

Nic min{hg, h,} > 0.

Proposition 19 implies that, for all sufficiently fine grids and sufficiently large action and

shock bounds,
sup IFA 5 (m) = F(m)]|o = sup TR (m) = T(m)]le < nc.

Hence F g ﬁ has the same outward sign as F' on the opposite faces of the rectangle, where
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subscripts denote the # and p coordinates:
N9 % — N9 /A — — — —
FA,B,B(ﬁA - hﬂyﬂA) <0< FA,B,ﬁ(ﬁA + hg, NA) Viig € [NA - hmﬂA + hu]a
and
N,9 o =% N9 D =% n % Q%
Fxp (Bas ity —hy) <0< Fa'p (Ba, fily + ) VBa €84 — hg, B4 + hgl.

The map Fg”g is continuous on K, so the Poincaré-Miranda theorem gives a zero ma g € K.
This zero is exactly a fixed point of 72[5. The face inequalities are strict, so no zero can lie
on the boundary of .

Next, use the C! part of Proposition 19. Since D,,,T(m) = —Arl, we have

Dy, F(m) =1y — D, T(m) = (1+ Ap)ls for all m € K.

Choose the grids fine and the bounds large enough that

1+ A
SupHDmFg’g(m) — (14 )\T)IQHOP < +2 T
mex

This bound is uniform in N and in the raw-temperature vector. If m, m’ € KC, then because
K is a rectangle the segment {m’ + t(m —m’) : t € [0, 1]} remains in K; convexity of K and

the fundamental theorem of calculus then give
1
Fg’g(m) — Fg’g(m') = / DmFg’g(m’ +t(m — m'))(m —m') dt.
0

Writing DmFg’gl = (1+ Ap)ls + E along this segment, with || E||,, < (14 Ar)/2, the reverse

triangle inequality gives, in Euclidean norm,

14+ A
2

N9 N9
|EX50m) — EX3m) > =2 flm — |
Thus F ﬁ{ ’g is injective on IC, and the zero found above is the unique zero in K. Equivalently,
’727};; has a unique local deterministic fixed point in K.

Fix e > 0. If

{meK:||m—mfFE| >e)

REE

is empty, every point in K is within € of m , so the distance claim follows from the fixed

point constructed above. It remains to consider the nonempty case. By (A44), every m € K
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REEHOO

with [|m —m > ¢ satisfies

Im = T(m) ]l = (14 Az)llm — m™ | > (14 Ar)e.

Proposition 19 implies that, for all sufficiently fine grids and sufficiently large action and
shock bounds,

sup 17205 (m) = T(m)loo < (1+ Ar)e.

me

Choose the thresholds so that this separation bound, the preceding sign bound, and the
derivative bound used for injectivity all hold. If the unique fixed point ma g € K satisfies

|lmap — mPEE|| > €, then

Ima.s — T(mas)le = ITas (mas) — T(mas)lle < (14 Ar)e,

contradicting the preceding lower bound. Hence the unique local deterministic fixed point
in K lies within e of mfFE,
The equivalent sequential statement follows by applying the preceding ¢ argument to

each fixed tolerance. O

A.8 Connection to the main-text propositions.

Theorem 20 is the technical approximation result behind Proposition 2. We prove the three

main-text claims by reducing each to the technical results above.

Proof of Proposition 1. The hypotheses are exactly the fixed-environment conditions of The-
orem 15, which gives almost-sure convergence of the learning state to the unique deterministic
fixed point in Sg. Corollary 2 converts state convergence into convergence of the population-

average coefficient pair to m} . O]

Proof of Proposition 2. This is Theorem 20. Uniform convergence of the discretized Boltz-
mann mean maps and their derivatives to the benchmark best-response map on K yields a
local sign argument for existence, a derivative bound for local uniqueness, and a separation

argument that places the unique local fixed point near mfF¥. O

Proof of Theorem 3. Proposition 1 gives mtA B mj p almost surely. The unique learning
fixed point s* lies in Sp, so the hypothesis on Sp gives mj p = ma p(s*) € K. Under
¥; = 2I1k;, Corollary 2 shows that m} g is a fixed point of the raw Boltzmann coefficient

map, which coincides with TA]\T g on K by Remark 2. Proposition 2 gives a unique local
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deterministic fixed point in K, so m} g coincides with it and ||jm3} 5 — m®FP| < e. The

almost-sure distance bound follows. O

Iterated learning and approximation. The preceding corollary is an iterated limit.
If, along a refining sequence of discretized bounded environments, the fixed-environment
learning assumptions hold on denominator-safe sets satisfying ma g(s) € K throughout,
then each learned mean-field equilibrium lies in /C, local uniqueness identifies it with the
unique local deterministic fixed point in IC, and
e, A1, o (L7 =

Uniformity in the finite population size. The approximation statement of Proposi-
tion 2 is uniform over finite populations in the following sense. Given any finite N, however
large, and any raw temperatures ¥ € [, 9]V in the common compact interval, a sufficiently
accurate discretized bounded environment has a unique local deterministic mean-field equi-
librium in K within any prescribed distance of the benchmark coefficient pair m®¥¥. The
grid and shock-bound thresholds that deliver this e-bound are chosen independently of N.
Along any sequence N; — oo, the same conclusion holds term by term for each finite NN,
provided the environment at step j is chosen sufficiently accurate. Equivalently, the hetero-
geneous mean-field analysis extends to arbitrarily large finite populations without losing the

g-approximation to the benchmark equilibrium.

A.9 Simulation evidence: algorithmic herding

Figure A1 complements the main-text convergence evidence by showing the cross-sectional
distribution of the learned price-sensitivity coefficient 54, across the population of Al in-
vestors and how this distribution concentrates over the learning horizon. Although Al in-
vestors begin from heterogeneous, optimistic initial estimates and explore independently,
their learned coefficients collapse onto a tight neighborhood of the benchmark rational-
expectations value. This is the algorithmic-herding counterpart of Theorem 3: heterogeneous

learners converge to a common, near-rational trading rule.
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Figure Al: Algorithmic Herding: Cross-Sectional Distribution of Learned [a,

Evolution of Optimal Price Sensitivity Distribution (N = 100)
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Notes: The panels show the cross-sectional distribution of the learned price-sensitivity coefficient
Bap across N = 100 Al investors at increasing learning horizons 7. The red dashed line marks
the cross-sectional average and the golden dashed line the benchmark rational-expectations value
Bap- As learning proceeds, the distribution concentrates around the benchmark value, illustrating
algorithmic herding. Simulation parameters: o, = 2, 0, = 0.2, v4 = 0.2, ¢ = 1.5, BMp = 4.0,
By = 4.5, S = 0, Boltzmann temperature £ = 20, and a B-grid on [0,0.6] with mesh 0.002 (14
fixed at 0).

B Proof of Proposition 4

B.1 Triangular structure and convergence channels

The update equations admit a triangular decomposition. Price informativeness Tzlf evolves
autonomously through a one-dimensional map G.. Once this scalar path is known, the
normalized price loading and intercept follow driven affine recursions. The first channel asks
whether higher-order reasoning stabilizes the information content of prices, while the driven

channels ask whether the portfolio coefficients remain bounded along that information path.

The informativeness map. From (30), 8)"* = 7y /(o (7¢ + 7,71)), s0

WTM

Gl

Ck — @Z)Cﬂf]\/fﬁ +

Define the cursed-human signal loading (¢ = 1/}CﬁM’C > 0 and the learnable-human signal-
capacity term x! = ¥lry/pyr > 0. Note ¢+ x!/7¢ = BMC Since 77 = (¢*)?7., the scalar

map governing informativeness is

2
=G, Gun) =7 (gc ;X ) | (A50)



Properties of G..

1. G. is continuous and strictly decreasing on [0, 00), since x! > 0.
2. Go(0) = 7.(C + X /79)? = (YBYe)? ..
3. limy, o0 Ge(7p) = (¢°)?7. = (¥°B)°)?7. > 0 when 9° > 0 (informativeness floor).

4. G. maps the interval Z = [(¢¢)?7,, G.(0)] into itself.

Property 3 is a key structural feature: when ¢ > 0, the cursed humans’ fixed signal loading
5,]]\4 “ contributes a positive floor to price informativeness regardless of how the level-k thinkers
adjust their behavior.

[Informativeness channel] The sequence {7} is bounded in Z. Let 77 denote the unique
fixed point of G, on (0,00). Define

2Xl, /T*T,
ke = |G = =5

(Te4717)2
1. If k. <1, then T; — T,

k. . . _ . _ . +
2. If k. > 1, then 7, converges to an oscillation cycle (7,7, 7.7) with G.(7,) = 7,7 and

p'p
Golrh) =77, and 7, 7 > (C)°r..

Proof. Fized point and bounded orbit. The fixed point solves 7, = G(7,). The left-hand side
is strictly increasing, while G, is strictly decreasing and satisfies G.(0) > 0. Hence the two
graphs cross once on (0, 00); call the crossing 7. The initial condition is 7‘19 = (wﬁf]” )i, =
G(0). Because G, maps T = [((¢)*7., G.(0)] into itself, every subsequent 7" lies in Z.

Parity subsequences. Let G® = G. o G,.. Since G. is decreasing, G is increasing.

Moreover 7)) > 7% and 7, = G.(7)) < 7. Iterating this argument gives 7. > 7+ and
: 2 2) . . . :
Tgnﬂ < 7, for all n. Since Gl )(T]?) < TI? and G2 is increasing, the even subsequence is

decreasing. Applying the decreasing map G. to the even subsequence shows that the odd
subsequence is increasing. Both are bounded, so they converge. Let their limits be 7,;7*" and
704, Continuity implies Go(75"") = 799 and G(799) = 7ov". If the two limits coincide,
the common value must be 7,;; otherwise the two limits form a period-two cycle.

Local derivative and global restriction. Differentiating gives

Gilr) =~ (o 2 )

FrneE\" i

At the fixed point, ¢¢ + x!/(7¢ + ) = /T;/Tz> so G(1}) = —2y! /—T;Tz/(?c + ,7_;)2 —

The stability of 7, under G is governed by (GEQ))’ (77) = k2.
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The Schwarzian derivative of G, is

Gr 3G 3(x')?
S(Gc>(Tp) = Vel - 5 (a) =~ 5 ( A) N2 < 0.
c 2<7-c+7-p) (CC<TC+TP) +X )

C

Because G.(7,) # 0, the chain rule for Schwarzian derivatives gives S (Gg)) < 0. For an
increasing map with negative Schwarzian derivative, the function ((G?))’ )~1/2 is strictly
convex. Therefore (Gf;z))’ (1,) = 1 has at most two solutions on Z, and Rolle’s theorem
implies that dy(7,) = G% (1,) — 7, has at most three zeros on Z.

Convergence when k. < 1. Suppose, toward a contradiction, that the parity limits differ.

Then G has three fixed points:

odd * even
Tp < Tp < Tp .

By Rolle’s theorem, there are u € (7999, 7%) and v € (77, 75*°") with (Gg))’(u) = (G£2))’(v) =

1. Strict convexity of ((Gf))’)*l/2 then implies

(@Ye) " <1,

c P

which means (GEZ))’(T;) > 1. This contradicts (ng))'(T;) = kg < 1. Hence 75" = 7994 = 7.

Oscillation cycle when k. > 1. When k, > 1, 8(77) = k2 —1 > 0, s0 d5 crosses zero from
negative to positive at 7. The boundary values d((¢%)*7.) > 0 and d5(G.(0)) < 0 imply,
by the intermediate value theorem, one zero below and one zero above 7. Since 0 has at
most three zeros, these are the only fixed points of ng) besides 7;. They form the unique
period-two cycle (7,7, T; ) of G. in Z, and the monotone parity subsequences converge to the
two cycle points. O

Informativeness floor. When ¢ > 0, for all £ > 0,
k c\2 o cM,c\2
7, = () = (V3,7 ). > 0. (A51)
The equilibrium price is always informative about v.
The driven channels. Let v* = g}*/3)* denote the normalized price loading. Since
7 = (¢*)?7, and ¥ = ¢“+ x!/(7¢ 4+ 7)), the scalar 7 uniquely determines 5)"*. Writing

¢ = \/71p/7, for the aggregate signal loading at informativeness 7,, the level-(k—1) human

signal coefficient is Bf?”’k*l = (¢ — ¢°) /1!, and the human aggregate price sensitivity in the
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perceived environment is
c c — wc — c
VB B = e O ),

Here h/\(7,) = 7,/(7, 4+ 7) denotes the Al posterior weight on the price signal.

Substituting the AT fixed-point coefficient (27) into the definition of £€¥~1 and simplifying
yields €¥71/¢k=1 as an affine function of v*~!. Substituting this into (31) gives the affine
recursion

= ay () b () A

where
. P°
:Tc—l-Tp_i PAPM‘F¢ A
) T T Cloa + M o) A
b(r) =2 Pall=¢) (A53)

7 C(pa + hi(r,)6/¢)

The slope satisfies b, < 0: a higher normalized price loading at level £—1 makes prices more
informative, so the level-k human shifts weight from her private signal toward the price.
Similarly, the intercept channel obeys "% = a,(7F~1) + b, (7~ ™+ with
h;];/[ (Tp) WﬂA

bu(Tp) - - oar C(PA i h;‘(Tp)Qﬁ/g) < 0,

where A} (7,) = 7,/ (T° + 7).

Common stability. The normalized price-loading and intercept channels share the same
asymptotic stability: at the fixed point 7, [b,(7))| = |b.(7,;)|. This follows by direct com-
putation: the ratio |b,|/|b,| simplifies to (7° + 7)par(¢* — ¢¢)/(Tar)'), and substituting
¢ ==/ (pm (7 + 7)) gives [by[/[b] = 1.

[Exceptional initial values in driven affine channels] Consider a scalar driven recursion

yk = ag + bkyk_lv bk 7£ 07

and define B), = HZ:1 b,,. Then
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If [ By| — oo and Y°% | a;/B; converges, there is at most one initial value that can keep {y"}

bounded:

o0

a .
0o _ J
Yexe = —

=17
Every y° # 10 . generates |y*| — co. In the unstable fixed-point and period-two regimes

below, the coefficients are bounded and |By| grows geometrically, so the displayed value is

the unique exceptional initial condition for the driven channel.
Proof. ITterating the affine recursion and dividing by By, gives
k

J=1

<

If ¢° —1—2;7';1 a;/B; # 0, the right-hand side converges to a nonzero number, while |By| — oo;
hence |y*| — oco. Thus boundedness can hold only at the single initial value 3° .. In the
fixed-point unstable case, by, — b with |b| > 1; in the period-two unstable case, by, alternates
between limits whose product exceeds one. In both cases |By| grows geometrically and the

series converges because {ay} is bounded. At y° = ¢ .

y* =By i %,

j=k+1 7

and the geometric tail is bounded in the unstable regimes just described. Hence this value

is the unique bounded-path initialization. O]

Assumption 6 (Regular initialization of unstable driven channels). Whenever a driven
channel 1s in an unstable regime, the model’s initial condition is not the exceptional value in

Lemma B.1. In particular, for the normalized price-loading channel,

M,C -~c
o Bt T, o
V= e = Vese-
n ™

If v or S 1s nonzero, the same restriction applies to the intercept channel. In the centered

case v = S = 0, pM* =0 for all k, so the intercept channel requires no reqularity restriction.

Classification of asymptotic behavior. Under Assumption 6, and away from neutral

boundaries, the full system has three regimes:
1. Figed-point convergence: k. < 1 and |b,(7;)| < 1. Then 7} — 77 and both driven

channels converge. The full coefficient vector approaches a single fixed point with
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alternating convergence (since b, < 0).

2. Bounded oscillation: r. > 1 and b,(7,)b,(7,) < 1. Then the coefficient vector oscil-

lates between two bounded parity-specific limits.

3. Divergence: k. < 1with |b,(7;)| > 1, or k. > 1 with b,(7,7)b,(7,7) > 1. The normalized
price-loading channel diverges, so |6;)‘4 #| — co. The intercept channel shares the same

stability away from the centered case; when v = S = 0, it remains identically zero.

The remaining equalities,

b, ()| =1 or b,(r,))b,(7,) =1,

p p

are neutral boundaries where the driven channel is no longer contractive. Under Assumption
6, and away from these neutral boundaries, the fixed-point convergence criterion is exact:

the iteration converges to a unique fixed point if and only if k. < 1 and |b,(7,)] < 1.

B.2 Convergence conditions

Under the maintained assumptions, the level-k iteration converges to a unique fixed point if
and only if both k. < 1 and |b,(7,)| < 1. This section derives closed-form sufficient conditions
on the share of level-k thinkers, ¥/, that guarantee fixed-point convergence uniformly over

all private-signal precisions 73, > 0.

B.2.1 Informativeness channel

The first stability restriction controls the feedback from price informativeness to future signal
use. If current prices are too informative, the next level of thinkers will rely more on prices
and less on private signals, which reduces price informativeness. If this feedback is too strong,
the system can fail to converge to a fixed point and instead oscillate between two levels of

informativeness.

Proposition 21 (Informativeness convergence). For all o5 > 0,

_ Suvle?  syulr

. = ) Ab4
= el 2, (A54)
Hence k. <1 for all oy > 0 whenever
27p3,02
v < S (A55)
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Proof. The strategy is to bound r. by replacing the endogenous fixed-point value 7, with
exogenous bounds, then optimize over 7y;.

Substituting the fixed-point identity (¢+x!/ (T°+7;) = /7 /7. into the derivative formula
for G, and using (¢ + x'/(7° + 77) < ¢“ 4 X/7° = ¥7a/(pu7C) together with 7¢ + 7% > 7°

gives

o — QTzXl [gc + Xl/(?c + T;)] < 2TzXl : wTM/(pM?C) — 2¢wl7—]%/[7—2 )
(7e+75)? - (7°)? par(70)?

The right-hand side depends on 7); only through 73,/(7, + 7as)%, which is maximized at
v = 27, with value 4/(277,). Substituting yields (A54). O
B.2.2 Driven channel

The second restriction controls the coefficients that are driven by the informativeness path.
Even when Tz]f converges, the price-sensitivity coefficient can diverge if each level overreacts

to the previous level’s price loading.

Proposition 22 (Driven-channel convergence). For all oy > 0,

Wi, ylo;

b (7} = <. A

Y LT A%
Hence |b,(7;)| <1 for all oy > 0 whenever

40% 1,  4pi o2
l< Mv _ M z A
Proof. From (Ab53),
T pald =) T pald—¢9)

b, (7p)| = T C(pa+ hA(r)0/<) T Tar pal + h (1) 0"

Dropping the non-negative term h]‘;‘ (1,)¢ from the denominator and canceling p4 gives

(¢ —¢) =)
()] < B = SR

where the last step uses 7, = (*7,. At the fixed point, (*—(¢ = Xl/(?C+T;) = Yl [pa (76 +

7';)], SO
Tz (e ) wlTM @DWTMTZ

.
bVS_Z**_CS_ — - .
S O S o ) < AP

where we used ¢* < (¢ + x'/7° = ¢7a/(pu7°) and 77 > 0. The right-hand side depends
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on 7y only through 7/(7, + 7ar)?, which is maximized at 7y; = 7, with value 1/(47,).
Substituting yields (A56). O

Remark. The sufficient bounds in Propositions 21 and 22 do not involve the Al parameters
pa or ¢@. In the driven-channel bound, p4 cancels algebraically and the term h;f‘qb >0 is
dropped from the denominator. This does not mean that the Al sector is irrelevant for
the exact coefficient dynamics: the exact slope b,(7,) still contains p4 and ¢ through the
term p4 + hi'(7,)¢/¢. The point is that the stated sufficient region is uniform over Al-sector

parameters.

B.2.3 Combined condition

The level-k iteration converges to a unique fixed point for all o5, > 0 if

2

272
P %% (A58)

[
<
VS e

This bound is sufficient because the driven-channel requirement is weaker: (A57) allows
Yt < 4pi0l/(Yo}), and 27/8 < 4. Since the bound implies [b,(77)| < 1, the regular-
initialization restriction is not binding in this sufficient region.

The sufficient convergence region shrinks as o, decreases (i.e., as noise trading becomes

less volatile).

Remark. Condition (A58) is a uniform sufficient condition, not a necessary characteriza-

2
z

tion of the full parameter space. Its admissible upper bound is proportional to o7 (equiv-
alently inversely proportional to 7,). Thus this sufficient region shrinks as noise-trading
volatility falls, reflecting the economic force behind instability: when prices are very precise,
small changes in perceived signal extraction can generate large changes in higher-level price

responses.

C Al Performance Proofs

C.1 Moments and Expected-Profit Formulas

Under the price rule

IS
p—€v+£z+€,
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with v and z independent,

¢ n <c> ) 02 ¢
Elp| =20+ =, Var(p) = ( = | o, + =, Cov(v,p) = =0o,. A59
[p] - () ¢ e (v, ) : (A59)
For a rational investor’s private signal n; = v + ¢;,
E[n:] = v, Var(n;) = o2 + o3, Cov(n;,p) = gag, Cov(n;,v) = o2
The mean excess payoff and mean demands are
7 —Ep] = W’ (A60)
M¢e _ aM A5 M _ aM
A_ BA((H +
Proof of Proposition 5. The rational investor uses
a) =B — B p+ M.
Gross expected profit decomposes as
E[(v — p)z}'] = (v — E[p)E[z}"] + Cov(v — p,z}").
Using v —p = (1 — (/v — 2/§ — p/§ and
M _ oM m (€ 1 o M
;" =0 (v+e)=B, (zv+zz+= ) +u",
& & ¢
independence of v, ¢;, and z gives
¢ ¢ o;
Cov(v —p, 2 = <1 — E) <ﬁé\/1 - ;,Wg> ol + BIJ,W?. (A63)
Substituting (A60), (A61), and (A63) gives gross profit in primitives:
1 _ _
E[(v - p)a}'] = @ €= 0p—u] [(8y"€ = 8," Qv+ &u™ — B, u]
HE=QBYE =B Cos + 8y 0} (A64)
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The variance of rational-investor demand is

ey = (30— ) o e (9 Pk + (R (A65)
By E[(2})?] = Var(a}) + (E[z])?, expected trading costs are
SEIE] = o [ - 5O + et = )]’
H(By€ = B,1C) %0y + €8y )Pk + (8)) 07} . (A66)
Combining (A64) and (A66) gives (34). O
Proof of Proposition 6. The Al investor uses
= —Bip+pt
Gross expected profit decomposes as
E[(v — p)z}] = (v — E[p))E[z}] + Cov(v — p,z}').
Since xf has no private-signal component,
Cov(v — p, xf) = —BACOV(U - p,p)
AC ( o g) A0 2 A
=B \l-g)ou 8 (A6T)
Substituting (A60), (A62), and (A67) gives
1
E[(v —p)z}] = @ €= o—ul [u = B, (Co+ )]
—By¢(& = Qar + Byat} (A68)
The variance of Al demand is
¢\ o, ot
Var(zf') = (8, [(E) ol + f_; . (A69)
By E[(x4')?] = Var(z{') + (E[z:'])?, expected trading costs are
GBI = o {[en' = 81 @+ m] 4 (B (ol + o7} (AT0)
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Combining (A68) and (A70) gives (35). O

C.2 Profit Comparisons

Throughout this subsection, impose equal trading costs yy; = 74 = 7. In any informative

nondegenerate price environment, write

¢ o’ 2 ™ Tp
=2, ==, = (7, h= , h, = .
aQ 5 w 52 Tp CT Ty + T P Ty+Tp
The noncentered price is p = av + 2/§ + /€. Define
d=0v—E[p]. (A71)

Let ¢ = 9. + 9s.

Proof of Proposition 7. Both the level-oo investor and the Al investor are Bayesian best-

responders. The level-co investor observes (7;, p), while the Al investor observes p. Thus

0 = CB[Ep—p | m)?] T = BB p |27

Let Y =v—p, F =0o(n,p), and G = o(p). Since G C F,

E[(E[Y | F])*] = 0"+ Var(E[Y | F]),  E[[E[Y" | G])*] = 6” + Var(E[Y" | G]).

The unconditional mean term §2/(27) is therefore common to the two investors and cancels

from the difference. By the law of total variance,
Var(E[Y | H]) = Var(Y) — E[Var(Y | H)]
for any conditioning set H. Applying this identity to F and G gives
Var(E[Y | F]) — Var(E[Y | G]) = E[Var(Y | G)] — E[Var(Y | F)].

Normality makes the conditional variances constant:

1 1
Var(v | p) =

—_—, .
To+Tv + Tp To + Tp

Var(v | ni,p) =
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Since p belongs to both conditioning sets, Var(v —p | ) = Var(v | -). Hence

HM,oo . HA — i 1 o 1
2y 7o +T7 TotTM+T,
2o+ ) (Te T+ )
The expression is strictly positive whenever 75, > 0. O

Proof of Lemma 8. Let v = v — v and p = p — E[p]. Since

p=av+ —, U—p—5+(1—oz)'17—§,

the cursed investor’s demand can be written as

e _ Tt (A—ho—p d-p hin-v)
’ Y y Y

Thus the common prior-minus-price component is (6 — p)/~, while the investor-specific in-

formation correction is h(n; — v)/7. Equivalently,

M _ 0+ (h—a)v+ he; — 2/
7 .

2

The gross expected return is therefore

El(v —p)oi"™] = %EKM (1 - )i - g) (5+ (h— a)F + he; — g)}
_ !

5 (62 + (1 — a)(h — a)ol + w],

where independence eliminates all cross terms involving e;, z, and v. The expected trading

cost 1s

1B = -

5 o (6% + (h— a)’02 + P03, + w] .

The identity
h*o03, = h(1 — h)o?

follows from h = 7p//(7, + Ta1), 03, = 1/7ar, and 02 = 1/7,. Substituting this identity and

collecting terms gives
Ch N (h —2a+ a?)o? +w

HM,C -
2y 2y

, (A72)
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or, equivalently,

Me 00 oy 2
I :ﬂjta[h—Za—i—a + Wy - (AT73)

The AI investor is a Bayesian best-responder to p, so

1

I = EE[(E[U —plp)?.

The equivalent price signal is

R

so s, is a signal about v with noise variance 1/7,. Thus

B T,
Elv | p] = hps, + (1 — hy)7, hp:T 41—)7'
v T Tp

Because p = a(s, — v),
h ~
Ew—phﬂ—5+<fji>p

The Al demand can therefore be decomposed as

The first term is the same prior-minus-price component that appears in cursed investor
demand. The second term is the Al's price-signal correction. Since s, — 0 = p/«, the Al's
total price loading differs from the cursed investor’s total price loading, but the difference is
exactly the price-information channel summarized by h,.

Using Var(p) = a?0? + w, the optimal-demand representation gives

1 h 2
el 5]

27y «

6% (h, —«a)
2y ;7042 (o + )

Since w/a? = 02/¢* = 1/7,, and

gy W 1 1 o2

ol ==
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the Al profit is

=5 2vh,
Equivalently,
(hy — @)? :hp—2a+a—2:hp—2a+oa2+
hp hp
Since w = a?/7,, this becomes
HAzg—l—% [hy — 20+ o® + wT,,] .

Subtracting (A75) from (A73) gives the result directly:

h—h,) h—h,

HM,C . HA — 012)(
2 297

a’t,

Tp

(A74)

(A75)

Since h and h,, are increasing transformations of 7y, and 7,, respectively, the sign is positive

if and only if 73 > 7,.

]

Proof of Proposition 9. By Lemma 8, it suffices to show 7y > 7, for all 7y > 0. The

aggregate signal loading satisfies

YT
< M,c _ ]
e N
Thus
VTR,
Tp = ¢’ < 2 = 2°
Y (Tv + TM)

The inequality 7as > 7, is implied by

v+ Tar)? °T,
(. TM)>ZD’7'.

™ y?
Let ( )2 )
Ty + T T,
f(TM)E—M = + 27, + M-
T™ T™
Then
, TS
f (TM) =1- T—Q7
M

so the unique minimizer is 7y = 7,, with minimum 4r,. Hence 73y > 7, for all 73y > 0

whenever
2
AT,

41y, > 2 ,

86



which is equivalent to o, > v0o,/(27). O

Convergence compatibility. The threshold o, > v0,/(27), where ¥ = ). + 15, is com-

patible with the sufficient fixed-point convergence condition

27~*0?

< .
" e

At the boundary o, = ¥0,/(27), this condition becomes 1, < 271 /32.

For the Al-dominance window established below, Proposition 10 requires o, < ¢.0,/(27).
At the boundary o, = ¥.0,/(27), the same sufficient convergence condition becomes ¥y <
2712 /(321)). Proposition 10 assumes nondegenerate fixed-point convergence for each 7, un-
der consideration; these inequalities give sufficient conditions under which that convergence

assumption holds at the respective boundaries.

Proof of Proposition 10. By Lemma 8, Al investors outperform cursed investors if and only
if
() > Tor-

The fixed-point map for price informativeness depends only on signal loadings:

2
X° ™ YT
Gc = Tz C+A y TC = v T ) ‘= c y b= .
R O R - IR
(A76)

Nonzero v and S affect the intercept channel, but the assumed convergence of that channel
ensures that the noncentered objective environment is well defined. Define ¢(7,;7y) =
G¢(1,) — 7. Since G, is strictly decreasing and the identity map is strictly increasing, g is
strictly decreasing in 7,. The fixed point satisfies g(7,;(7a); 7ar) = 0, s0 7, (7ar) > 7 if and

only if g(7as; 7ar) > 0. This is equivalent to

(A7)

2
= ) (b Yy

™ 2 To+Tm T+ 2T

Step 1: the relative informativeness ratio vanishes at both extremes. As 7y — 0, the

cursed investor’s signal coefficient satisfies

.
g = — 0.

V(70 +7i)

Strategic investors’ signal loadings are also bounded by the cursed loading, so the aggregate
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signal loading is bounded above by ¢3}". Hence { = O(ty), 7(Tn) = ¢*7. = O(73), and

75 (Tar)

T™

— 0.

As 7y — 00, B)° = 1/, 50 ¢ < 4p/v and 7 (1) < ¢*7./4*. This bound is independent, of

Tar, SO again
7, (Tar)

T™m

— 0.

Step 2: the dominance region is non-empty when noise trading is small. The fixed point
7, (Tar) is continuous in 7y, because G.(7,) —7, is continuous in (7, 75s) and strictly decreasing
in 7,. To find an interior point at which AI dominates, evaluate the relative price precision

at 7y = 7,. The cursed-investor signal-loading floor gives

¢ > oM.

At 1y = 7, this gives
() (W) _ o
Ty To 4y202"

This exceeds one when o, < 1.0,/(27), so the Al-dominance region is non-empty.
Step 3: the dominance set has a two-threshold structure. The function ¢ in (A77) is a

positive constant times the square of

CI(TM)E\/W( Ve, ¥ )

To + T To+ 2TMm

Because ¢(7yr) > 0, it suffices to show that ¢ is unimodal. Differentiating ¢, multiplying by
2/Ta1 (7o + 7a1) (7 + 2721)% > 0, and setting the derivative equal to zero yields

,lvbc(’rv - TM) _ 1/]8(27—M - 7_11)
(1o + Tar)? (1o + 2701)%

The left-hand side is positive only when 7, < 7,, and the right-hand side is positive only
when 7y > 7,/2. Any solution therefore lies in (7,/2, 7). On this interval, the left-hand side
is strictly decreasing from 2¢./(97,) to 0, while the right-hand side is strictly increasing from
0 to ¥5/(97,). Hence there is exactly one critical point. The function ¢ extends continuously
to zero at Tyy = 0, is positive on (0,00), and converges to zero as )y — oo. Its unique
critical point is therefore a maximum, so ¢ is unimodal.

Because ¢ is unimodal, the super-level set {7y : ¢(7as) > 1} is either empty or a single

interval. Step 2 shows that it is non-empty. Write it as (7§, 75,). Since oy = 1/y/Tas is
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strictly decreasing in 7, define

1

b’
v

L
O

Then [I"¢ < T4 if and only if oy € (ok;, okh).
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